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PREFACE 


During the recent war there arose on both sides of the Atlantic among research workers 
in the field of underwater explosions the feeling that some of the problems posed by the conditions 
of undersea warfare had already presented themselves in the past and that various attempts had 
been made to solve them. Many of the records, however, had been lost or effectively hidden 
except for what had crept into open publications and consequently a whole new literature had to 
be developed at considerable cost in both time and money, encompassing both old and new 
problems. A corollary of this experience has been the firm conviction that this new literature 
should not suffer a similar fate. The idea of the joint publication of American and British 
research in the field of underwater explosions took form in the latter part of 1946 and the idea 
was further explored with the Bureau of Ordnance and the Bureau of Ships, United States Navy 
Department and with the British Admiralty. The Office of Naval Research, Navy Department, 
in its capacity of disseminator of scientific information undertook to sponsor the publication 
and has eventually seen the project through to its present form. 


The Compendium has three major purposes: first, to give a greater availability to many 
papers which otherwise would exist in a very Small number of copies, and to preserve and 
revive certain rare items, the scarcity of which was due to wartime shortages rather than to 
any deficiencies in the papers themselves; second, to present a representative summary of 
original source material and to display the scope of this material in a manner which might 
make it of more universal interest to schools and colleges as a branch of applied science; and 
third, to stimulate interest in this field for the general benefit of the sciences of Naval Archi- 
tecture and Naval Ordnance and to provide those working in these fields with ready reference 
material on many of the important problems which they must face in their work. 


The scheme of the Compendium is as follows: All of the papers selected, which represent 
between 10 and 20 percent of the total quantity of material known to exist, have been divided 
into three volumes. The first volume is devoted to the primary underwater shock wave, the 
second to the hydrodynamical effects falling under incompressible theory including the oscil- 
lations and behaviour of the gas globe formed by the explosion products, and the third to the 
effects of all of these phenomena on structures and to the measurement and calculation of the 
resulting damage. Three papers have been selected with the object of summarizing the knowledge 
over the field within the scope of the Compendium; these papers, which are placed in the first 
volume, serve to introduce the subject both in general terms, and also with some mathematical 
detail. 


The allocation of the original papers to the different volumes has, in a few cases, not been 
obvious and the editors must assume full responsibility for any arbitrary assignments. A far 
greater responsibility of the editors has lain in the selection of the papers and in this, various 
considerations have had a voice. 


Many of the older papers have been included for their historical interest. Some papers 
have been used to provide suitable introductory or background material. Most of the other 
papers have been included intact and represent the opinions of the authors at the time of writing. 
A few of the papers have been reworked and consist of new material incorporated into the older 
original papers, or consist of a summary of several progress reports which were too repetitive 
for economical inclusion without condensation. Papers which have been rewritten are so marked 
with the new date affixed. In general, selections have been made in an effort to give the best 
review of the entire subject in order to convey the most, and the best information within the 
space limitations imposed by the exigencies of publication, and within the scope permitted by 
considerations of security. Both these features prevent this compilation from being exhaustive, 
and the latter feature prevents many successful workers in this field from receiving recog- 
nition here. 


The editors believe that this Compendium is a new venture in international co-operation 
and hope that this effort may prove useful in pointing the way for other similar joint enterprises 
which may be considered desirable. 


It is our desire to acknowledge the continued interest of Dr. A. T. Waterman, Deputy 
Chief, Office of Naval Research, Navy Department, without whose help these volumes could not 


Vv 


have been produced, to thank Mr. Martin Jansson of the Technical Information Division, Office 
of Naval Research, and his capable staff for their painstaking and careful work in preparing the 
material for reproduction. We also acknowledge the guidance afforded by the British Undex 
Panel, particularly Dr. A. R. Bryant and Dr. E. N. Fox (a2 former member), the assistance of 
Mr. T. Aves of the Department of Research Programmes & Planning and Miss E. Lord of the 
Department of Physical Research in the preparation of the British contribution, and to thank 
Dr. T. L. Brownyard of the Bureau of Ordnance Navy Department for his help in some of the 
correspondence and in some of the problems of security clearance. 


Ch Mea 


G. K. Hartmann 
Chief, Explosive Research Department 
U.S. Naval Ordnance Laboratory 


—— 
E. G. Hill 
Department of Physical Research 
Admiralty 
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Summary. 


This paper deals with the effect of an explosive wave upon a circular plate in an otherwise 
rigid wall separating water from air. It is assumed as a first approximation that the period of 
free vibration of the plate is large compared either with the duration of the wave or the time 
required for the wave to travel a distance equal to the diameter of the platc. In these circumstances 
the effect of the wave is to impart kinetic energy to the material of the plate and to the surrounding 
water, It is considered that this energy by being partially converted to strain energy is the factor 
producing distortion and (if large enough) rupture of the plate. A formula for calculating this 
energy (equation 29) is given. The formula indicates that the energy is proportional to the power 
4/3 of the weight of the charge and to the inverse square of the distance from the charge. These 
results are in agreement with those obtained in sea-trials. An attempt is made to estimate the 
effect of the period of the plate in relation to the duration of the wave. The result expected is 
that the wil law becomes W™ where x is somewhat less than 4/3 but must be greater than 2/3, A 
comparison with the results obtained with copper—diaphragm gauges shows that the available energy so 
estimated is about double that absorbed by the gauges. 


Nature of explosive wave. 


Tne experiments carried out by means of the piezo-electric gauge show that the pressure wave 
transmitted through water due to the detonation of a high explosive charge consists of a very rapid 


increase of pressure followed by a much slower rate of decay and may roughly be imitated by an equation 
of the type 


Deerate (1) 
in which p is the instantaneous pressure, its the maximum pressure, t the time and ma constant fora 
charge of given weight and nature. For a point at distance D froma charge of given explosive having 
weight Ww the records indicate that 

Pes xwt/3/p, m = alwi!/3 (2) 
For T.N.T. if we put 

K = 14,000, a = 7,400 (3) 
the pressure being measured in lbs. per square inch. W in lbs. and D in feet; equation (1) will 
fit the records as reyards momenta A pdt) and energy US peut) but will give maximum pressures 


about 20% higher than the observed values. Since in the following notes we are concerned mainly 
with momenta, the above constants will be taken and if | is the momentum in 1b. seconds crossing 


one square inch 
P kw w2/3 
a= pdt = & = - —- =e (4) 
oO 


m a OD D 


Accordiny to equation (1) this momentum requires an infinite time to be delivered but 
actually the major portion is delivered in a very short time. Thus 99% of the momentum will pass 
ina time 


Tee wt! fa, 


so that if W = 1000 lbs., a@ = 7406, T = 0.006 second. 


FOr cece 


2 == 


For smaller charaes the time is less so that it may be stated that the blow delivered by the direct 
wave to any structure is wholly spent in a time which is less than 0.04 second. 


Behaviour of thin plate in path of exploston wave. 


Let the water in which the explosion wave is generated be separated from air by a rigid wall. 
Suppose a circular hole of radius a to be cut In this wall, the aperture being rendered water-tight 
by a thin plate. Suppose the natural period of oscillation of the plate to be long compared with 
the duration of the wave and with the time taken by an explosion wave to travel across its diameter, 
When the pressure wave impinges upon this plate each element wii] begin to move inwards but in so 
doing wil) send out a sccondary wavelet causing relief of pressure on the surrounding elements so 
that in determining the motion of the plate we must take into account not only the force required to 
accelerate the plate elements but also the force required to balance the relief pressure due to motion. 


If u is the velocity of an element ds of the plate at an Instant t then the wavelet thrown 

out by this element exerts a relief pressure Sa ss # at distance r from ds and at a time r/c 
later thant. In this relation p is the density of the water and c the velocity of propagation in 
water. Hence if v is the ultimate velocity of the element ds after the passage of the wave the 
whole relief momentum contributed at a distance r is f& = the only effect of finite velocity of 
propagatlon belng a retardation of delivery of this momentum by a time r/c. Thus the momentum 
delivered to any element of the plate is partially neutralized by the relief momentum contributed by 
all elements of the plate and the residue is spent in increasing the momentum of the plate element.. 


It is here assumed that forces depending on displacement have not had time to come into play. 


If the plate is very thin the momentum required for the plate elements may be neglected so 
that we have in this case 


faee eee 1S (5) 


and this must hold for all elements. Now the right hand side of (5) is the same as the expression 
for the electrical potential at a point on a plate which has a charge of surface density v and in 
this case tne condition implied in (5) is that the charge must be such that the plate is at constant 
potential. Now for a circular disc it is known that an electric charge distribution must be of the 


ura YS Ae al Va? - x? where Ue is the charge density at the centre v the charge density at x 
from the centre and a the radius of the plate. Inserting this in (5) we find using the central 
element Y= pa so that 
yo eee eS (6) 
7 pv ae - x 


Equation (6) indicates that the velocity is least at the centre and Increases indefinitely at the 
edjes. The result is a consequence of neglecting all forces due to relative displacement and 
indicates how water would flow into a circular aperture previously closed by a very weak diaphragm. 
It also shows that when the diaphragm offers resistance to distortion the greatest stresses will be 
at the edges. This is to be expected as the relief momentum cannot then act as effectively at tne 
edges as at the centre, 


We may, however, pursue this case further and determine the kinetic energy of the inflowing 
water immediately after the blow. 


Thus if a pressure p is applied for a short time 7 to the plate, the work done on an element 
ds of the plate is pyrds = védlds, since pr represents an increment SE is the corresponding increase 
of kinetic energy of the water associated with the plate 


a 
GE = “eR = el oe RiKGxe ey ple 
dat Pp RNA CEG Pp 

by equation (6) 

Hence E = 21% alp (7) 


The cece 


ofc 3 


The results of this section show that the effect of an explosive wave upon a circular aperture ina 
rigid wall initially closed by a very weak diaphragm is to produce an inflow of water into the 
aperture whose velocity distribution is given by (6) and whose total energy is given by (7), The 
result holds whether the water is regarded as incompressible or not so long as the time taken by a 
wave to cross the the aperture is so short that forces depending upon displacement have no time 

to be developed, 


Aperture blocked by a piston. 


Suppose next that the inflow is forced to assume a uniform velocity throughout the aperture 
say by the introduction of a piston. The relief momentum is now given by 


2 v ds = 2pva_ va E (3) 
277 r 7 a 


where v is the final piston velocity, a the radius of the aperture and the expresston holds at a 
point distance x from the centre. E (8) is the elliptic integral of the second kind and has the 
value 3 when xX = o and the value 1 when x = a. The relief momentum therefore diminishes from 
1.57 to 1 as we proceed from the centre outwards. This non-uniformity of distribution need not, 
however, prevent us from equating the whole relief momentum over the piston to the applied momentum 
as the translational momentum must be balanced. Thus neglecting the mass of the piston 


a 


Tal = Ypva x £ (%) dx = 3 p va’ 


so that the final velocity v is given by 


a ae (8) 


The energy E of the inflowing water is such that 


ay ds = 7 atv 


so that by (8) 


Zee 
Eee 2H Nee sabi dase (9) 
16 p 


Miscellaneous forms of restriction. 


If more generally we assume that v is restricted to the form 


2 x? x4 x? 
v= vo[ ita, = + ay = t+ ag At veeee (10) 

a a a 

it is snown in the appéndix that 
{ = z pa Ue Ee A eke a, + 214 a, * 1606 a, + (11) 
7 5} 45 1575 11025 
Bun 2 EP) 

E = 4 pay Aen Ni. 22 n 12 
° Pal 2n N n=5 2m + nl t+ 3 (12) 


iM WHICH esac 


in which 
R =a oR = 5 . Ro = 89 A Ry = 381 etc. 
° i 9 225 1225 


Thus if we take a form intermediate between those dealt with in Sections (2) and (3) viz:- 


x? : 
YOM its we find 


a 
175 = 304 3 2 
fy, eee SE oe es ee ete (13) 
75 17 Pxys 105 Ba tc 
or on eliminating tne central velocity Ve 
—E = 1.868 17 a/p (14) 
The form 
2 4 
Cmex ho 
i=); 1-- + = (15) 
° ae was ae 
d@y 
which is such that v and aye = ovat x) =) ay gives 
x 
j = 222728 pay , £ = 0.24015\ pa? vy * (16) 
7 o ) 
that is 
= 2 
— = 1.891 1° a/p (17) 
Finally the form 
2 
x? 
Vea a i- ord (18) 
a 
which is such that v and a = oatx = a gives 
512 ee tr) 
= av,» E = 0.21015 pay v (19) 
525 77 aia () 
or 
— = 2.181 1? a/p (20) 


A comparison of equations (9), (14), (17), (20) shows that the form assumed by the plate under 
the action of a blow of given momentum is not of yreat consequence in regard to the energy of the 
inflowing water after the blow and we may therefore take for this energy 


—E = 21° alo (21) 


The formula assumes the plate so light that its own momentum @nd kinetic energy are negligible in 
comparison with the momentum and kinetic energy of the associated water. 


We now proceed to determine the effect of the mass of the plate. 


Modification due to inertia of plate. 


Let the plate nave density @ and thickness t. Then assuming first piston motion the momentum 
of the plate is 77 a° otv so that equation (8) must be replaced by 


| = [taro] 7 (22) 
37 


Une) eco 


= 5 


The kinetic energy of the plate is 37, aot v? and the equation of energy gives 


pee [s$ are] (23) 
377 


the first term corresponding to the energy of the inflowing water and the second to that of the plate. 
In terms of the applied momentum 


22 cal (Paya 0A 1.178} (24) 


The ratio Lie ct gives the relative prop:rtion of energy or momentum residing in the plate and 


associated water respectively. 


Thus in the case of stee) for which2 = 7.7 if t = 0.5 incha = 2 feet this ratio is 
0.189 so that of the whole energy communicated by the Dlow only 16% resides in tne material of the 
plate. 


2 
If we taxe the form v = v mbes = the plate momentum is 
! a 
a 
27 vot ral ene x = 2 maroty 
° Ae 2 ° 
° 
while the plate energy is 
a 2 8 
amv ot x exe ox = 72 qa*ot y? 
) ae ) 
) 


These give in place of (13) 


1 = [#5 merger | vy. aa | werzo | y, 


and in place of (14) 


ot 
2 1 + 1.266 = 
Se (26) 


P (1+ 1.205 Zt)? 
( rou 
The formula corresponding to (26) for the motion 
2 4 
= 6) x oe gd = 
oo & ieee’ ec is 
eae Saas 
(27) 


ot 
Pa ah eS lege ut CAS 
cecryie UE eelien 


P (1 + 1.068 Zt)? 
( 8) 


m 
" 


and for motion 


12, 1+ 1.495 ot 
= ~ Siz pe ens | 
v Vv 1 = he We 2.181 (28) 


P (1+ 1,074 SE)? 
ot . 


If we take what is probably an extreme case viz:— ier 1 equations (24), (26), (27), (28), give 


= > 0.850, 0.870, 1.022, 1.265 respectively. 
a 


These wes 


6 £ Ge 


These differences are not very considerable, and considering the tendency of the plate to 
present a convex surface to the blow (see section 2) in the absence of forces of restitution it is 
considered that the ‘piston’ equation may be taken as fairly representing the energy produced by the 
blow. 


Using equations (24) and (4), and inserting the values of o for water and o for steel viz. 
Pg = 62.5 lbs. per cubic foot o/o = 7.7 we find for the kinetic energy produced by the explosion 
of a weight W 1b. of T.N,T. when acting on a steel plate of radius a feet and thickness t inches 
fixed in a rigid wall at distance D feet from the charge 


ety wi/3 


E (in foot lbs.) = eae) (29) 


D° (1 + 0.78 t/a) 


This energy is the kinetic energy residing partly in the plate but mainly in the surrounding water 
just after the pressure wave has died away. The energy in the water is due to the water following 
up the plate in its inward motion and is derived not merely from that portion of the wave which 
impinges on the plate area but also from surrounding portions. The fact that the establishment of 
this flow produces a relief pressure over the wnole of the wall is sufficient to show that this Is 
the case. We need not therefore be alarmed if it turns out that equation (29) gives greater energy 
than that calculated from the energy content of the charge radiating outwards in all directions. 


Modification due to finite duration of blow. 

tt has been shown previously that if a wave of the form e™ is to act upon a vibrating system 
of natural period 7 the maximum deflection obtained depends upon the value of mf. For a wave of 
given momentum the greatest deflection is obtained when mr is very large. For finite values of mr 
the relative values of the deflection are given by the following table 


2mlmT = 0 0.5 1.0 1.5 2.0 225 
Maximum = 1.00 0.896 0,757 0.640 0.554 0,485 
deflection 

2m/mT = 3.0 Slab) 4.0 5.0 6.0 8.0 10.0 
Maximum = 0.435 9.395 0,358 0.310 0.270 0,210 0.172 
deflection 


Since the strain energy developed in the system is proportional to the square of the maximum 
deflection this table may he used to find the proportion of the energy given by (29) which it is 
possible to convert to strain energy in the absence of dissipative forces. Thus if the natural 
period of the plate is 0.011 second and the weight of the shot is 300 lbs., 


=e 800 1/3 = 1100 
(3.00) 
so that 277/m7T = 0.5. Hence from the table the modifying factor is (0,896)? = 0.8 or 80% 


of the energy given by (29) will be converted to strain energy in the plate if dissipative forces 
are absent. The real difficulty in applying this correction is in estimating the natural period of 
the plate. If the plate is to be ultimately stretched beyond its elastic limit then initially the 
plate behaves as a Clamped plate having no Slope at its edyes. This condition alone imposes the 
maximum strees at the edge and in addition the loss of relicf pressure at the edges will cause a 
further stress to be developed there. It is probable that under a heavy blow the elastic limit at 
the edges is reached at an early stage and thereafter the plate will more probably behave as a 
stretched membrane the tension of this membrane being of the order of the mean tension load between 
elastic limit and breaking point. If the plate had no water load the period would then be given by 


T = 26aVolL (30) 


where L is the tension load and for stzel is of the order 22 tons per square inch. 


With weoce 


3s vl 


With the water load (and assuming membrane motion of the type of equation 15) o must be 
replaced bya + 0.7625 p= = Applying the formula to a plate of steel, x inch in thickness 
and 2 feet in radius we find that T = 0.018 second and for larger plates the time is still 
greater. We may safely conclude that for moderately large plates the influence cf the duration 


of the explusive wave is only slight. 


AppendIx sees 


APPENDIX 


Motion of Circular Plates with Air—Water 
backings. 


Let the plate be of radius a and let it be situated in a rigid wall. Then if v is the 
inward velocity of any element ds of the plate the velocity potential at any point at distance r 
from ds due to the motion of the plate is 


¢ = + v ds/r (1) 
where the integration is carried out over the surface of the plate. If the water is compressible 


and c is the velocity of propagation in the water the value of v which determines datatimt 
should be that which holds at a time t -¢ Q It will be assumed, however, that the water is 
incompressible. 


The pressure p at r is -9¢ so that 
Beira | ete (2) 
suppose the motion symmetrical about the centre and therefore at radius x write 


2 4 
Ye, 1ta,% + a, 4 = egc0n (3) 
a a 
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ay ee eee r 


The determination of the pressure distribution over the surface of the plate due to its own motion 


x25 
in 


is now reduced to the determination of the integral {J where r is the distance of a point 


on the plate at radius x to another point (at radius € say) where the pressure is required. This 

integral SP ea ateue to determining the potential due to a distribution of matter whose density 
; n 

varies aS x. 


For a ring of unit linear density and of radius x the potential at radius & in the plane of 
x x 


the ring is 4 = K te) te Se eve) NS =) if € < x where K (u) is the elliptic 
€ = x 
inteyral of the first kind to modulus uw. Hence if the density is proportional to xen the potential 


at € is 


€ n+ @ 
4 eee x } dx + x29 { é ! dx (5) 
& g é x 
° S 
1 1 
= ween tt f yer kK (uw) qe + kK () duy2n * 2 
° Ela 
= 4 ert i Gg Ele) ‘say 
-2pvé& e .2n 
and = =e, é 
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The whole reaction force over the plate is 


a 1 
Fae 2717, Ep dé = upv,a = ay, pe No egy (7) 
0 
o ) 


Calling the integral in (7) 1, we have 


1 
ands 
I = pn tn (u) wu 
) 
P 2n+ 3 2n + 3 at 
_| oH" H oF, 
| an+ 3 an+3 8 du 
0) 
= u = (8) 
Poa 1 
= 1 2n+ 1 Ku + je Kdu 
2n + 3 
fo) ) 
A a 2n + 2 
Since ae = — ki 
m (a 
To determine the definite integrals we have the reduction formula 
1 1 
ane ye | et a ater)? |e a Kes (9) 
o Co) 
1 
while ukKdu = 1 (10) 
fo) 
Using (9) and (10) to evaluate (8) we obtain 
Dem eas Whe » we 2, = 2 (11) 
cl 3 us" 1575 11025 
so that the whole reaction force opposing depression is 
F= 4py a BPs FOE (aloe aan (12) 
3 45 11025 
In the case of a sudden blow of momentum | per unit area 
WT aa (= F dt 
if the plate is very light, so that 
4 2 14 314 1606 
f= pivesa: ae Vera. FPG i (13) 
Tene [: i 2) i575 aaozs ® 


Energy of following water. 
The velocity v of any element is assisted by the pressure p so that the work done by the 


a a 
water on the plate is en! € pvdé& or the work done on the water by the plate is — an Epvdé. 
° ° 
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The latter expression gives the rate of increaso of the water cnergy (E) 


an 
Now vi = Yon aon ($ 


27 a 
1 
a 2m+ 2n+ 2 
so that < = Upvy va 2 Jay aoe Gm 4) we du 
° 
Using the value of ® in (5) we find 
E = pv? a SH eI Oe 22m (14) 
o n=0 29 9 mg) 2(m + n) + 3 
1 
+ 
inwhich R= perth kay 
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Evaluating this integral 
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NOTATION 


An inertia coefficient defined by Equation [52] 
Radius of a circular plate 

An inertia coefficient defined by Equation [34a] 
Speed of sound in a liquid 

Energy delivered to the plate 

Total energy transmitted across unit area in a shock wave 
Napierian base, 2.718 

Effective force on the plate, Equation [31a] 
Thickness of the plate 

[oat or impulse per unit area 

Effective mass of the plate, Equation [30] 

Effective mass for action of a baffle, Equation [34b] 


Effective mass of liquid following the plate in non-compressive motion, 
Equation [36] 


Mass per unit area of the plate 

Dynamic response factor or load factor, Equation [89] 
Pressure; especially, pressure at the surface of the liquid 
Pressure in an incident pressure wave, in open water 
Maximum value of p, 

Excess of pressure above p, in the liquid 


Total hydrostatic pressure, including atmospheric pressure, on the face 
of the plate 


Total hydrostatic pressure, including atmospheric pressure, on the back 
of the plate 


Net force per unit area on the plate due to stresses 
Equals a/u or 2T7,/mT,, Equation [91] 

Distance from center of 3a detonated charge 

Distance along a circular plate measured from its center 
Distance between two elements of area 


Diffraction time or average time for a sound wave to travel from the edge 
to the center 


Compliance time or time for an element or a structure to acquire maximum 
velocity 


Damping time of a plane plate acted on by plane waves, equal to m/pc 


Swing time or time for a plate or other structure to swing out to a 
maximum deflection 


Time 

Velocity of propagation of a cavitation edge 
Velocity 

Velocity of the center 


em 


Um 


Note:- 


Maximum value of v, 
Maximum value of v 
Equal to pc/am 


Deflection of the plate normal to its initial plane; z refers in 
analytical work to an element, but in deflection formulas to the 
center, where it replaces z, 


Displacement of a plane baffle 

Value of z at the center 

Value of z due to static pressure 

Central z at the elastic limit 

Normal velocity of a liquid surface 

Maximum of z at the center, before unloading 

Value of z, calculated with disregard of the elastic range 
Normal velocity of a point on the plate 

A constant in the formula for an exponential pressure wave, p, = pe 
2m times frequency 

Density of a liquid 

Density of material composing the plate 

Yield stress 


Net force per unit area on the plate due to stresses in it and to 
hydrostatic pressure on its two faces 


Effective force due to ¢, Equation [31b] 


-at 


In all cases, the word "diaphragm" may be substituted for the word 


" 
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THE EFFECT OF A PRESSURE WAVE ON A PLATE OR DIAPHRAGM 


ABSTRACT 

A systematic study of the phenomena attending the impact of a pres- 
sure wave upon a plate, usually a shock wave, is introduced by a discussion 
of the commonest case, followed by the treatment of a number of special top- 
ics: the various characteristic times that are involved; cavitation at the 
interface; the transition to non-compressive action; the effect of a baffle; 
formulas for the swing time and the deflection of a diaphragm; the factors 
determining damage; and the departure from Hooke's law in water. 

The formulas are applied with fair success to some test data from 
experiments conducted by the Bureau of Ships end the David Taylor Model Basin. 

Most of the mathematical treatment is set down in an appendix to 
the report. 


INTRODUCTION 

In ship design it would be a great advantage if effects of under- 
water explosions on the structure could be calculated analytically. However, 
the problem thus presented is one of considerable difficulty, especially for 
contact explosions. Even in the case of the shock wave from a distant explo- 
sion, and when the structure is idealized in simple form, complications arise 
because the motion of the structure reacts back upon the water and thereby 
modifies the pressure field. The treatment of this effect involves the solu- 
tion of problems in the diffraction of waves. Further complications may 
arise from the occurrence of cavitation. Only one case is easily treated 
analytically; this is the case of a plane plate or diaphragm of infinite lat- 
eral extent. 

The problem of a diaphragm loaded by a shock wave has been treated 
several times by more or less approximate methods (1) (2) (3) (4).* In his 
second report on the subject, Kirkwood gave a general treatment in which ade- 
quate allowance was made for diffraction (5) (6) (7) (8), and in a later ré- 
port the effect of cavitation was discussed (9). 

It is the purpose of this report to collect the material that has 
been assembled at the David Taylor Model Basin for attacking problems of this 
kind and to consider its application to a few of the available data. The 
material to be presented consists in part of analytical formulas and in part 
of conceptions which are useful in thinking about the action of shock waves. 


* Numbers in parentheses indicate references on page 62 of this report. 
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The target will usually be idealized in the form of a plate or diaphragm, 
initially plane, backed by air at a pressure equal to the hydrostatic pres- 
sure. Only non-contact explosions are considered in this report. 

In view of the complexity of the phenomena, the analytical results 
will first be described in general terms for the case that is most common in 
practice. Some of the ideas developed in this discussion will be made the 
basis for the classification of other cases that may arise. After a few re- 
marks on the role of the Bernoulli effect, the analytical methods will then 
be described. This will be followed by the discussion of other cases and a 
more detailed treatment of certain phases of the damaging process. The clos- 
ing sections of the report will give some formulas for the deflection of a 
diaphragm, a discussion of the features of the pressure wave that determine 
damage, and an application of the formulas to some of the available data. 

Many of the appropriate analytical methods for dealing with these 
problems have already been published in other reports, a number of which are 
listed in pages 62 to 64, but for convenience a rather complete and syste- 
matic mathematical treatment is included as an appendix to this report. 


PART 1. DESCRIPTION OF A COMMON CASE PRESENTED FOR ORIENTATION 
THE WAVES OF PRESSURE PRODUCED BY A NON-CONTACT UNDERWATER EXPLOSION 

When a charge is detonated under water, it produces effects upon 
structures submerged in the water only by producing pressures in the water. 
The distribution of this pressure will be influenced by the associated motion 
of the water - indeed, it is transmitted by such motion - and motion of the 
structure itself will in turn modify the pressure in the water. A complete 
description of the action by the water on the structure can be given, how- 
ever, in terms of the pressures acting upon the surfaces of that structure. 

In the primary pulse of pressure produced by the detonation, the 
pressure rises almost instantly to a high value and then decreases. The rate 
of decrease diminishes, however, so that the time graph of the pressure pulse 
has a long "tail." This is illustrated in Figure 1, which has reference to a 
300-pound charge of TNT 50 feet away, and in Figure 2, which is reproduced 
from an oscillogram given by a pressure gage at a distance of 1/ inches from 
a charge of 1 ounce of tetryl. 

The high-pressure part, sometimes called the A-phase or the shock 
wave, is of such short duration that it takes the form of a distinct wave of 
pressure traveling through the water at finite speed. In the tail or B-phase, 
on the other hand, the relative rate of change of pressure is much slower, 
and the pressure in the water soon comes to stand in a definite relation to 
the simultaneous motion of the expanding gas globe. The appearance of wave 
propagation thus disappears in this phase, and the pressure and the motion 
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Pressure in pounds per squore inch 


ee ; 
0.1 millisecond 
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Time in milliseconds nA PA SET: 

Figure 1 - Approximate Shock-Wave Figure 2 - Oscillogram Showing the 
Pressure in the Water at 50 Feet Pressure in the Water at 17 Inches 
from 300 Pounds of TNT from a Charge of 1 Ounce of Tetryl 

The ordinate represents the pressure in open water The pressure rises almost instantaneously to 


as it would be recorded by a gage so small as to cause a peak value of 3400 pounds per square inch. 
no appreciable modification of the pressure field. 


come to be related almost in the way in which they would be related if the 
water were incompressible. Any effects that may be produced by the tail of 
the pressure wave constitute those effects which are sometimes ascribed, not 
to the pressure wave, but to the expansion of the gas globe. 

During subsequent recompressions of the gas globe, secondary pulses 
of pressure are emitted. The character of these is not yet certain. The 
theory of an oscillating spherical gas globe indicates that the time graph of 
the pressure in the secondary pulses should be roughly symmetrical about the 
point of peak pressure, without any shock front, and should be weaker and 
much broader than the initial shock wave. See Reference (10). 


PRIMARY SHOCK WAVE AND AN AIR-BACKED PLATE: 
A TYPICAL SEQUENCE OF EVENTS 


The analytical results will now be described for the case of a 
shock wave falling upon one of the plates of a ship's shell, or for a corre- 
sponding test on model scale. The wave will be assumed to fall normally upon 
the plate, and both wave and plate will be assumed to be sensibly plane. The 
action can be divided into two distinct phases, which will be discussed in 
order. 


Primary Shock Phase 

In the cases considered here, the time required for an elastic wave 
to traverse the thickness of the plate is so short that it fray be neglected; 
the plate can be treated, therefore, as a two-dimensional structure with a 
certain mass m per unit area. 

Before the beginning of the explosive action, the elastic stresses 
in the plate will be in equilibrium with the difference between the hydro- 
static pressure in front of the plate and the pressure on the back face. 
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p= 2pj -pcz 


Figure 3 - Illustration of a Plane Wave 
Incident Normally upon a Plane Plate 
of Infinite Lateral Extent 


p, is the incident wave pressure, m is the mass per 
unit area of the plate, arid z is the displacement of 
the plate. The pressure p on the plate is the dif- 
ference between the incident pressure, doubled by 
reflection, and a relief term proportional to the 
velocity « of the plate. 


When the shock wave arrives, there- 
fore, each element of the plate will 
start moving as if it were part of 
an infinite plate acted upon by a 
plane wave of infinite lateral ex- 
tent, as is suggested by Figure 3, 
and for a short time the simple the- 
ory of the one-dimensional case will 
be applicable. 

At first the increment of 
pressure p, due to the incident wave 
is doubled by reflection; then, as 
the plate accelerates, a relief ef- 
fect occurs and the pressure rapidly 
falls. 


Let it be assumed that hydrostatic pressure on the face of the 
plate is balanced by an equal pressure on its back surface. Then the approx- 
imate equation of motion for each element of the plate during the initial 


phase is 
dz 


due oP 


dz 


Tie a [1] 


dt 


where z is the displacement of the element in a direction perpendicular to 
the face of the plate, p is the density of water in dynamical units, c the 
speed of sound in it, and their product is the specific impedance of the wa- 
ter. The incident pressure p,; is a function of the time t. See Equation 
[107] in the Appendix, in which ¢ is here equal to 0. The right-hand member 
of Equation [1] represents the load pressure on the plate; the term in dz/dt 
represents the relief effect due to the motion of the plate. 

The A-phase of the primary pulse can be represented approximately 


by 


Pi = Ppe [2] 


where p,, and a are constants and the time t is measured from the instant of 
onset of the wave. If p; varies in this manner and the plate starts with z = 
0, dz/dt = 0 at time t = 0, it is found from Equation [1] that 


, dz 2P m (ee _ =) 


so that the load pressure on the plate is 


™ 


[3] 
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Figure 4 - Parameters Relating to the Incidence 
of an Exponential Wave on a Plate 


d*z __ so 2mp,, aA) pe ee 
ata apperaee an) [4] 


where e is the Napierian base; see TMB Report 480 (10), page 25. 
From this equation it is found that the load pressure vanishes at 
the time 
copinacde wal, alti PCS» 

t Tb a x—1’ am [5a, b] 
where ln denotes the natural logarithm. At this time the incident pressure 
as given by Equation [2], which would be the actual pressure in the water if 
the plate were not present, has decreased to 


Di a Dak en [6] 


v, = 22m yl * [7] 


See TMB Report 489 (11), page 7. 

In Figure 4 there are shown plots of aT, or Inz/(z - 1), and of 
the factor z1~-* or pev,/2p,, as functions of z. 

The parameter xz defined by Equation [5b] can be interpreted as the 
ratio of two time constants, as follows: 


20 . 6 


T 


s= 
T, 


T-—, T,<= [8a, b, c] 
Here T,, is the time constant of the incident wave. T, is called by Kirkwood 
the damping time of the plate; if the plate, in contact with the water, is 
given an impulsive velocity and then left to itself, its velocity decreases 
in the ratio 1/e = 1/2.718 in the time T,, provided no forces act other than 
those called into existence by the motion of the plate against the water. ES 
may be visualized as the time required for a sound wave to traverse a thick- 
ness of water having the same mass as the plate. 

The time T,, might be defined more generally, for any type of pres- 
sure wave, as the time required for the plate to attain its maximum forward 
velocity. It may be called the compliance time for the plate under the ac- 
tion of the wave. 

In the case of the exponential wave, if T, = T,, z = 1 and T,,= T, = 
T,. Thus the compliance time is the same as the damping time for a wave of 
equal time constant. If T,, + T,, the compliance time T,, lies between the 
damping time T, and the time constant of the wave T,. Thus for a very light 
plate, T, < T,, < T,; in this case the positive action of the wave on the 
plate ceases while the wave is still strong. If T, is much smaller than T,, 
so that t is much larger than unity, the maximum velocity v,, approaches 2p,,/pe 
or twice the particle velocity in the incident wave. For a relatively heavy 
plate, on the other hand, T, > 7, > T,. As the plate is made still heavier, 
both T, and T,, increase without limit. 

As an example, for the shock wave at 50 feet from 300 pounds of TNT 
exploded in sea water, p,, and a@ are of the order of 2100 pounds per square 
inch and 1300 second™', respectively. Thus T,, = 1/1300 second. The values 
of the compliance time T,, for such a wave falling on steel plates of several 
thicknesses are shown in Table 1, together with the values of x and of the 
damping time T, of the plates against sea water. 


TABLE 1 


Thickness T. 
of plate 
inches 


Pp 


4000 


Load-Pressure on Plate 
600 


Vn 


Pressure in pounds per square inch 
Velocity of Plate in inches per second 


Time in milliseconds 


Figure 5 - Curves Illustrating the Incidence of a Shock Wave 
on a Plate when Cavitation Does Not Occur 


The curves are drawn for the wave from 300 pounds of TNT falling upon an air-backed 1-inch steel 
plate 50 feet away, T,, is the compliance time, at which the plate has acquired maximum 
velocity; T,,is the time constant of the wave or 1/a in the formula, p,; = p,e %*. 


In the last column of Table 1 is shown the value of e~ 27m, or the 
ratio of the incident pressure at the time t = T,, to the maximum incident 
pressure. 

In many model tests conditions occur that are comparable in terms 
of similitude to the wave from 300 pounds falling on a 1-inch plate. Curves 
for this case, with the plate at 50 feet from the charge, as calculated from 
the one-dimensional theory, are shown in Figure 5. 

The use of the one-dimensional formulas implies the tacit assump- 
tion that during the time T,, diffraction effects may be neglected. This is 
justified provided the plate is sufficiently large in lateral dimensions. 
Consideration of this condition leads to the introduction of a third charac- 
teristic time, which may be called the diffraction time, T,. This can be de- 
fined with sufficient precision for practical purposes as the time required 
for a sound wave in the water to travel from the center of the plate to the 
edge. Thus for a circular plate of radius a, T, = a/c, where e is the speed 
of sound in water. 

Diffraction can be regarded as a process acting to equalize the 
pressure laterally, or in directions perpendicular to the direction of prop- 
agation of a wave. Because of this process, a wave that has passed through 
an opening in a screen spreads laterally, contrary to the laws of the recti- 
linear propagation of waves. Similarly, when a wave of pressure falls ona 
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diaphragm mounted in a heavy ring, be-= 
cause the forward motion of the dia- 


a phragm relieves the pressure over the 
| diaphragm, a process of equalization of 
I pressure in the water sets in and acts 
Direchicnos eel ee to lower the pressure in front of the 
Incident Pressure |_. 
Pressure wove ring and to raise it in front of the 
L diaphragm, as illustrated in Figure 6. 
High Since, however, effects of 
Pressure 


moderate magnitude are propagated 


through water only at the speed of 
sound, the equalization requires time 
for its completion. Thus, during an 
interval much shorter than the diffrac- 
tion time, after a shock wave has 


Figure 6 - Diagram to Illustrate 
Diffraction of a Pressure Wave 


By moving forward, the diaphragm relieves the 
pressure, and equalization of the pressure by 
diffraction then occurs in the direction of 


the arrows E. struck a plate, lateral equalization 


of pressure between the water in front 
of the plate and that beyond its edge, or even between different parts of the 
plate, will not have had time to progress very far. During this short time 
each part of the plate will respond to the incident wave more or less inde- 
pendently, according to the laws that hold for the one-dimensional action of 
shock waves on plates. 

In the example just described, if the plate is 10 feet across, the 
diffraction time T,; is one millisecond. This exceeds the compliance time T,, 
by a good margin for plates up to a thickness of 1 or 2 inches, as is evident 
from Table 1, so that the one-dimensional formulas should give good results. 
On a plate 10 inches thick, however, diffraction from the edge would produce 
a large effect. 

It has been assumed in the foregoing discussion that appreciable 
stress forces are not called into play by the small displacement of the plate 
that occurs during the time T,. This is usually true in practical cases. In 
the example just described, for instance, the maximum velocity acquired by a 
1-inch plate is, from Equation [7], 


Um = 2 eG 


piace 510 in/sec 
Even in a millisecond, therefore, the plate will have become displaced by 
less than half of its thickness. Stress forces, if appreciable, would have 
the effect of reducing the maximum velocity. 

Phenomena in the second phase of the action, now to be discussed, 
will depend upon whether cavitation does or does not occur. 


No Cavitation: The Tension Phase 
If the water remains in contact 


with the plate, as in Figure 7, tension A 
develops in it, and this tension tends to Mii 
arrest the motion of the plate. yi, 
In the one-dimensional case, ohare Ree Ke 

the plate is thus brought to rest in the Ws 
end, and its total displacement is just Ta 
twice the displacement produced in free a Zy 
water by the passage of the incident wave; Vis, 
see TMB Report 480 (10), page 25. This Vig 


case is illustrated in Figure 5. If the 


plate is limited in extent, however, Figure / - Schematic Illustration 


of the Deflection of a Plate 
forming part of a larger structure of without Cavitation 


some sort, the influence of diffraction 

will usually be such that the plate retains part of the velocity that it ac- 
quired during the primary shock phase. If the shock wave is of very brief 
duration, the plate may come almost to rest and then be accelerated again as 
the diffracted pressure is propagated in from the edge. 

Tne analysis indicates that the residual velocity left in the plate 
should be of the order of the velocity that would be calculated by non- 
compressive theory with allowance for loading of the plate by the water; this 
is verified in a special case in the Appendix. If there is open water beyond 
the edge of the plate, the calculation should be made for a pressure equal to 
the incident pressure; in this case, although the pressure is doubled at 
first by reflection, the doubling quickly fades away as diffracted waves ar- 
rive from beyond the edge of the plate. If the plate is mounted in a large 
rigid baffle, however, the doubling persists and the non-compressive calcula- 
tion should be made with twice the incident pressure. 

The plate will then continue moving until it is arrested by forces 
due to other parts of the structure. During the process of arrest, the ki- 
netic energy in the plate and in the adjacent water becomes converted into 
other forms, perhaps partly or wholly into plastic work. The time required 
for the final arrest of the plate constitutes a fourth characteristic time, 
which may be called the swing time of the plate, denoted by T,. Here the 
swing time under water-loading is involved. In the case of ships or compara- 
ble models the swing time is usually many times longer than the duration of 
the A-phase of the pressure wave. 

Some formulas that may be used in making rough estimates of swing 
times will be found as Formulas [65] to [68] on pages 43 and 44. 
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Figure 8 - Schematic Illustration of 
Deflection of a Plate with Cavitation 
Only at the Plate 


The broken curve represents the front of the 
reflected shock wave. 


liquid, and it may not begin until a lower pressure is reached. 


Cavitation at the Plate: 
The Free-Flight Phase 


It has repeatedly been ob- 
served that cavitation occurs near the 
interface between water and a solid, 
when tension deveiops in the water be- 
hind a reflected shock wave. See, for 
example, Figure 13. If cavitation 
were to occur at the interface and 
there only, as in Figure 8, just as 
the increment of pressure due to the 
wave sank to zero, the plate would 
leave the water at the time T,, with 
the velocity v,, given by Equation [7]; 
see Figure 5. In reality, cavitation 
cannot occur until the pressure sinks 
at least to the vapor pressure of the 
Hence in 


practice a short phase of negative acceleration would intervene and the plate 
would leave the water, with a velocity somewhat less than v,,; for example, at 


the time T’ in Figure 5. 


tion from theory have been observed at the Taylor Model Basin. 


Many initial velocities agreeing with this deduc- 


A streak pho- 


tograph illustrating the sudden acquisition of velocity by a plate is repro- 


duced in Figure 9. 


Diaphragm 


Spots 
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Figure 9 - A Streak Photograph Showing Impulsive Acceleration 
of a Diaphragm by a Shock Wave 


The streaks were made by light from 5 spots, one on the center of the diaphragm, two others half way 


to the edge, and two on the supporting rim. 
diaphragm. 


The streaks were made from left to right. 


The line of view was at 30 degrees to the plane of the 


The sudden bend terminating the straight portion 


of each streak indicates an impulsive acquisition of velocity by the diaphragm. 


11 25 


The plate will then swing away from the water; see Figure 8. It 
may swing freely until it is arrested by the combined action of the elastic 
or plastic stresses in the plate and of any difference in pressure that may 
exist between its two sides. The kinetic energy to be absorbed in this pro- 
cess will be only that of the plate itself; and the swing time will be that 
of the plate without water-loading. 

The motion of the water surface during this time must also be con- 
sidered. According to the results of analysis, the velocity of the surface 
should decrease, but it should not entirely disappear, because of diffraction 
effects; see the discussion in the Appendix. Furthermore, if a considerable 
part of the shock wave arrives after the departure of the plate, this will 
cause further acceleration of the water. It is possible, therefore, that the 
plate may be overtaken by spray projected from the water surface, and it will 
certainly be overtaken eventually by the water surface itself; the motion of 
the plate may thus be prolonged, with a corresponding increase in the plastic 
work (3). 

If the plate is held at its edges, the outer parts of the plate 
must be jerked to rest by the support almost immediately, while the central 
part continues moving. Such motion has been observed in 10-inch diaphragms 
at the Taylor Model Basin. Cavitation occurring over the outer parts of the 
diaphragm must, therefore, be short-lived; here the water must overtake the 
plate almost immediately. 


As an alternative to the v i 
simple process just described, the Hi A 
cavitation might begin in the wa- i / 


ter itself, in the form of bubbles, 
so that for a time there would con- 
tinue to be a layer of unbroken wa- 
ter next to the plate, as in Figure 
10a. Or, as a special case, it 


might begin at the plate and pro- \ \ 
ceed at once to spread out into the \ \ 
water, as in Figure 10b. This pos- s x 
sibility has been explored in gen- 

Figure 10a - With Bulk Cav- Figure 10b - With Bulk 
eral terms (12), and its practical itation at Some Distance in Cavitation Extending 
application has been discussed in Front of the Plate Outward from the Plate 
TB Report 511 (13) and independ- 


Figure 10 - Illustration of Deflection 
ently by Kirkwood (9). of a Plate 


If the cavitation process The broken curve represents the front of the 
is of this character, the motion of reflected shock wave. 
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the diaphragm will be influenced continually by the presence of water in con- 
tact with it. Analytical treatment is easy in the one-dimensional case, pro- 
vided the artificial assumption is made that cavitation occurs at a fixed and 
known breaking-pressure; but the three-dimensional case presents considerable 
difficulty. For this reason, only cavitation at the face of the plate will 
be dealt with in the present report. The final deflection of the plate may 
not be greatly influenced by the exact mode in which cavitation occurs. 


PART 2. THE VARIOUS TYPES OF ACTION BY A SHOCK WAVE 
THE FOUR CHARACTERISTIC TIMES 
In the foregoing discussion of a typical sequence of events, the 
relative magnitudes of four characteristic times have played a determining 
role. These times may be listed together as follows: 


Ne The time constant or approximate time of duration of the shock wave, 
7,8 ‘elaals) Sis. @eiwel co) 1/a, for an exponential wave characterized by the expres-~ 
Oe 


sionp=p,e ; 


w? 


De The compliance time T,, of the structure, or the time required for 
the shock wave to set the structure in motion at maximum velocity; 


Be The diffraction time T,, or the time required for a wave to travel 
from the center of the structure to its edge; 


4, The swing time T, of the structure, or the time required for it to 
undergo maximum deflection and come to rest. 


An attempt to picture the significance of these four times in a typical case 
is made in Figure 11. 


® ct | dz 
a fy dt 
: | 
a Diaphragm 
Tw Tm Ts 
Time Time 


Figure 11 - Illustration of the Significance 
of Time Factors for a Diaphragm 


Tw is the time constant of a shock wave, 
Tq is the diffraction time, 

T» is the compliance time, 

is the swing time, and 

c is the speed of sound in water. 
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In the case of a complicated structure such as the side of a ship, 
several different diffraction times and swing times may be distinguished, ac- 
cording to the dimensions of the part of the structure that is under consid- 
eration. Thus there will be a diffraction time and a swing time for the 
motion of the segment of a plate between two adjacent stiffeners, and longer 
times for the motion of the stiffened plate as restrained by bulkheads or 
belt frames. 

The characteristic times are useful in classifying the various 
cases that may arise. There are two simple cases which are particularly use- 
ful to bear in mind as a background in considering more complicated situa- 
tions. These two cases will be discussed in some detail. 


THE CASE OF LOCAL ACTION 
The typical situation contemplated in the preceding discussion was 
distinguished by the condition that 


Te ceT 0. eT. [9a, b] 


where the symbol « means "is much less than." In other words, the compliance 
time is several times shorter than either the diffraction time or the swing 
time. The diaphragm acquires maximum velocity and cavitation sets in before 
diffraction from the edge has had time to influence the motion appreciably, 
and also béfore the stresses in the diaphragm have produced appreciable ef- 
fects. The action in such cases is essentially a local one, since, in large 
measure, each element of the target is set in motion by the wave independent- 
ly of other elements. 

This case can occur only provided the time constant of the wave, 
T,, 18 not too long. It is sufficient, for example, if T,« T, and T,<T,, 
that is, if the action of the wave is completed in a time much shorter than 
either the diffraction time or the swing time. 

An especially important feature of the case of local action is that 
in this case the conception of conveyance by waves is valid for both energy 
and momentum. Any part of the target can receive at most only so much energy 
as is brought up to that part by the incident wave; and part of this incident 
energy will usually be reflected back into the water. The momentum brought 
up to each part of the target, also, must be either taken up by the target or 
reflected. Since momentum is a vector quantity, however, the laws of its re- 
flection are more complicated than are those for the reflection of energy; 
the momentum delivered to the target may be greater than that brought up by 
the incident wave, up to a maximum of twice as much if the target is rigid. 
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NON-COMPRESSIVE ACTION ON A TARGET 
At the opposite extreme from local action lies the case of approxi- 
mately non-compressive action.* The condition for this is that no great 
change shall occur in the incident pressure during an interval comparable 
with the diffraction time, that is, that 


Risin 


where the symbol > means "is much greater than." When this condition holds, 
the pressures become readjusted by diffraction with such relative rapidity 
over the face of the target that local effects due to compressibility of the 
water are largely ironed out and the action on the target becomes essentially 
the same as it would be if the water were incompressible. Viewed in the 
large, the pressure field results from a compressional wave propagated up to 
the target, but its local effects are about the same as those due to an equal 
pressure field at the target resulting from or- 
dinary hydraulic action. 

An important feature of non-compressive 
action, and one that distinguishes it sharply 
from the typical local action of waves, is that 
the energy given to the target may greatly ex- 
ceed the energy that would fall upon it accord- 
ing to the laws of wave propagation. In non- 
compressive action energy is propagated through 
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moving water by the pressure just as it is ina 
hydraulic press. 
An excellent example is presented by a 

Hilliar pressure gage (14) subjected to the 
shock wave from a charge of several hundred 
pounds. The face of the gage, H-H in Figure 
12, is perhaps 4 inches across, so that the 
diffraction time T, may be 1/30 millisecond, 
whereas the time constant of the wave is of the 
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order of a millisecond. Thus non-compressive 


Figure 12 - Illustration of theory should give a good account of the effect 


a Hilliar’ Pressure Gage of a shock wave on a Hilliar gage. The energy 


The steel piston A is projected up- 

wards by the pressure due to the 

shock wave, thereby hammering the exceed that which is propagated in the shock 
i : 

copper cylinder C against the top = Wave across an area equal to that of the face 

of the gage. This diagram is copied 


from Figure 34 in Reference (14). of the piston. The motion of the piston sets 


acquired by the piston of the gage may greatly 


* This is action conditioned by flow, as of an incompressible fluid. 
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up a local flow in the adjacent water which, in combination with the pressure, 
acts like a funnel to collect energy from a broad area of the incident wave. 

The non-compressive case also possesses a still wider significance. 
There exists a continual tendency for the effects of any pressure wave to 
undergo changes in the direction of non-compressive action. Any sudden im- 
pulse of pressure produces an increment of motion in the structure according 
to the laws of local action; but within a time of the order of the diffrac- 
tion time, diffracted waves act so as to convert this motion at least roughly 
into the motion that would have been produced by the same pressure impulse 
acting in incompressible water, except, of course, as the motion may have 
been further altered by forces arising within the structure. This drift to- 
ward the non-compressive type of motion has already been mentioned in the 
discussion of the tension phase on page 9. 

A variety of other cases can be imagined, characterized by various 
relations among the four time constants. In considering such cases, the fol- 
lowing general rules, already illustrated in the discussion, will often en- 
able a step to be taken toward a solution: 


ins During an initial interval much shorter than the diffraction time 
T,, the formulas pertaining to plane waves will be applicable. In special 
cases, when T,< T,, this interval may cover the whole of the action on the 
target. 


(ae During an initial interval much shorter than the swing time T,, the 
elements of the target will be accelerated independently. 


Di. For a plate or diaphragm, the equation of motion will be approxi- 
mately as given in Equation [1] during an initial interval that is much 
shorter than either the diffraction time T, or the swing time T,. 


CONDITIONS UNDER WHICH CAVITATION MAY OCCUR 

In the consideration of cavitation it may be conducive to clarity 
if a distinction is made between cavitation due to elastic overshoot and cav- 
itation due to fluid inertia. 

Cavitation due to inertia is a familiar phenomenon in the non- 
compressive motion of water. On the back of a propeller blade, for example, 
cavitation occurs because the inertia of the water prevents it from following 
the blade. 

Cavitation between a shock wave and a plate, as discussed in a pre- 
vious section, arises in a different manner and is closely associated with 
the elasticity of the water. The plate, together with the water in contact 
with it, is accelerated so rapidly that the water farther away is unable to 
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share fully in the motion. The 
water thus becomes expanded and 
its energy of compression is 
converted into the kinetic ener- 
gy of the plate; the process of 
expansion progresses to the 
point where tension begins to 
develop in the water, and cavi- 
tation results. The water and 
plate behave much like a spring 
loaded with a mass. If the 


Figure 13 - Photograph Showing Cavitation 
Bubbles Produced by a Shock Wave Spring (Jay compressedaantase 
in Water near a Lucite Window released, the motion overshoots 


FOV) Chutes Reon a akon the position of equilibrium, and 
the initial state of compression 
thereby comes to be replaced momentarily by one of tension. A picture of 
what appears to be cavitation due to elastic overshoot, in front of a lucite 
window struck by the shock wave from a small charge, is shewn in Figure 13. 
Under ordinary circumstances, a necessary condition for the occur- 
rence of cavitation due to elastic overshoot appears to he that the compli- 
ance time of the structure, or time required for it to attain a maximum 
velocity under the action of the wave, shall be less than the diffraction 
time: 


Te Ts 


If this condition is not satisfied, inflow of water from regions beyond the 
edge of the structure is likely to equalize the pressures and so to prevent 
the occurrence of tension in the water. 

The occurrence of cavitation should be the same on the usual model 
scale as on full scale, at least if the hydrostatic pressure is the same in 
the two cases. For, if all linear dimensions including those of the charge 
are altered in a given ratio, all characteristic times will be changed in the 
same ratio; in Equation [5a, b], for example, 1/a and m will be changed in 
the ratio of the linear dimensions and z is unchanged. Thus the ratio of T,, 
to T, is not altered by the change of scale. 

Large hydrostatic pressure, however, may act to prevent the occur- 
rence of cavitation. The pressure due to the incident wave, as modified by 
reflection and the motion of the target, is superposed upon the hydrostatic 
pressure p,, and, if p, is sufficiently great, the resultant pressure may 
never sink to the pressure at which cavitation occurs. 
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Since it is the excess of pressure above p, that accelerates the 

plate, the total pressure in the water at the plate will be 

p=p ee 

0 dt? 

In the case of the exponential wave represented by Equation [2], m d°z/dt? is 
given by Equation [4]. In this case, by equating dp/dt to zero, the minimum 
value of p is found to occur at the time t = 2T,, where T,, is given by Eque- 
tion [5a], and to have the magnitude 


Ur ed 


Dain = Po ePe= [10] 


Thus, if cavitation occurs when the pressure sinks to 4 certain breaking- 
pressure p,, which cannot exceed the vapor pressure and may be negative, then 
cavitation can occur only if p,., < p, or 


l1+z 


2p,” 


> Po Py 

Here it can be shown that the factor Ape has a maximum value of 
2/e? = 0.2/ at s = 1 and decreases toward zero as > 0 or 4% >™, 

The maximum depths at which cavitation can occur, as calculated 
from this formula, come out too large to be of interest. The shock wave from 
300 pounds of TNT, for example, falling on an air-backed steel plate 1 inch 
thick at a distance of 50 feet, could cause cavitation at zero pressure down 
to a depth of 700 feet below the surface. 

Both in the action of shock waves on ships and in comparable model 
tests the necessary conditions for the occurrence of cavitation due to elastic 
overshoot at a pressure not far from zero appear to be met, and observations 
on the initial velocities of diaphragms at the Taylor Model Basin indicate 
tha it does occur. 

For a Hilliar gage, on the other hand, the compliance time, or the 
time in which the piston would attain maximum velocity if it were not stopped 
by anything, is much longer than the diffraction time. Thus cavitation is 
not to be expected on the face of the piston. 

A more detailed discussion of the phenomena accompanying cavitation 
near a plate or diaphragm will be given later in this report, on pages 38 
to 42, 


THE BERNOULLI PRESSURE AND THE DEVIATION FROM HOOKE'S LAW 
At this point it may be worth while to digress slightly for a mo- 
ment and consider one or two minor matters. The question is often asked, 
whether the expression for the pressure caused by the impact of a plane wave 
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upon a rigid wall ought not to include a term of magnitude pv? or pv/2. The 
ariswer furnished by analysis is in the negative. 

Even the exact theory of Riemann for the propagation of plane waves 
of finite amplitude leads to no direct contribution from the particle veloc- 
ity v to the pressure on a rigid wall. The pressure should be a little more 
than twice the incident pressure, but the excess is due entirely to depar- 
tures from Hooke's law of elasticity; see the Appendix. It can be said that 
the entire increase in pressure arises from the arrest of the particle mo- 
tion by the wall. No further increase corresponding to pv? should, therefore, 
be expected. 

As an example, when water is compressed adiabatically from zero 
pressure and a temperature of 20 degrees Centigrade, its pressure, up to 
10,000 pounds per square inch, is approximately given by the formula 


p = 309000 s (1 ‘ =a 1b/in? [11] 


where s is the fractional compression or the decrease in volume divided by 
the original volume; see the Appendix, Equation [184]. The term p/75000 rep- 
resents the departure from Hooke's law. Because of this term, the pressure 
on a rigid wall due to the incidence of a wave of pressure of magnitude p; 
pounds per square inch is raised from 2p, to 


2 P; (1 ate oe {12] 


See the Appendix, Equation [185]. For an incident wave having a pressure of 
5000 pounds per square inch, the increase is 3 per cent. 

In the reflection of spherical waves, also, the usual linear theory 
leads to the conclusion that the pressure against a rigid wall is simply 
doubled; the afterflow velocity* gives rise to no additional term in the 
pressure. 

The familiar Bernoulli term in the pressure formula thus puts in 
its appearance only when (a) the pressure field is two- or three-dimensional, 
and (b) terms of the second order in the velocity are included. A small pi- 
tot tube, for example, turned with its mouth toward the oncoming wave, will 
register a pressure equal to p + pv/2 where p is the pressure and v is the 
particle velocity caused by the wave in unbroken water, whereas with its 
mouth turned at right angles to the direction of propagation it registers 
just the pressure p. The motion around the tube is three-dimensional; and 
the increase in pressure is of order v?, Similarly, the pressure at the 


* See TMB Report 480 (10), page 39. 
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front stagnation point, or point of zero velocity, on any small rigid ob- 
stacle in the path of the waves should be p + pv?/2; likewise, the pressure 
on the piston of a Hilliar gage (14) should be approximately p - pr, '/2, where 
vp, is the velocity of the piston. 

The Bernoulli effect as represented by the term pv” in such expres- 
sions will thus in some cases play a part in modifying the pressure field in 
front of a target. Analysis furnishes no reason, however, to expect addi- 
tional effects on the target from a "kinetic wave" following the shock wave. 
The pressure field in the water constitutes the mechanism by which the water 
is set moving outward and then presently arrested; the pressure field is 
physically inseparable from the motion, and its effects on the target include 
all effects that might be ascribed to the action of the moving water. 

At any fixed distance from the center of the explosion, the pres- 
sure in open water should fall continually as the gas globe expands, and it 
appears from analytical results that the same should be true of the pressure 
on the target. Thus no upward surge of pressure is to be expected "as the 
moving water reaches the target"; the idea of a water projectile propelled 
by the gas globe and subsequently impinging upon the target is inappropriate 
and misleading. 


PART 3. THEORY OF A PLANE TARGET 

The discussion has been kept in general terms up to this point, and 
few exact formulas have been given. General analytical results are difficult 
to obtain, and numerical integration has scarcely seemed worth while hitherto 
because of incomplete knowledge of the relevant fundamental data. 

There is one three-dimensional case, however, in which exact ana- 
lytical formulas are readily written down. This is the case in which every- 
thing of interest happens in the neighborhood of a plane surface, which may 
be supposed to extend laterally to infinity. This case will now be taken up 
for discussion in some detail. For generality, the fluid present will not be 
restricted to water. 


PRESSURE ON AN INFINITE PLANE 

When waves fall upon the initially plane face of a target of effec- 
tively infinite lateral extent, an expression is easily obtained for the re- 
sulting pressure at any point on the face. The waves may be plane, spherical 
or of any other type. It must be assumed, however, that they are of suffi- 
ciently small amplitude so that the ordinary linear theory of acoustics is 
applicable, and that the displacement of the water or other fluid at points 
on the plane is small. The first conditién should be sufficiently well satis- 
fied at pressures up to 10,000 pounds per square inch in water. 
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The expression for the pressure can be constructed by using the 
principle of superposition. 

The waves are first imagined to be reflected from the surface of 
the target as if it were rigid. This gives a resultant wave field in which, 
at the surface, the incident pressure is doubled, while the particle velocity 
has no component normal to the surface. 

A correction is then added to allow for the motion of the surface. 
This correctton is obtained by assuming the existence on the surface of a 
suitable distribution of simple point sources emitting waves of pressure. 
Because the surface is plane, each of these waves affects the normal compo- 
nent of the particle velocity only at the element that emits the wave. For 
this reason the strength of the point sources is easily adjusted so as to 
satisfy the necessary boundary condition, which is that the surface and the 
adjacent fluid must have a common component of velocity normal to the sur- 
face. It is found that the pressure emitted by each element of the surface 
must be proportional to its normal component of acceleration. 

The contributions made by the emitted waves to the pressure at any 
given point in the fluid will be retarded in time because of the time re- 
quired for the waves to travel from their point of origin. The following ex- 
pression is obtained for the pressure at any point Q on the surface at time 


Pm Ape | te, Seen, [13] 


where p, is the total hydrostatic pressure, including atmospheric pressure, 

p, is the incident pressure at the point Q and at the time t, 

p is the density of the fluid, 

c is the speed of sound in the fluid, 

dS is an element of area on the face of the target, 

z is the component of displacement of dS in a direction perpendicular 
to the initial position of the target, measured positively away from 
the fluid, and 

s is the distance of dS from Q. 

Z denotes d*z/dt*, and the subscript t - s/c means that each element 
dS is to be multiplied by the value of its acceleration z not at the 
time t but at the time t - s/c. 


The integration extends over the entire face. See the Appendix, Equation 
[100], and Figure 14. 

The factor 2 in Equation [13] may be regarded as a reflection ef- 
fect arising from the mere presence of the target. The term containing the 
integral represents a relief of pressure, as explained by Butterworth (1), or 
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an emission of negative pressure caused 
by acceleration of the face of the tar- 
get. Positive pressure is emitted, how- 


ever, by any element at which z is nega- ad als 
tive. The release or emission effect is 

propagated from one point to another in Se j 

the fluid at the speed of sound. & 


The surface on which the pres- 
sure is calculated has been supposed to 


be the surface of a solid body. Nothing 

Figure 14 - Diagram Illustrating 
the Theory of the Incidence of a 
face were, wholly or in part, merely a Wave of Pressure upon a Nearly 
Plane Moving Surface 


would be altered, however, if the sur- 


geometrical plane drawn in the fluid; in 
Equation [13] z will then be merely the 


The pressure p; due to incident waves causes 
a net pressure p on the surface; s denotes 


displacement of the fluid itself perpen- the distance of an element of area dS from a 
point Q on the surface, at which the displace- 

dicular to the surface. This extension eat OPithal cuctncotolen 

of the interpretation will be useful 

later. 


The theory of the relief pressure as described here constitutes the 
mathematical theory, for a plane surface, of the process of diffraction or 
equalization of pressure which was described in general terms on page 7. 


MOTION OF AN INITIALLY PLANE PLATE OR DIAPHRAGM 
OF UNLIMITED LATERAL EXTENT 


So long as the plate or diaphragm remains approximately plane, its 
equation of motion can now be written in the form 


d7z 
mage 7 Pot (14) 


where m is its mass per unit area, z is its displacement at any point perpen- 
dicular to the plane occupied initially by its face, p, is the total incre- 
ment of pressure caused, directly or indirectly, by incident waves, and 


¢ =i Pact P, [iS 


where p, is the total hydrostatic pressure, p, is the pressure on the back of 
the plate and p, is the net force per unit area in the direction of z due to 
stresses in the plate. Motion parallel to the initial plane is assumed to be 
negligible so far as inertial effects are concerned. Here m, z, p, and @ may 
all vary over the plate. Inserting the value of p,, = p - p, from Equation 
[13] 
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d*z dz dS 
mate ae real eel an [16] 


It is readily shown that, if the plate remains accurately plane, 
this equation reduces to the familiar one-dimensional equation; see the 
Appendix. The relief term, or the term containing the integral in Equation 
[16], becomes the last or damping term in Equation [1]. Of, if plane waves 
are incident at an angle 6, and if ¢ = 0, so that the elements of the plate 
move independently, Equation [16] becomes, as shown by Taylor (4), 


Sy eh [17] 


The general equation is thus seen to be consistent with others that can be 
obtained more simply. The case of spher- 
ical waves has been considered by Fox 


2 (15). 


PLATE OR DIAPHRAGM OF FINITE EXTENT 
SURROUNDED BY A PLANE BAFFLE 


=e In tests, a plate or diaphragm 
is commonly mounted in a support that ap- 

+e i proximates a rigid baffle; such a mount- 
; ing constitutes a first approximation to 

2, the mounting of a plate in the side of a 


ship. In some cases it may be necessary 
Figure 15 - Diagram Illustrating to allow for motion of the support. 
Incidence of a Wave on a Plate If only part of the structure 
Mounted in a Movable Baffle just considered consists of a movable 
Bien Cay Aci ae ee plate or diaphragm, while the remainder 
point of the plate is z. forms a fixed plane baffle, the integral 
in Equations [13] or [16] need be ex- 
tended only over the movable part. Or, more generally, as is illustrated in 
Figure 15, if the baffle is itself movable as a whole but remains plane, the 
equation for the motion of any point of the plate can be put into the form, 


d*z dz p 1jd’z 0s dz 
= = SS. eee = —- 
ge Pane an REL aa tales a ag qt), 48 iis 


plate c 


where z, is the displacement of the baffle, all quantities are taken at time 
t except the values of the integrand, and the integral extends only over the 
plate; see the Appendix, Equation [109]. 

Comparison of the last equation with Equation [16] shows that the 
principal effect of motion of the baffle is to relieve the load pressure on 
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the diaphragm to the extent of pe times the velocity of the baffle, or to in- 
crease the pressure to this extent if the baffle is moving toward the side of 
incidence. The factor pe is the same as the ratio of the pressure to the 
particle velocity in a plane wave, or about /0 pounds per square inch for 
each foot per second of velocity. If the velocity of the baffle is variable, 
however, the release effect is modified by the presence of the term in 

2, /at’. 

Other useful forms of the equation are possible. In the case of a 
circular plate of radius a, for example, with everything symmetrical about 
the axis of the circle, Equation [16] as applied to the central element of 
the plate can be written in the alternative form 


mi =2p,+6-el(t- 2) —2(t-2))-of tear 119] 


Here the first three terms refer to quantities at the center and at time ft, 
and in the integral s has been replaced by r, the distance from the center of 
the plate; also, because of the symmetry, it is possible to write dS = 2mrdr. 
The part of the release integral that contains dz, /dt* has been transformed 
as in Equation [105] of the Appendix. For generality, it has been assumed 
here that only the part of the baffle lying between r = r, and r = r, is mov- 
able, while the remainder is at rest; z,(t) is the velocity of the movable 
part at time t. 
If the entire baffle is movable, the equation becomes 


mi =2p,+¢—pea(t-$)—ef #2 4r [20] 


FINITE PLATE OR DIAPHRAGM WITH NO BAFFLE 

For a plate or diaphragm forming one side of an air-filled box, an 
approximate equation of motion may be obtained from the last equation by the 
following argument. Equation [16] should hold even if part of the "plate" is 
reduced to a mere imaginary plane drawn through the fluid; see Figure 16. 
Then, in the integral, at elements dS located on the imaginary plane, d?z/dt? 
refers to the acceleration of the fluid. These values of d°z/dt? are not 
known accurately because the pressure in the fluid is modified in an unknown 
manner by the presence of the plate. For an approximate result, however, we 
may resort to the assumption that is commonly employed with success in phe- 
nomena of optical diffraction. 

Let it be assumed that the disturbance in the fluid beyond the edge 
of the plate is the same as it would be if the plate were not there. Then, 
if the incident wave is plane and falls normally on the plate, d*z/dt® is 
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ye We | Vi uniform over the plane beyond the edge, as it 
Water x Yh would be if a plane baffle were present, hence 
Ven va 7 Equation [18] can be used in place of Equation 
a4 vi he [16]. Here dz,/dt is now merely the particle ve- 
Ye locity in the incident wave or p,/pc, so that the 
ey Y vi term containing this velocity becomes -p,;. Thus 


Equation [18] becomes, for the motion of any ele- 
Diaphragm 
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Figure 16 - An Air-Backed 
Diaphragm Forming One 
Side of a Box 


The pressure due to incident waves 


ment of the plate, 
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or, if the incident wave varies slowly enough, 


is Py: The broken lines represent approximately, 
a continuation of the plane of the 
diaphragm into the water. d7z p azz aS 
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In the special case of axial symmetry, again, a simpler alternative 
equation is useful. If the plate is a circle of radius a and if everything 
is symmetrical about its axis, then similar changes in Equation [109] of the 
Appendix give, for the motion of the central element only, the approximate 


equation 
m oS ~ 29,(2) -p(t-2)+ 6-0 (4) _dr [23] 
0 "? 


in which d’z/dt® on the left and p,(t) and @ refer to time t, while p,(t- a/c) 
is the value of p,; at time t - a/c, r denotes distance from the center of the 
plate, and dS has been replaced by 2mrdr. 

Thus the diffractive release of pressure around the edge of the 
plate has the effect of diminishing or even eliminating the doubling of the 
incident pressure that results from reflection. 

If the plate is mounted in a supporting ring with a plane face, 
this ring can be treated in the equations as if it formed part of the plate. 


MOTION OF THE FREE SURFACE OF A LIQUID 
Equation [16] can be applied also to the motion of the free surface 
of a liquid. This can be done by setting m= 0, replacing ¢ by po - p, where 
p, is the hydrostatic pressure at the level of the surface and p is the ex- 
ternal pressure on the surface itself, and interpreting z as the displacement 
of the surface. Atmospheric pressure is included here in p,, which may dif- 
fer from p because of an accelerating pressure-gradient in the liquid. 
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The resulting equation can be written in the form 
2 
* are = 2p, +P o-P [24] 
In this form the equation holds, indeed, quite generally, for any liquid sur- 
face that is nearly plane and effectively unlimited in lateral extent, even 
when the surface is partly or wholly in contact with a solid body. See Ap- 
pendix, Equation [103]. The equation fixes the acceleration of the surface 
at each point in terms of previous accelerations at all points and the vari- 
ous pressures. 

Furthermore, with similar changes, Equation [18] can be applied to 
the motion of the liquid surface as exposed in a hole in a movable plane baf- 
fle lying on the surface. 

It may be noted that the liquid surface does not exhibit the same 
kind of resilience that is characteristic of ordinary elastic bodies. Thus a 
rubber ball dropped onto the floor bounces back. If the surface of a liquid 
similarly impinges upon a rigid obstacle, however, there is no rebound. Dur- 
ing the impact the surface undergoes momentary negative accelerations of 
large magnitude, and Equation [24] shows that these accelerations must be ac- 
companied by a positive pressure acting on the surface, and also, therefore, 
on the obstacle. However, on the assumption that only a limited part of the 
surface was in motion, the integral in Equation [24] ultimately fades out 
without changing sign, and the corresponding part of p must, therefore, do 
the same. Since negative values of p do not occur, there is no tendency for 
the liquid surface to leave the obstacle. 

Elastic rebound such as that of the rubber ball is exhibited only 
by bodies, solid or liquid, whose dimension perpendicular to the surface of 
contact is effectively finite. 


IMPULSE PER UNIT AREA DUE TO THE WAVES 

Before considering solutions of the equations of motion, the fol- 
lowing interesting conclusion concerning the impulse may be noted. 

Suppose that the plate, after having been at rest until a certain 
instant, moves in any manner and then comes permanently to rest again. If 
it is surrounded by a baffle that also moves, let the baffle likewise come 
to rest. Let J denote the total impulse per unit area caused by the incident 
waves or frat, where p,, is the excess of pressure above hydrostatic pressure 
and the integral extends over all time. Then, for a plate in a wide plane 
baffle, it turns out that 


I=2f[p,dt [25] 
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where p, is the incident excess of pressure above hydrostatic pressure, or, 
if there is no baffle, approximately 


I= {p,at [26] 


Here Jp.at represents the incident impulse per unit area. 
To obtain this result, it is only necessary to multiply the equa- 
tion of motion of the plate by dt and integrate. From Equation [14] 


I= {p,dt = f(mtg - ¢)at 


When the value of d?z/dt? is substituted here from the equation of motion, 
the double integral in dt and dS vanishes, as is seen at once upon inverting 
the order of integration. For example 
dS 
alo E ae aa 


d*z dS pjd?z 
Heel arate ac wi mlear) Vantin 
since every point on the plate begins and eventually ends in a state of rest. 
Thus, from Equation [16] or [18], I = 2fp, dt, as stated. Or, if Equation 
[21] is used, since {(ap,/atyat =Ap, = 0, I= fp, at, at least approximately, 
in the absence of a baffle. 


Similar treatment of Equation [24] gives for the suriace of the 
liquid, whether free or not, 

[(e-p,)at = 2fp, at [27] 
for the total impulse in excess of hydrostatic pressure due to external 
forces, on unit area of the surface, provided the surfa e is at rest except 
during a certain finite interval of time. 

The effect of the relief pressure, and hence the effect of diffrac- 
tion, thus vanishes in the end if the motion of the surface is limited in 
time. 

It must be assumed also, however, that the motion is such as to 
make the integrals containing dS converge. 


THE PROPORTIONALLY CONSTRAINED PLATE OR DIAPHRAGM 

Equations [16], [18], and [21] to [24] are of the integrodifferen- 
tial type, and they are difficult to solve because z is a function both of 
the time and of position on the plate. For this reason interest attaches to 
the solutions of the following artificially simplified problem, which can be 
handled more readily. 

Let it be assumed that all parts of the plate execute proportional 
motions. Then z can be written in the form 
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z= 2z,(t)i f (x, y) [28] 


where z, is the deflection of a certain point on 
the plate, which may be thought of as its center, 
and is a function of the time t alone, while 
f(z,y) is a shape factor represented by a fixed 
function of the cartesian coordinates x,y specify- 
ing position on the plate; see Figure 1/7. The 
natural small oscillations of a plate are actual 
examples of proportional motion. 

After introducing this assumption into 
Equation [16], the equation can be reduced to an Figure 17 - Illustration 
ordinary integrodifferential equation in z and ¢t oat Ree go aes of 
by integrating over the plate. The most useful The deflection «eat avery point 
result is obtained if the equation is multiplied proportional to the displacement 

z- of a chosen base point or center. 

through by f(az,y) before integrating, namely; 


deze p d®z. Seek neiSe 
ue = 27, + 0-37 [ele as (Ge), few [29] 
where 
m= {m[s(z,y)] as [30] 
F, = [p; f(z,y)dS, $ = [of(z,y)as [31a, b] 


In the first integral s is the distance between the elements of area dS and 
dS’, which could be replaced by dady and dxz'dy', respectively. It must be 
assumed that f(x,y) vanishes fast enough toward infinity to make the inte- 
grals converge. 

The quantity M represents an effective mass of the plate, while F, 
and @ represent effective forces; the last term in Equation [29] represents 
an effective force due to release of pressure by the motion. The center of 
the plate moves as would a mass M under a force equal to the right-hand mem- 
ber of Equation [29]. Furthermore, the kinetic energy of the plate is actu- 
ally equal to M(dz,/dt)?/2; see Equation [115] in the Appendix. 

The proportional motion of the plate may be supposed to be guaran- 
teed through the action of suitable internal constraints which do no work on 
the whole, so that the energy balance is not affected. These constraints 
contribute nothing to , as is shown in the Appendix. 

Equation [29] is applicable either to an infinite plate or to a 
plate mounted in an infinite fixed plane baffle; in the latter case the 


42 28 


integrals extend only over the plate. The equation should also hold roughly 
when there is no baffle at all provided 2F, is replaced by F;. 

If the baffle is movable, it is more convenient to replace Equation 
[28] by 


z=2z,+2,(t) f(z,y) [32] 


where z, is the displacement of the baffle. Thus z, refers, as before, to 
the relative displacement between plate and baffle. If this expression for z 
is introduced into Equation [18], and if the equation is then multiplied 
through by f(z,y) and integrated over the plate, the result is 


2 2 
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dt2 dt » at? 
p d?z doe 
— =— | flz,y) dS f f(2',y') — [33] 
2 elle | (ae, 7 < : 
where 
B=[f(2,y)dS, M,={mf(z,y) dS (34a, b] 


Here B represents an equivalent area of the plate and M, an equivalent mass, 
both defined with respect to interaction with the baffle. 

Comparison of Equations [33] and [29] shows that the relative mo- 
tion of plate and baffle is affected by the motion of the baffle in the same 
way as if, with the baffle fixed, the effective driving force 2F; + $ were 
replaced by 

2F.+ © <a ees = m, 2-7 
dt dt 
Thus forward velocity of the baffle effectively decreases the load pressure. 
If the motion of the baffle is accelerated, the relative acceleration of the 
plate is further decreased in proportion to the acceleration of the baffle. 

The absolute motion of the plate is then the sum of its relative 
motion and the motion of the baffle. 

A more convenient form of the integral in Equations [29] and [33] 
is given in Equation [116] of the Appendix. 

Unfortunately, the actual motions of plates or diaphragms under the 
action of shock waves probably show little resemblance to any type of pro- 
portional motion. This is brought out clearly by many observations which 
have been made at the Taylor Model Basin; these will be described in other 
reports. The study of proportional motion must find its justification in its 
mathematical simplicity and in the hope that certain of its features as 
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revealed by analysis will find their counterpart in the behavior of actual 
structures. 


The Non-Compressive Case 

For a proportionally constrained plate, in a rigid plane baffle, a 
definite treatment can be given of the non-compressive case that was dis- 
cussed previously in general terms. In the Appendix, Equations [126] and 
[127], the following statement is proved: 

At any time when the acceleration has been sensibly uniform, at 
least during the immediately preceding interval of length D/c, where D is the 
maximum diameter of the plate, Equation [29] reduces temporarily to the ordi- 
nary differential equation, 


dz, 
(M+M)7)¥ = 2h, +9 [35] 
where 
Mm, = & [fle,pas[pe,y) = [36] 


Here M, may be regarded as the effective mass of the liquid that 
is following the plate; it represents the same loading of the plate by the 
liquid that would occur if the liquid were incompressible. The kinetic en- 
ergy of the liquid that follows the plate is M,(dz,/dt)?/2; see the Appendix. 
Thus, when the acceleration varies sufficiently slowly, the release effect 
produces the loading by the liquid as calculated from non-compressive theory. 

An analogous result for an unconstrained plate is difficult to ob- 
tain, but it may be inferred that even in this case there will be some degree 
of approach to the motion as calculated for incompressible liquid whenever 
the acceleration of the plate satisfies the condition just stated. A rough 
estimate of the accelerations to be expected in such cases can probably be 
made by assuming some plausible type of proportional constraint and using 
Equations [35] and [36]. 


Some Simple Types of Proportional Constraint 
Several forms of proportionally constrained motion were, in effect, 
treated by Butterworth (1). His formulas do not contain the factor 2 that 
arises from the reflection of the wave, and the retardation in time is omitted 
after a brief mention of it; hence his results are in reality those that would 
be produced in incompressible water by a pulse of pressure having the same 
form as the incident wave. 
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If the plate moves like a piston, the shape factor in Equation [28] 
becomes f(z,y) = 1. If the plate is circular and of radius a, it is found, 
as in Equation [128b] in the Appendix, that 
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Furthermore, if m or p;, respectively, is uniform over the plate, it is ob- 
vious from Equations [30], [31a], and [34a, b] that 


M = mma’, F, = ra*p, [38a, b] 
M, = M, B=na’* [39a, b] 


Piston-like motion involves, however, a discontinuity at the edge. 
A simple type in which there is no discontinuity is the paraboloidal 
form, 


nm 


Ae ey ie (40a, b] 
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where r denotes distance from the center and r = a represents the fixed rim. 
A spherical shape is scarcely different so long as the curvature remains 
small. In this case, as in Equation [128a] of the Appendix, 

M, = 0.818 pa? [41] 


and if mor p;, respectively, is uniform, Equations [30], [31a] and [34a, b] 
give 


M=3mo", F,= 7 a°p, [u2a, b] 
M,- 2M, B= 47a’ [u3a, b] 


see Appendix, Equations [120] and [121]. 

Approximately spherical or paraboloidal shapes are produced by 
static pressure, but under explosive loading more pointed shapes appear to be 
commoner; see Figure 18. 

The results just cited suggest that in general the formula 


M, =0.8 2° mM (44) 
m 


Figure 18 - Typical Profiles of a Diaphragm Deflected by a Non-Contact 
Underwater Explosion (Left) or by Static Pressure (Right) 
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may be a good approximation; for the paraboloidal motion, 0.8 is replaced by 

0.78, and for the piston motion, by 0.84. 
A third type of some interest is 

a 

2 


f(z,y) = (1 — a ; z= ed — r=)? (45a, b] 


for which, as in Equation [132] of the Appendix, 
M, = 77 pa°* [46] 


and, if p; is uniform, Equation [31a] gives 


a Seek 
Le 2 ex 2 
F, = 20p; J (1 7 ay, rdr = 2na’p, [47] 
This form of f(x,y) represents the distribution of velocities with which, ac- 
cording to non-compressive theory, liquid should begin to issue from a circu- 
lar hole because of a sudden 


application of pressure; see 
the Appendix, and Reference 
(1). Here the liquid surface 
is assumed to be plane initial- 
ly. The average velocity is 
2dz./dt. As the motion con- 
tinues, however, second-order 


effects become appreciable and 
the usual vena contracta de- 
velops; at the edge it will 
begin forming immediately. 

The distribution of 
velocity over the plate is il- 


lustrated for the three types 0 Ol 02 03 04 05. 06 07 08 09 10 
of motion in Figure 19. a 
In all three cases Figure 19 - Distribution of Velocities in 


Three Types of Proportional Motion, 


a rigid baffle beyond the plate for a Circular Diaphragm 


or hole has been assumed, If ds/dt is the velocity perpendicular to the initial plane 
the plate merely forms one side at a distance r from the center of the diaphragm whose 

radius is a. The velocity is shown in each case on an 
of an air-filled caisson or box, arbitrary scale. 


the estimation of M, is more 

difficult. From the consideration of a solvable case in the Appendix it ap- 
pears that the absence of a baffle might reduce M, for the paraboloidal dia- 
phragm by a factor of about 2, and for a diaphragm moving like a piston by a 
factor nearer 3. 
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It may be noted that for the circular piston and for the parabo- 
loidal form the integrodifferential equation can be replaced without great 
error by a more easiiy handled difference-differential equation; for example, 
Equation [29] is replaced by 


d*z dz, _ 2F,+¢ 
Sout + ke Se = b|2,-2,,.-7] = — [48] 
or Equation [33] by 
disze dz. dz, d*z, 
Mit a a oe ae ae 
2F,+ 06 
~ Ble. = 2ey522| = — [49] 


Here z,.,-r denotes the value of z, at time t - T, where T is a retardation 
time of the order of the diffraction time T,, while all other quantities re- 
fer to time t. If thinning of the diaphragm is neglected, k and b are con- 
stants; see Equation [125] in the Appendix. 

An equation rather similar to Equation [48] but containing an in- 
tegral was used by Kirkwood in developing a theory of damage in the absence 
of cavitation (6) (7) (8). His equation was obtained for the central ele- 
ment of the diaphragm on the assumption of a paraboloidal form, without the 
provision of any mechanism for the maintenance of this form. In the theory 
as developed in the present report, the form is assumed to be maintained by 
suitable constraints and an equation of motion for the entire diaphragm is 
obtained. The results in practical cases differ little, however, and it is 
doubtful whether either type of theory represents the motion of an actual 
diaphragm very closely. 


THE REDUCTION PRINCIPLE 

It has already been noted that under suitable circumstances suf- 
ficiently accurate results can be obtained from non-compressive theory, in 
which the compressibility of the liquid is ignored. This is in reality a 
special case of a more general principle. The action of a wave tends con- 
tinually to change into or reduce to the type of action that is characteris- 
tic of incompressible liquid. For convenience, this principle is called in 
this report the reduction principle. 

Consider, for example, a flat-topped wave form in which the pres- 
sure rises discontinuously to a value p, and then remains at this value for 
a considerable time. The discontinuous wave front is propagated past an ob- 
stacle in strictly rectilinear fashion, leaving a perfect shadow behind the 
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obstacle. After the front has passed, however, lateral equalization of 
pressure sets in and produces the phenomena known collectively as diffrac- 
tion. Pressure builds up in the shadow; and all modifications of the pres- 
sure field that may have been caused by reflection in front of the obstacle 
fade out. The final result is a uniform pressure of magnitude p, all around 
the obstacle, such as would be inferred from the ordinary hydrostatic, non- 
compressive theory. The time required for approximate equalization of the 
pressure is roughly equal to the diffraction time for the obstacle, or to 
its radius divided by the speed of sound in the liquid. 

Any sudden increment of pressure, positive or negative, behaves in 
a similar manner. At first, its effects exhibit the characteristics of wave 
action; then the effect changes in continuous fashion until it reduces to the 
effect that would have been produced in incompressible liquid by the same in- 
ecrement of pressure. 

Furthermore, any pressure wave can be regarded as a succession of 
small increments. Thus the usual conclusion is reached that waves much 
shorter than the diameter of an obstacle will behave in a manner strongly 
resembling rectilinear propagation, whereas waves that are much longer will 
act more nearly like a static pressure. The non-compressive case previously 
noted is one in which changes of pressure occur so slowly that reduction is 
practically complete all of the time. 

The reduction principle is difficult to formulate mathematically in 
the general case, but an exact expression of it is easily obtained for a 
proportionally constrained plate. In this case the chief content of the 
principle, as deduced in the Appendix, is the following. Suppose that the 
plate has been at rest for a time exceeding D/c where D is its greatest di- 
ameter. Suppose also that thinning of the plate may be neglected, so that M 
and M, may be treated as constants. Then, during any subsequent interval of 
time equal to D/c, both acceleration and velocity take on at least once the 
non-compressive values as calculated for the time t at the end of that in- 
terval, namely, from Equation [35], 

a?z, 2F, +0 dz, _ {(2F,+ o)dt 

We New. a OM, eee 
Here M, is the mass due to loading by the liquid as given by Equation [36], 
F, and the derivatives of z, stand for values at time t, and /F;dt extends 
from the beginning of the action up to that time. 

From this statement it is fairly clear, after a little reflection, 
that, if 2h. + @ is constant, dz, /dt? must oscillate about the non- 
compressive value as given by Equation [50a] and gradually settle down 
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to this value; whereas, if 2F; + ® continually increases with the time, 
d*z./dt? must exceed the non-compressive value, while if 2F; + ® decreases, 
d?z./at? must be somewhat smaller than the non-compressive value. Analogous 
statements hold for dz,/dt. 


IMPULSIVE EFFECTS 
The following two special cases are of interest, partly because of 
the light they throw upon the qualitative aspects of the action. 


Steady Pressure Suddenly Applied 

After a plate or diaphragm has been at rest and free from wave ac- 
tion for a long time, let 3 wave of constant pressure suddenly begin to fall 
upon it. During the quiescent period, ¢ = 0 in Equation [16] in order to 
keep d*z/dt? = 0, and for a short time thereafter @ will be small. In the 
neighborhood of any point of the plate, furthermore, the incident wave will 
approximate to a plane wave incident at a certain angle. For a short time 
after its arrival, therefore, the equation appropriate to plane waves, Equa- 
tion [17], can be used. Each element will begin moving according to this 
equation independently of all others, and every element will execute the same 
motion, but with a certain displacement in time if the incidence is oblique, 

The plane-wave equation will hold until waves of relief pressure 
arrive, coming from elements of the plate whose motion differs in other ways 
than merely by a time difference due to oblique incidence. Thereafter the 
action becomes more complicated and Equation [16] must be used. In many 
practical cases, however, the action of a shock wave is almost entirely com- 
pleted before the simpler Equation [17] begins to fail noticeably. 

If the plate is proportionally constrained, further light can be 
thrown upon its later motion. In this case, for a plate mounted in a rigid 
baffle, if ® = 0, Equation [29] becomes initially 


dz, = 5 dz. 
Mp2 — 2Fi — pcA a, [51] 
where 
2 
A= [[f@w] dS [52] 


and represents an effective area; see the Appendix, Equations [140] and [141]. 
This is the analog for the plate as a whole of Equation [1/7] for the individ- 
ual elements. If the mass per unit area m is uniform, A = M/m, where M is 

the effective mass as defined in Equation [30]. If the plate also moves pa- 
raboloidally, as represented by Equations [40a, b], A = 7a°/3, or a third of 
the actual area. 
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As the elapsed time approaches the diffraction time, Equation [51] 
fails and the complete Equation [29] must be used. As soon as the time con- 
siderably exceeds the diffraction time, however, a simple description of the 
motion again becomes possible. The motion then approximates rapidly to the 
motion that would have occurred if the water had been incompressible. This 
conclusion may be inferred with sufficient cogency from the reduction princi- 
ple just described. 

From this principle, and, in particular, from Equation [50a], it 
is sufficiently clear that the acceleration of the plate will take on the 
non-compressive value as stated in Equation [35] within a time less than D/c, 
and will oscillate thereafter about this value with a rapidly diminishing am- 
plitude of oscillation. The initial acceleration, which is 2F./M from Equa- 
tion [51], is relatively high because the effective mass is at first that of 
the diaphragm alone, but as the loading by the liquid takes effect the accel- 
eration decreases toward the non-compressive value. Because of the high ini- 
tial acceleration, however, the velocity remains permanently somewhat in 
excess of the non-compressive velocity. 

The transition from one type of motion to the other is easily fol- 
lowed in detail if the accurate integrodifferential equation is replaced by 
the approximately equivalent difference-differential equation, Equation [48]. 
This equation is readily solved in simple cases, provided thinning of the dia- 
phragm is neglected, so that k and b are constants. 

In the case under discussion, z, = 0 and z, = 0 up to a certain in- 
stant, which may be taken as t = 0, and thereafter $= 0 and 2F,/M is equal 
to a constant. An example of the results obtained from Equation [48] for 
this case is shown in Figure 20. The curves represent the central accelera- 
tion z, and velocity z, of the diaphragm as functions of the time t; the non- 
compressive values as given by Equations [50a] and [50b] are shown by straight 
lines. The unit of time is taken to be the diffraction time, or T, = a/c, 
where c is the speed of sound in the adjacent liquid and a is the radius of 
the diaphragm, assumed circular; and the incident pressure is assumed to have 
such a value that the initial acceleration, 2F,/M, is unity. With a constant 
incident pressure of different magnitude, all ordinates would be changed in 
proportion to the pressure. The figure refers to the special case in which 
pa/m = 12.5 and hence M, = 9.7M; then k = 13.4 and b = 9.34. 

The figure would be applicable, for example, to a 10-inch steel 
diaphragm of thickness 0.05 inch, acted on by a steep-fronted wave in which 
the pressure behind the front is uniformly 1/00 pounds per square inch. Then 
z, 1s in inches, and the unit of time is T, = 5/59 = 0.085 millisecond. 

The figure confirms the statements just made as to the approach to 
non-compressive values, which is very rapid in the case represented. The 
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Figure 20 - Curves for aeDiaphragm under Uniform Pressure Suddenly Applied 


The diaphragm is constrained to move paraboloidally; z,is the deflection of its center, t is the 
time, and Tj is the diffraction time, equal to the radius of the diaphragm divided by the speed 
of sound. The curves represent actual values of acceleration and velocity; the lines represent 
the non-compressive values. The plot is drawn for a particular case, as explained in the text, 
and is only approximate. 


figure would not be greatly changed if the more correct integrodifferential 
equation were employed, instead of the approximate difference-differential 
equation. 


Impulsive Pressure 
The second special case that is of particular interest is the fol- 
lowing. After the plate has been at rest for a time exceeding D/c, let it be, 
given by impulsive action a velocity z, = v, and then left to itself, with 
F; == 0. In this case it is evident, by integration of Equation [48] dur- 
ing the time of impulsive action, that 


dz 2 
whereas according to the reduction principle the velocity dz,/dt will ap- 
proximate within the diffraction time to the non-compressive value as given 


by Equation [50b] or 
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Figure 21 - Curves for a Diaphragm Loaded Impulsively 


For further explanation, see the text and the note under Figure 20. 


ended Mele 
am, JPeot = area, (53] 


Thus the initial velocity soon becomes reduced in the ratio M/(M+M,) as the 
loading by the liquid comes into play. 

The corresponding curves for the velocity dz,/dt and for z, as ob- 
tained from the approximate difference-differential equation, for v, = 1 and 
pa/m= 12.5, are shown in Figure 21; the horizontal line represents vy. The 
curves and lines happen to be exact copies of those in Figure 20. The rapid 
approach to the non-compressive velocity is again evident. 

Solutions for either of these two simple cases could be utilized to 
construct by addition the general solution of Equation [48], provided # is 
known as well as F;. The case first discussed corresponds to Heaviside's 
unit function. 


MOTION OF A PLATE OR DIAPHRAGM CONSTRAINED ONLY AT THE EDGE 
The accurate treatment of a plate that is not constrained as to 
shape presents a very difficult problem even on the hydrodynamic side, apart 
from all the difficulties that arise from the varying elastic and plastic 
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behavior of the material of the plate. All complications due to the material 
of the plate have been hidden in the present treatment under the symbol ¢ or 
@ and no detailed consideration of them will be attempted in this report. 

In the absence of exact solutions, semiquantitative results of some 
utility may be obtained by assuming a convenient or plausible type of propor- 
tional constraint and applying the corresponding results of analysis. A 
principle equivalent to the reduction principle may be expected to hold, al- 
though, as has been stated, it is not easy to prove or even to formulate in 
the general case. The velocities generated by a short impulse of pressure, 
for example, should be relatively large at first, but they should decrease, 
within a time less than the diffraction time, approximately to the velocities 
that would have been generated if the water had been incompressible. 


CAVITATION AT A PLATE OR DIAPHRAGM 

The analysis is readily extended to cover the occurrence of cavita- 
tion at the interface between a liquid and a plate or diaphragm that remains 
approximately plane, provided suffi- 
ciently simple assumptions are made 
concerning the laws of cavitation. Let 
it be assumed that cavitation sets in 
wherever the pressure at the interface 
sinks below a fixed breaking-pressure 
p,, and let all complications due to 
surface tension or to the projection of 
spray from the free surface of the liq- 
uid be ignored. The cavitated region 
will thus be assumed to have a sharp 


bounding edge on the diaphragm, as il- 
lustrated in Figure 22. The results 
obtained on these assumptions will be 


Figure 22 - Illustration of the 
Edge of a Cavitated Area 


In the left-hand figure the edge is advancing at 


speed U over the face of the diaphragm. In the described here, with reference for fur- 
right-hand figure it is receding; at the edge, 1 

the tangent to the liquid surface makes an angle ther details to the Appendix; they 

6 with the tangent to the diaphragm, and, as the should find at least qualitative appli- 
edge passes, each point of the liquid surface 

changes its normal velocity from z, to the cation to actual cavitation at an in- 
normal velocity zp of the plate. terface, unaccompanied by cavitation in 


the midst of the liquid. 

In practical cases the cavitation should usually begin, if at all, 
during the initial phase of the motion, and at a central point where the in- 
cidence of the waves is nearly normal. For this phase, therefore, the formu- 
las for the free plate should hold approximately, as discussed on page Te 
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There remain then, for discussion, the process by which the region of cavita- 
tion spreads over the plate, the subsequent motion of the free liquid surface, 
and the final process by which the cavitation is destroyed. 

After cavitation has begun, the edge of the cavitated region will 
advance over the plate for a time as a breaking-edge, enlarging the area of 
cavitation; then it will halt and eventually return as a closing-edge; see 
Figure 22. It must begin its advance from the initial point at infinite 
speed; and it may happen that the cavitation spreads instantaneously over a 
finite area. Similarly the cavitation may disappear simultaneously over a 
certain area, in which case the closing-edge may be supposed to move at an 
infinite speed. In other cases the edge will move at a finite speed. 

The process at the edge turns out to be distinctly different ac- 
cording as U, the velocity of its propagation in a direction perpendicular 
to itself, is less or greater than c, the speed of sound in the liquid. 

If U<c, it appears that no discontinuities of pressure or par- 
ticle velocity can occur at the edge of the cavitated region, and U is mere- 
ly the velocity with which the liquid next to the edge is streaming over the 
plate. This velocity, in turn, is determined jointly by the incident wave 
and by all of the diffracted waves emitted by various parts of the plate, 
and no simple statement in regard to its value can be made. 

If U2 c, on the other hand, the propagation of the edge is essen- 
tially a local phenomenon, and mathematical treatment is easy. For effects 
can be propagated through the liquid only at the speed c, and no such ef- 
fects coming from points behind the moving edge can overtake it; thus its 
behavior must be determined solely by conditions just ahead of it, and these 
in turn cannot be affected by the approach of the edge. For the same reason, 
the analytical results are not limited now to small displacements of the 
plate. Impulsive effects also become possible. 

For a breaking-edge moving in this manner, 


op 
Ete 

Oe op [54] 
On 


where Op/Ot is the rate of change of the pressure in the liquid ahead of the 
edge, as determined by the incident pressure wave and the motion of the plate, 
and Op/On is the gradient of this pressure over the plate in a direction nor- 
mal to the edge; see Equation [147] in the Appendix. Here, necessarily, 
Op/Ot <0. Thus the edge of the cavitated area will advance toward the un- 
broken side at the speed U2 ¢ provided - Op/dt 2 c Op/On. 
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As the edge advances, the particle velocity of the liquid in a di- 
rection normal to the plate changes impulsively by 


1 
A P,— P c2 a 
A = Sth — 
z Be (1 =) [55] 
where p, is the pressure in the cavitated region, assumed uniform; see Equa- 
tion [149] in the Appendix. Or, if Uis infinite, as in the instantaneous 
occurrence of cavitation over a finite area, 


ae a ee Be: [56] 


as in one-dimensional motion. If p, = p,, or if U=c, Az=0. Otherwise 
Az S 0, since the liquid cannot penetrate the plate; this agrees with the 
fact, thatep, = pe. 

The analogous formula for a closing-edge is 


fy Sh 
= a [57] 

where z, and z, are normal velocities of liquid surface and plate just ahead 
of the edge in the cavitated area, and 6 is the angle at which the edge meets 
the plate; see Equation [152] in the Appendix, and Figure 22. Thus U2 ¢ on- 
liye t= Ze 2 ctan 6. As an exceptional case, it appears that the liquid 
surface might roll onto the surface like a rug being rolled onto the floor, 
with z, = 2, and @= 0 at the edge of contact. If z, > z,, the pressure in 
the liquid adjacent to the plate rises impulsively, as the edge passes, from 
p. to p. + Ap where 


Ap = pe(z, = z,)(1 = Lee [58] 


or, if U=“, as where closure of cavitation occurs simultaneously over a 
certain area, 


Ap = pe(z, — 2,) [59] 


See Equation [151] in the Appendix. Equation [59] is familiar in one- 
dimensional water-hammer theory. 

Before and after the passage of the edge, each element of the liq- 
uid surface will follow one of the differential equations already written 
down. In the cavitated region this will be Equation [24] or 


2 
Tf (oe = 
oe Gee - 2p; + Po Pe [60] 
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in which p, represents the actual pressure p on the surface. At the same 
time, elements in contact with the plate will be moving according to some 
other equation such as Equation [16]. The symbol (d*z/dt”),_# in any equa- 
tion may be taken to refer always to the acceleration of an element of the 
liquid surface, whether free or in contact with the plate. 


The Impulse 
It is noteworthy that the total impulse on any point of the plate 
should not be affected by the occurrence of cavitation. For the pressure on 
the plate is always the same as that on the liquid surface, according to the 
assumptions that have been made. Hence, from Equation [24], the total im- 
pulse per unit area on the plate due to the waves, up to a time at which the 
plate has come to rest and all effects of diffraction have ceased, is 


I = [(p—p,)dt = 2{p, at [61] 


where p; is the pressure in the incident wave. The integral of the left-hand 
member of Equation [24] with respect to the time vanishes in the end, since 
dz/dt begins and ends at zero. The intervention of cavitation has no effect 
upon Equation [61]. 


A Proportionelly Constrained Plate 
The problem becomes much simplified and can be treated completely 

if the very arbitrary mathematical assumption is made that both plate and 
liquid surface move proportionally and in the same manner, so that their dis- 
placements are both represented by equations of the type of Equation [28] but 
with different values of z,(t) during the cavitation phase. Cavitation then 
appears and disappears simultaneously at all points of the plate. Successive 
phases of such motion are illustrated in Figure 23. 


Wes 


Figure 23 -Illustration of Cavitation 
According to the Assumption of 
Proportional Constraint 


The left-hand figure shows the initially flat dia- “a 
phragm; in the middle, cavitation has occurred, but 
both diaphragm and liquid surface are assumed to be 
deformed in the same proportional manner; right, the 
cavitation has disappeared simultaneously over the 
entire diaphragm. 


ESS 
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With this assumption, the tendency for the motion to approximate 
ultimately to the non-compressive type can be formulated mathematically. At 
the instant of cavitation, an impulsive decrease may occur in the velocity of 
the liquid surface, but this is not of much significance. For it may be in- 
ferred from the reduction principle as developed in the Appendix that, within 
a time of the order of the diffraction time T, after the onset of cavitation 
at a certain time t,, the velocity of the center of the liquid surface will 
approximate to the value 


t 
s Sit 1 
z= z+ — | (2F; + ¢,) dt [62] 
M, I 


Here F,; and M, are given by Equations [31a] and [36], respectively; 


¢, = ff (% — p.) f (ty) dudy [63] 


where p, is the total hydrostatic pressure in the liquid at the level of the 
point x, y on the cavitated surface, p, is the pressure in the cavity, and 
the integral extends over the entire surface of the liquid under the plate; 
and, finally, z,. stands for the velocity of the combined plate-liquid surface 
at a time that precedes the onset of cavitation by an interval of the order 
of the diffraction time; see Equation [158] in the Appendix. 

The value of z, given by Equation [62] differs from the value given 
by non-compressive theory only in that the initial velocity z, is not taken 
at the instant of cavitation. If cavitation occurs very soon after the ar- 
rival of the pressure wave, z, is practically the same as the value of Zz, 
just before the arrival of the wave. 

Similarly, after closure of the cavitation at a time t,, the veloc- 
ity of the combined liquid-plate surface soon becomes 


M 
M + M, 


oe 


z= + Ze 


t 
l 
pee ee 2F.+ @)d 64, 


pa M + M, J, 
2 

where M, @ and F; are as in Equation [29], z., is the velocity of the plate 
just before impact, and z,, is the velocity of the liquid surface at a time 
that precedes t2 by an interval of the order of the diffraction time. See 
the Appendix, Equations [161] and [162], where an explicit expression for z,, 
is given. 

This is again nearly the non-compressive result. The last term in 
Equation [64] represents the change in velocity of the liquid-loaded plate 
that is caused by the applied forces. If es were replaced by the velocity 
of the liquid surface at the moment of impact, the first two terms would 
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represent the resultant velocity as given by the usual formula for an inelas- 
tic impact between masses M and M,. 

If the liquid surface is not constrained in shape, as in reality it 
is not, expressions comparable to these are hard to obtain. It appears, how- 
ever, that at least the order of magnitude of the effects to be expected may 
be ascertained in a given case by assuming a reasonable form of proportional 
constraint for both plate and liquid surface and employing Equations [62] and 
[64]. The equations will hold so long as no further short-lived pressure 
waves arrive to cause temporary departures from the non-compressive motion. 

In using the equations it may be possible to fix the value of z,’ 
or Bar only within certain limits, but this may be sufficient for practical 
purposes. 


PART 4. DAMAGE TO A DIAPHRAGM 
A FEW SWING TIMES 

It is often desired to estimate the swing time of a plate or dia- 
phragm. A rough estimate can be based upon the formula for the following 
special case; see the Appendix, Equation [173]. 

Consider a circular diaphragm of radius a and uniform thickness, 
held rigidly at the edge, and thin enough so that bending resistance can be 
neglected. Assume that the elastic range is negligible, that the yield 
stress has the constant value o, that the diaphragm, initially flat, remains 
symmetrical and paraboloidal in form during its motion, and that thinning may 
be neglected. Then the swing time, or time for the diaphragm to swing free- 
ly through a short distance from the flat position and come to rest at its 
maximum deflection, if there is gas at equal pressure on both sides, is 


a Ve 651 
where p, is the density of the material. If the density is 0.283 pounds per 
cubic inch, as for steel, so that in dynamical units p, = 0.283/386, if o = 
80,000 pounds per square inch, which may be a reasonable nominal estimate for 
mild steel under high strain rate, and if a is in inches and T, in milli- 
seconds, 


1 


1 


~ pis. 0.0614 [66] 


If the diaphragm is mounted in a rigid baffle with liquid of den- 
sity p, on one side, the hydrostatic pressure in the liquid being the same 
as the pressure of the gas on the opposite face, then the swing time is in- 
creased, as a result of loading by the liquid, to 
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7 
Tig Vell +.0.78 5 =) [67] 


where h is the thickness of the diaphragm. For the same steel and for water 
this becomes 


T, = 0.061ay1- + 0.1004 milliseconds [68] 


provided a and h are expressed in the same unit. If there is liquid on both 
sides of the diaphragm and of the baffle, having a density p, on one side and 
p, on the other, p, is to be replaced in Equation [67] by P, + Po- 

If the diaphragm is mounted in one side of a gas-filled box only 
slightly larger in diameter, the coefficient 0.78 in Equation [67] is changed 
to something like 0.4, and 0.100 in Equation [68] to roughly 0.05. 

The effect of the elastic range is discussed in the Appendix. 


DEFLECTION FORMULAS FOR A DIAPHRAGM 

From a survey of the preceding analytical results it appears that 
only limited progress has been made as yet toward an exact treatment of the 
hydrodynamical side of the problem that is presented by the impact of a shock 
wave upon a diaphragm. The situation is somewhat better as regards the be- 
havior of the diaphragm itself, although even here complexities and uncer- 
tainties are encountered because of work hardening, increase of stress at 
high strain rate and thinning of the diaphragm. It is not the purpose of 
this report to attempt an accurate theory of the plastic deformation of a 
diaphragm. Simplified assumptions as to its behavior will be adopted in 
order to obtain a few approximate formulas possessing a limited usefulness. 

Let the yield stress o be constant. For steel this is more nearly 
true at high strain rates than at low rates. Let both the elastic range and 
the thinning be neglected. Actually, the thinning may extend to 1/3 or even 
2/5, but its effect is at least in the opposite direction to that of work 
hardening. With these assumptions the fundamental equation for plastic de- 
flection can be written in the simple form, 


E = ochaAA [69] 


where E is the net energy delivered to the diaphragm, h is its thickness and 
AA is its increase in area due to plastic flow. 

For a circular diaphragm deflected into a spherical form, AA = 7z 
in terms of the central deflection z; this formula is almost correct also for 
the paraboloidal form. For a circular cone,* AA= w27/2, Profiles for these 


2 


y Shapes between spherical and conical are often produced by underwater explosion; they are nearly 
hyperboloidal, as illustrated in Figure 24. Certain observations indicate that in the course of the 
damaging process nearly conical shapes may occur momentarily. 
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y— Sphere 


shapes are compared in Figure 
24. For a rectangle w, and wy, 
on a side, deflected into the 


Poraboloid 


Cone 


Hyperboloid 


shape characteristic of mem- 
brane vibration in the lowest 


Figure 24 - Curves Illustrating Four Types 


mode, so that the deflection of Diametrical Profiles for a Diaphragm 
ou TY! 
at any point is z sing, sin, 
= iL Wy We 2 
AA = eral ee ete atk 


for small z. Thus for circle, cone and rectangle, respectively, for small z, 


1 1 w w 
E = mohz*?, E= gy mohz?, E= gmoh (Tt + a les [70a, b, c] 


For a square or w, = w,, E is w/4 times as great as for a circle at the same 
central deflection. 

A correction for the elastic range is easily made, if required, 
provided it is assumed that the elastic constants are unaltered by plastic 
flow and provided resistance to bending may be neglected. During deformation 
up to the elastic limit the area will increase by a definite amount AA,. 
Since the stresses are at each instant proportional to the increase in area 
up to that instant, the average stress will be o/2 and the energy absorbed 
up to the elastic limit will be 


E,=f haa, 


e 


or half what it would be if the stress were constant. Thus, if E denotes the 
total energy absorbed by the diaphragm, initially flat, up to a maximum in- 
crease of area AA,,, 


E = $chAA, + ch (AAm — AA,) 


If AA is the residual increase in area after removal of the load, AA = 
AA, - 4A,. Hence 


E = ch(4A, - 3 44.) = oh (4A + 3 44.) [71] 


In general, the increase in area is proportional to the square of 
the central deflection, for small deflections. Hence, if the central deflec- 
tion is z, to the elastic limit, z,, to the maximum under full load and z for 
the permanent set, from Equation [71] 


ze = 72 — ie yom g” te oe [72a, b] 
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where z, is the deflection calcu- 
Incident Pressure lated from FE with neglect of the 
elastic range, that is, from E= 
ohAA, where AA, corresponds to 2), 
or by putting z = z, in Equation 
[70a, b, c]. It is assumed here 
that the same shape occurs at all 
deflections mentioned. 
In a few special cases, 


Displacement of 
Diaphragm 


Te aa Ts; formulas for the deflection pro- 
Figure 25 - Illustration of Case 1, duced in a diaphragm by a shock 
Relatively Long Swing Time wave can now be obtained by bring- 
The swing time of the diaphragm, T,, is much longer ing forward suitable formulas for 
than either the time constant Ty of the incident 
pressure wave or the diffraction time Tj. E. 


CASE 1: Relatively Long Swing Time, No Cavitation; i.e., T,> T, and T, > T,, 
or the swing time of the diaphragm several times longer than either the dif- 
fraction time or the time constant of the wave, as illustrated in Figure 25. 
These conditions as to the times are usually satisfied in practical test as- 
semblies because of the thinness of the diaphragms. 

Let the diaphragm be mounted in a fixed plane baffle. Then, if it 
is assumed to be proportionally constrained in its motion, in the sense de- 
fined on page 26, its center will acquire a velocity 


2[F, dt 
em = [73] 
M + M, 
This equation results from integration of Equation [35] in case T, «T,,, so 
that non-compressive theory holds; otherwise it follows from the reduction 
principle as expressed in Equation [50b]. It is only necessary that stresses 
in the structure have little effect on the diaphragm until the hydrodynamic 
action is completed. 
The combined kinetic energy of diaphragm and water will then be 
converted into plastic work, so that 


2 
al|rat] 


E = $(M+M,) 02, = 
M+M, 


[74] 
For a circular diaphragm of radius a deflected paraboloidally, 


Th cS 2 Pi a? = 3 
. = Ta Bye M = ™pyh=> M, = 0.813 pa 


t 
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in terms of the incident pressure p,;, thickness h, density of diaphragm ma- 
_ terial p, and of water p; see Equations [42b], [42a], and [44]. Hence, from 
Equation [72a], for a small central set deflection z, 

z= ar— 52 [75] 


where z, is the deflection at the elastic limit and z, is found from Equa- 


tions [70a] and [74] to be 
Z1 = Um yea [76] 


or 


role 


(77] 


a 3 il 1 
Fi: Say. U2 AA os ope cr igia nee mates) 
Pa 
If the incident wave is of exponential form, so that p,; =p, enc Jp,at may 
be replaced by p,,/a. 

Equation [77] implies a variation of z as [p,at and hence roughly 
as WYR, where W is the weight of the charge and R is the distance from the 
charge to the diaphragm. This latter statement is based on similitude com- 
bined with the assumption that p varies simply as 1/R for a given charge. 

According to similitude, the same pressures occur at distances and 
at times proportional to W3; hence, if f(R’',t’) denotes the pressure as a 
function of the distance R’ and of the elapsed time t’ since detonation for 
a unit charge or W= 1, the pressure due to any other charge at distance R 
and time t is 


x R 
oe ere 
Hence 
[rae SAS wilt! = wif s( 4, i’) at’ 


1 
where t’ = t/W3, But the_ value of fp, at for W= 1 is a function of R’ given 


1,(R’) = [f(Rit’) de’ 
Thus at a distance from any charge 


1 = {p,dt = ws iy 


R 
vad [78] 


1 2 
Roughly, I,(R')«x WY¥YR’' and hence Ix WYR. Actually, according to 
theoretical estimates partially confirmed by observation, the maximum pressure 
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should vary more rapidly than as 1/R. 


Furthermore, the duration of the pres- 


sure wave at a given point should increase somewhat with an increase in R; 


for an exponential wave this is represented by a slow decrease ina. 


These 


two changes have opposite effects upon J, but the first should predominate. 
Thus I,(R’) should vary somewhat more rapidly than as 1/R’. 
A further complication arises in practical cases from the spherical 


form of the wave. 


decrease should be greater at small distances. 


This further decreases the deflection somewhat; and the 


Work hardening and increased 


strain-rate effects in the diaphragm will also have the effect of decreasing 


the larger deflections as compared with the smaller. 

The final result seems to be that Equation [//7] implies a varia- 
tllonno tac as WIF(WYR) where F(WYR) equals 1, (R/W) multiplied by a factor 
to correct for sphericity and other minor factors; and F(WYR) might vary 
either more rapidly or less rapidly than as WYR. The variation of z might 
happen to be nearly asW 3 /R” where n is a constant either a little greater 


or a little léss than unity. 


Other cases in which cavitation does not occur may be treated by 


integrating one of the other equations of motion. 


Kirkwood solved his equa- 


tion for the paraboloidal diaphragm, which was mentioned in connection with 
Equation [48], with the help of Fourier Analysis; the results may be found in 


his reports, References (6) (7) and (8). 


CASE 2: 


Prompt and Lasting Cavitation at the Diaphragm Only; 7,<T a, Tn<T;,, 


or the compliance time is much less than either the diffraction time or the 


swing time, as illustrated in Figure 26. 


Displacement of 
Diaphragm 


Tm < Te 


Cavitation ———————_» 


Tm Ts 
Time 


Figure 26 - Illustration of Case 2, 
Prompt and Lasting Cavitation 
at the Diaphragm 


At the compliance time T» the diaphragm has 
reached maximum velocity; cavitation is then 
assumed to occur and to last at least until 
the diaphragm has completed its outward swing. 


It is assumed here that cavitation 
sets in so quickly that the diaphragm 
acquires maximum velocity before the 
pressure field has been appreciably 
modified by diffraction, and also be- 
fore the diaphragm has moved far 
enough to call appreciable stress 
forces into play. It is also assumed 
that no further deflection is pro- 
duced when the cavitation disappears. 
These conditions as to times are com- 
monly satisfied in test assemblies; 
if cavitation occurs at all, it 
should usually occur relatively early 
in the damaging process. 

Under the conditions stated, 
all parts of the diaphragm will be 
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projected with a common velocity v,,, and the entire diaphragm will acquire 
kinetic energy of magnitude 


E =F hp, Av, (79] 


where A is its area. This energy will then be converted into elastic and 
plastic work, and if the relation between this work and the deflection is 
known, the deflection can be calculated. 

Equation [72a], with z, calculated from [70a] and [79], thus gives, 
for a circular diaphragm of radius a, deflected into a spherical shape, 


22 = ae - 5, z= am V xe [80a, b] 


For a shock wave of exponential form, p; = p,, e-*! the maximum ve- 
locity is given by Equation [7], and 


2 = “Pm he gine [81] 
where x = pc/ap,h, in which p is the density of water in dynamical units and 
c the speed of sound in it. 

If the diaphragm is deformed into a more pointed shape, as commonly 
happens, z will be somewhat greater; for a conical form, z, would be greater 
in the ratio Y2. On the other hand, the actual maximum velocity will prob- 
ably be somewhat less than v,, as given by Equation [7], because cavitation 
will probably not occur until the pressure has sunk more or less below the 
hydrostatic value; z will be correspondingly reduced. 

These equations predict nearly the same variation of z with dis- 
tance R from the charge as was inferred for Case 1, but, for ordinary thin 
diaphragms, a somewhat slower variation with charge weight W. The difference 
arises from a decreased influence of the duration of the wave. This in- 
fluence is represented, for an exponential wave, by the factor Sie in Equa- 
tion [81]. Since x = pcfam, x increases in proportion to 1/a and hence in 
the same ratio as does the factor [o.at in Equation [77]; but in practical 
cases z lies between some such limits as 2 to 10, and a glance at Figure 4 
on page 5 shows that in this range fei fatness much less rapidly than 
does z,. 

The deflection z and the projection velocity v, may vary, there- 
fore, in this case, either a little more rapidly or 2 little less rapidly 
than 2s 1/R; they should vary more rapidly than as W3, but not so Ape 
as Ws, Both z, and v,, might happen to be nearly proportional to W2, 
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CASE 2a: Same as Case 2 with Reloading after Cavitation at the Diaphragm; 
Figure 2/7. After the occurrence of cavitation the remainder of the shock 
wave should act on the water surface and accelerate it toward the diaphragm, 
unless the shock wave is so short 
that its duration does not exceed the 
compliance time T,,. The effect on 
the water should be especially strong 
near the edge of the diaphragm; and 
here, also, the motion of the dia- 
phragm is soon checked by the support. 
At the edge, therefore, the cavita- 
1 tion must begin to disappear immedi- 
ately, and it should then disappear 
CE Us eae 2a, progressively toward the center. The 
with Reloading boundary of the cavitated area may 
This differs from Figure 26 in that the cavitation move at supersonic velocity and will 
closes again and the water gives the diaphragm fhennbe accompanied by an impulsive 
a fresh impetus outward. 
increment of pressure. 

Such an action is hard to 
follow analytically. The only easy case is the rather different ideal one in 
which both diaphragm and water surface are assumed to move in the same pro- 
portional manner, as on page 41. Then the cavitation closes impulsively on 
all parts of the diaphragm at once. 

If the duration of the cavitation is considerably longer than the 
diffraction time, Equation [62] gives for the velocity acquired by the center 
of the water surface while free 


Displacement of 
Diaphragm 


Cavitation ———= 


Time 


i, = wm, J, Fat 


where T,, is the time of the beginning of cavitation; this time is assumed to 
follow the arrival of the wave so closely that z,’ in Equation [62] can be 
dropped, and #, is assumed to be equal to zero. 

When the water subsequently overtakes the diaphragm, an impulsive 
equalization of their velocities will occur, resulting in a partial reflec- 
tion of the kinetic energy back into the water. If the diaphragm has already 
been brought to rest by the action of internal stresses, their common veloc- 
ity soon after the impact of the water should be M,z,/(M+M,), according to 
the first term on the right in Equation [64], and their combined kinetic en- 
ergy should then be 
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M+M, 


This energy represents a fraction M/(M+ M,) of the energy of the moving wa- 
ter, whose total magnitude is 


M, 2, y a 


1 
St Baar M, [82] 


2 
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2 t%e M, [ 3] 
The fraction M,/(M+M,) will, however, be close to unity in practical cases; 
and if the diaphragm is moving at the time of impact, it will take on a still 
larger fraction of the kinetic energy of the water. 

The kinetic energy of water and diaphragm will then be converted 

into additional plastic work. The total work should thus be at least as 
large as 


; 2, Rat), 
27 Hit 
E = + ho, OSS ReoperearT m 


Inserting again the values for the paraboloidal circular diaphragm and v,, 
from Equation [7], noting that, if p,; = peer. 


F.dt = a 2 —at = 7° Dm l-z 
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by Equation [5a], and equating the value found for E to mohz,, it is found 
that Equation [81] is replaced by 


ead 2 it 
——— one aes (1+ 4 sae ie [84] 
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for an incident wave of exponential form. In these formulas it might be more 
nearly correct to omit M, or the 1 in the denominator under 2? in the last 
equation. 

Comparison of Equation [84] with Equation [81] shows that the re- 
loading increases the deflection in the ratio 


nie 


3 x2 
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Since z increases with 1/a, or with the duration of the wave, it appears from 
the considerations advanced in the discussion of Case 1 that the deflection 
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should probably be more nearly proportional to 1/R in this case than in 
either of the other two cases, but should increase with W more rapidly than 
in Case 2. 

The applicability of Equation [84] in actual cases is doubtful, 
however, because of the artificial assumption that has been made as to the 
motion of the water. If closure of the cavitation in reality progresses 
from the edge inward, it is possible that support of the water by the outer 
part of the diaphragm may greatly decrease the development of kinetic energy 
in the water. Furthermore, a fixed baffle has been assumed. If there is no 
baffle, or if it yields, the kinetic energy acquired by the water and the re- 
sulting increase in the plastic work will be less. 


CASE 3: Negligible Diffraction Time T, but Wave Not Short; T, «< T,, and 
T, << T,. Under these circumstances non-compressive theory can be used. If 
also T, KT,, or the time constant of the wave is much less than the swing 
time, the situation is that of Case 1. Otherwise the action of the wave 
overlaps on that of the stress forces, and the motion of the diaphragm is 
more complicated. 

For a proportionally moving diaphragm mounted in a large plane 
fixed baffle, quantitative results are easily obtained. According to the 
simple assumptions that were made in the beginning, the net stress-force re- 
sisting its motion will be proportional to its deflection; hence it is pos- 
sible to write $=-kz, where k is a constant. Then Equation [35] becomes 


2 
(M +m) +kz, = 2F, [85] 


which is of the same form as for a forced harmonic oscillator. For the ex- 
ponential wave or p, = p,,e", F, can be written F,; = F,e “' where F, is a 
constant. The appropriate solution of Equation (85], when Zo = 22 =50 nat 
G0, ts) chen 
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The final deflection z,,, will be the first maximum value of <; 
find it requires the solution of a transcendental equation. It may conven- 
iently be expressed in terms of the deflection under a static load of magni- 


tude ar that is, under a static pressure equal to the maximum incident 


Ze 


where 
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pressure p,. The corresponding static deflection, obtained from Equation 
[85] with 2F; replaced by F, is 


Z..= a [88] 


From Equations [86] and [87] 
Zem = 2NzZ.. [89] 


where the dynamic response factor or load factor N is the first maximum value 
of 
2 
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Or, N is the first maximum value for z > 0 of 


2 
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A plot of Nis given in Figure 28; the abscissa represents q from 0 
to 1, then 1/q from q = 1 to g =~. In the present connection, 
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where T,, = 1/a and represents the time constant of the wave, while T,=7/2u 
and represents the swing time or the time required for a maximum deflection 
when the diaphragm is started moving from its flat position and then left to 
itself . 

The greatest possible value of z., for a wave of positive pressure 
is 4z,.,; this is attained when the pressure remains sensibly constant during 
the entire swing time. The factor 4 arises from a doubling by reflection of 
the incident wave, and a second doubling by dynamical overshoot.* 

If no baffle is present, so that even the diffraction time for the 
entire target is small as compared with the time constant of the wave, the 
factor 2 is to be omitted from Equations [85] and [86], and Equation [89] 
becomes 


Zom 71 2Nz., [92] 


In this case, for a very long wave, only the doubling by dynamical overshoot 
remains. 


* See also Reference (25). 
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Figure 28 - Plot of the Dynamic Response Factor or Load Factor N 
for a Harmonic System under Exponential Forcing 


N represents the ratio of the maximum deflection of a harmonic system of natural frequency v, when 
acted on by a suddenly applied force Fy ema to its static deflection under a steady force Fy. Here 
t is the time and a and F, are constants. The plot serves also for a proportionally constrained dia- 
phragm whose swing time is T,, when acted on by an exponential pressure wave of time constant T,, = 1/a; 
that is, the incident pressure is p; = Pme %'where t is the time and p,, and a are constants. 


For the circular diaphragm already considered, z,, can be calcu- 
lated either from formulas already given for M, M,, F,, and T,, or directly. 
For a pressure equal to p,, F, = ma*p,/2 by Equation [42b]. The curvature 
of the diaphragm is given nearly enough by the approximate formula for a 
sphere, 22,/a* for small z,; hence the stress force per unit area normal to 
the plane of the diaphragm is ¢ = - 4Yghz,/a’, on the assumption of equal hy- 
drostatic pressures on the front and back. Thus by Equations [31b] and [40b], 


lias, Aerize fipanstion cuba 
or ae J( 7) 2rdr = — 2nohz, 
and k = 2moh. Hence, for small z,,, 
2 
— 2 Pm 
7co 4ah [93] 


If the accurate formula for the curvature is used, or C = ie 
a quadratic equation must be solved for z,,. 

Detailed formulas have been given here for only one type of wave, 
the idealized shock wave of exponential form. The waves emitted during re- 
compression of the gas globe can be approximated roughly by superposing sev- 
eral exponential terms, but simple final formulas are not obtainable; see 
Reference (16). 
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THE FACTORS DETERMINING DAMAGE 

The question is often asked, upon what feature of the shock wave 
does the damage to a plate or diaphragm depend? Is it the maximum pressure, 
the impulse or the energy? A related question is the law according to which 
damage varies with size of charge and with distance. 

The results of this and other analyses indicate clearly that no 
simple and general answers to these questions are to be expected, but that in 
special cases a few approximate rules can be given. 


1. Maximum pressure should be the chief factor determining damage to 
relatively small structures, namely, whenever the time of action of the pres- 
sure greatly exceeds both the swing time and the diffraction time for the 
structure, or T,>T,, T,, > T,. The rapidity with which the pressure is ap- 
plied, however, will also be of significance. 

For a diaphragm of radius a inches, this condition should hold at 
least for shock waves from charges in excess of 50 a® pounds. This estimate 
Heebased on To = 1/a.= (W/300)3/1300 and T, < 0.1a x 107% from Equation [68]. 
The condition should be satisfied for Modugno gages in the presence of 
charges of 10 pounds or over. 

If the diffraction time is also much less than the swing time, so 
that T, > T > T,, non-compressive theory can be used, as on page 52. If, 
furthermore, the application of pressure is gradual, the action is essential- 
ly a static one and the damage corresponds in the static manner to the maxi- 
mum pressure. On the other hand, if the pressure is applied rapidly, the 
damage will be increased in proportion to an appropriate dynamic response 
factor or "load factor." If the application is effectively instantaneous as 
in loading by a shock wave, and if the resistance varies linearly with deflec- 
tion, as is more or less true for a plate or diaphragm in the plastic range, 
the deflection should be almost twice the static value. 

Since the pressure due either to shock waves or to gas globe oscil- 
lations, except near the globe, varies roughly as the cube root of the charge 
and inversely as the distance, the resulting deflection of a plate should 
vary in the same way, under the conditions assumed, except that at great dis- 
tances a large correction for the elastic range will be required; for the 
pressure p required to give a diaphragm of radius a and negligible thickness 
a small deflection z is proportional to z; see Equation [8] in TMB Report 
490 (17). Thus the maximum deflection will be approximately, bW3/r, where }b 
is a constant, and, from Equation [72a], 


i 202 
_ ,/b?w3 2 _ bW3 r*z 
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where z, is the deflection at the elastic limit. 
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The pressure to be used in calculating the deflection will be the 
maximum pressure in the incident wave when the dimensions of the entire tar- 
get are small as compared with the length of the wave in the water, or twice 
the maximum pressure if the diaphragm is surrounded by a large rigid baffle. 


2. The impulse [pdt should determine damage when (a) cavitation does 
not occur and (b) the time of action of the pressure is much less than the 
swing time of the structure, or T,«KT,. For a diaphragm of radius a inches 
this should hold for a charge of a°/100 pounds or less. 

This case is exemplified by Case 1 as previously described, and in 
particular in Equation [77]. In Case 1 the diffraction time was also assumed 
to be relatively short; but the statement just made concerning the impulse 
should hold independently of the diffraction time. For the influence of dif- 
fraction is confined to the relief pressure, as represented by the integral 
in Equation [16], and the relief pressure in turn is determined by the motion 
of the diaphragm itself. Thus the whole motion depends upon the initial ve- 
locities given to the structure by the incident wave; and since the wave, by 
assumption, acts only during a small part of the swing time of the structure, 
the initial velocities produced by it are proportional to the impulse, inde- 
pendently of the maximum pressure or the duration of the wave. 

The variation with W and R should be as described for Case 1 in the 
last section. To a first approximation, the set deflection z should be given 
by 


clr 


Wet 
R 
where B is almost constant for a given structure, provided the elastic range 

can be neglected. 
This case will probably not arise often, however, because of the 
common intervention of cavitation. 


a8 [95] 


Bis The energy carried by the wave, [pdt /pe, does not appear in any 
simple damage formula obtained from the present dynamical analysis. The 
energy should be significant whenever circumstances are such that little re- 
flection of the wave occurs; but. such cases are not easy to define precisely. 
More generally, the energy will be the significant quantity if, for any rea- 
son, the plastic work stands in a fixed ratio to the energy brought up by the 
wave. Since the incident energy varies in proportion to the charge weight W 
and roughly as 1/R?, the deflection, which is nearly proportional to the 
square root of the plastic work, will then vary as WYR, or 

wt 


Re e [96] 
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where C is a nearly constant coefficient, so long as elastic effects can be 
neglected. The factor W2 in this expression represents a variation interme- 
diate between the We for the pressure and the W3 for the impulse, or a varia- 
tion as the square root of the product of maximum pressure and impulse. 

Observations generally show a variation of the deflection more or 
less as in Equation [96]. The plastic work commonly differs, in fact, by 
less than a factor of 2 from the energy brought up by the wave. A discussion 
of the data is contained in TMB Report 492 (18). 

From the analytical standpoint, however, correlation of damage with 
the energy in the wave appears to be somewhat of an accident, contingent upon 
the range of magnitude of various factors as they occur in practice, rather 
than a direct consequence of the conservation of energy. There exists no 
general necessity for the plastic work done on a structure to equal the ener- 
gy that is directly incident upon it according to the laws of the rectilinear 
propagation of waves. Part of the incident energy may be reflected; or, on 
the other hand, if the motion approximates to the non-compressive type, it is 
possible for the energy absorbed by the structure greatly to exceed that 
which is brought up by the wave. 

In TMB Report 489 (11) it was inferred, nevertheless, from the ex- 
ample of the free plate, that damage to a diaphragm should probably correlate 
better with the incident energy than with the incident momentum. The argu- 
ment is substantially that by which it was concluded in Case 2 that the set 
deflection z might vary about as W2. Or, it might be that the more rapid 
variation introduced by reloading, as in Case 2a, would assist in bringing 
about rough proportionality of z toW2. 

The analytical formulas indicate, furthermore, that in most tests 
on diaphragms the plastic work should not differ greatly from actual equal- 
ity with the energy that is brought up to the diaphragm by the incident wave. 
For an exponential wave, Equation [2], and a circular diaphragm of radius a, 
this energy will be 
ra’p,? 
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E, = ma® | Pi dt = 


p 
Thus the ratio of the energy absorbed by the diaphragm, estimated as mohzi, 
to that brought up by the incident wave will be, for three cases treated in 
the last section, from Equation [77], [81], or [84], respectively. 
ee Ee 


(1) non-compressive: = 
Eo 14 Coan 
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(2) lasting cavitation: ~ = Wg l-s 
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In tests on steel diaphragms p/p, = 1/7.83, while a/h is of the order of 100 
and « lies between 5 and 10. For such values, in the absence of cavitation, 
E somewhat exceeds #,,. In the case of cavitation without reloading, the fac- 
tor z!-* ranges from 1/11 to 1/17, so that E is only a third or a quarter of 
E,,; the reloading by the water will then probably increase E to something be- 
tween E,,/2 and 2E,,. In some cases it may happen that E = E,,. 

Thus, although exact formulas are not easy to obtain, it can at 
least be said that the observed rough proportionality of the deflections of 
many diaphragms or similar structures to W¥/R, or at least to the square root 
of the energy in the incident wave, and the approximate equality of the plas- 
tic work to the incident energy, stand in fair harmony with analytical expec- 
tations. : 

To sum up, the analytical results suggest that the major factor 
controlling damage 


ilies should be the maximum pressure for relatively small structures, 
whose swing time and diffraction time are both small as compared with the 
time constant of the incident wave; 


2. should be the incident impulse when the swing time of the target 
is much greater than the time of action of the pressure, provided cavitation 
does not occur; 


De may be something nearly proportional or even equal to the incident 
energy in some intermediate cases, or when cavitation occurs. 


PART 5. ANALYSIS OF A FEW DATA ON DIAPHRAGMS 

The application of the preceding formulas to recent observations 
made at the Taylor Model Basin will be discussed in the report on those ob- 
servations. Two other sets of test data, reported by the Bureau of Ships, 
will be discussed here. 


MODUGNO GAGES 
The data published by the Bureau of Ships on Modugno gages (19) are 
in partial agreement with the theoretical expectations set forth here. 
The diameter of the gages was 1 inch for the diaphragm itself and 
2.6 inches overall. Thus the diffraction time T, would be 0.008 millisecond 
for the diaphragm or 1.3/59 = 0.022 millisecond for the entire gage. 
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The time constant T,, of the shock wave would be perhaps 0.06 milli- 
second for a charge of 0.2 pound and more than 0.1 millisecond for charges of 
a pound or larger. 

Thus, at least for the larger charges, T, is relatively small, and 
Case 3 as described on page 52 is present. Compressibility of the water can 
be neglected; cavitation should not occur. Furthermore, there should be no 
appreciable increase in the pressure by reflection, except during the first 
few microseconds. 

The swing time of the diaphragm with water loading may be estimated 
from Equation [67] as 


iy 
Fe a o-oo f , 0:39 || 
2S Ove: 35000 8.89 h 


Here 8.89 is the specific gravity of copper and 0.000832 its density in inch 
dynamical units, and the yield stress has been taken as 35,000. According to 
this formula T, varies from 0.078 for a thickness h = 0.03 inch to 0.060 mil- 
lisecond for h = 0.1 inch. This is of the same order as the duration of the 
wave. Hence some increase of deflection by dynamical overshoot is to be 
expected. 

For charges of 1 to 300 pounds of TNT, the static pressure P re- 
quired to produce the same deflection as does the explosion was found experi- 
1.14 Where R is the distance in feet from the 
charge to the gage; see Figure 18 in Reference (19). The exponent 1.14 might 


mentally to vary nearly as R- 


arise chiefly from the variation with distance of the pressure due to a 
charge of TNT. A variation with distance of this order was found at Woods 
Hole for tetryl (20). Similitude would then imply a general variation of P 
as (WYR)*14 or as W°-°/R1'4. whereas the data indicate a variation more 
nearly as W°'/R'"4 

The more rapid increase with W may be partly the result of in- 
creased dynamical overshoot. For 1 pound, q = 2T,/(mT,) = 2 x 0.07/(0.11 7) = 
0.40, roughly, at which, in Figure 28, N= 1.22. For 200 pounds, q = 
2 x 0.07/(0.64m) = 0.07, at which N= 1.80. Thus Equation [92] implies an 
increase in the deflection due to increased overshoot, as the charge is in- 
creased from 1 pound to 200 pounds in the ratio 1.80/1.22, or in the ratio 
w°°" on the assumption that deflection and equivalent static pressure are 
nearly proportional to each other, therefore, the total variation of the 
equivalent static pressure would be about as Werte eon we** which 1s. not 
too different from the observed W°% 

In absolute magnitude, however, the equivalent static pressures are 
considerably below the estimated peak pressures in the explosion wave. For 
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example, the wave from 1 pound of TNT at /.5 feet, corresponding to that from 
300 pounds at 50 feet, should have a peak pressure of about 2100 pounds per 
square inch, but it produces only the same deflection as a static pressure of 
1650 pounds. The occurrence of dynamical overshoot should make the wave 
equivalent perhaps to 2100 x 1.22 = 2560 pounds. An increase of 55 per cent 
in the yield stress of the copper diaphragm above the static value, due to 
high strain rate, would remove the discrepancy, but such an increase seems 
excessive. 

Other features of the data cannot be interpreted with certainty. 


21-INCH DIAPHRAGMS 

Data pertaining to tests on 21-inch steel diaphragms have recently 
been reported by Lt. Comdr. R.W. Goranson, USNR, for the Bureau of Ships (22). 
The diaphragms were securely fastened to the equivalent of a heavy steel ring 
1 foot wide mounted on the front of a heavy caisson and were attacked by 
charges of 1 pound of TNT. Perhaps the ring can be regarded as roughly 
equivalent to an infinite baffle. 

In Table 2 there are shown, for seven shots, the kind of steel, the 
thickness h, the distance R of the charge, the average dynamic yield stress o 
as estimated in the original report, the observed final set deflections z, 
and several computed values of z. 


TABLE 2 


21-Inch Steel Diaphragms of Special Treatment Steel, High Tensile Steel, 
Medium Steel and Furniture Steel 


o Zobs. Free re 
2 F feet per 
feet|1b/in inches inches| inches| inches] inches second 

125000 Woe2 0 

85000 2.04 0.77 
85000 2.00 0.77 
45000] "40 1.50 
45000 2.70 0.88 
45000 eps 0.33 
65000 | 3.95 (ave) Teste 


h is the thickness, o the assumed average dynamic yield stress, R is the distance to the charge. 
Zobs, 18 the observed central set deflection, z, the calculated value at the elastic limit; for 
other values of z and for um, see the text. 
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A fair approximate estimate of the high-pressure part of the shock 
wave at a distance of R feet from 1 pound of TNT, according to measurements 
by Hilliar (14) or with piezoelectric gages (22) seems to be 


ae 1600 7 8700¢ 1b/in? 


The time constant of the wave is thus about T, = 0.115 millisecond. This is 
comparable with the diffraction time for the diaphragm or T, = 10.5/59 = 0.18 
millisecond, but it is much less than the swing time, which is given by Equa- 
tion [66] as 0.64 millisecond. The swing time will be longer if water load- 
ing is included. 

Thus, if cavitation does not occur, Case 1 as described on page 46 
of the present report is present. Deflections calculated on this assumption, 
from Equation [7/7], are shown in Table 2 as z They are decidedly 
larger* than the observed values. The discrepancy is probably great enough 
to outweigh possible sources of error in the necessarily simplified mode of 
calculation that is employed here. It may be concluded, therefore, that the 
diaphragms were protected in some way, probably by the occurrence of cavi- 
tation. 


no cav. 


The pressure on the diaphragm should sink very.quickly from its 
initial peak value. The value of z in Equation [5b] is 5.7/(8700 x 0.000733h) 
or 0.89/h, where h is the thickness of the diaphragm in inches. Hence, for 
h = 0.125 inch, x = 7.1, and the compliance time, at which the pressure has 
become hydrostatic and the diaphragm is moving at maximum velocity, is, from 
Equation [5a], T,, = In 7.1/(8700 x 6.1) second = 0.037 millisecond. This is 
a small fraction of the swing time. For thinner diaphragms T,, will be even 
less. The pressure will then become negative, and cavitation is to be ex- 
pected. 

On the assumption that cavitation occurs at the surface of the dia- 
phragm as soon as the pressure on it sinks below the hydrostatic value, the 
maximum velocity of the diaphragm is v,, as given by Equation [7]. Velocities 
calculated from this equation, with p,, = 15600/R, pc = 5.7, z = 0.89/h, are 
given as a matter of interest as v, in Table 2. If no further energy is de- 
livered to the diaphragm by the water, and if it takes on a nearly spherical 
shape, its central net deflection z will -be given approximately by Equations 
[80a] and [81]. Values calculated from these equations, using a = 10.5 
inches and the values of o given in the table, are shown in Table 2 as z 
They are much smaller than the observed values. Even smaller calculated 


free* 


* In the original report (21) much smaller calculated values are given owing to the use of a different 
method of calculation. The method employed in this report is believed to be preferable. 


716 62 


values of z, and also smaller values of v,, are obtained if cavitation is 
assumed to set in at a pressure below hydrostatic pressure. 

Hence, as was pointed out in the original report (21), an addi- 
tional source of energy must be found. The water will in fact, overtake the 
diaphragm and may do additional plastic work upon it. According to the ana- 
lytical results, the water should acquire considerable velocity even if the 
incident wave has entirely ceased; but, actually, at t = T,, = 0.037 milli- 
second, the incident pressure has decreased only to a fraction e¢~8700x87x10-® 
or 0.73 of its initial value. An attempt to allow for the additional plastic 
work was made in Equation [84], and values of z calculated from this equation 
and [80a] are shown in Table 2 as z 
with the observed deflections. 

The assumptions underlying Equation [84] are certainly wide of the 
mark in certain details, but it may be that in their broad outlines these as- 
sumptions reproduce roughly the process that actually occurred. If this is 
so, about three-fourths of the plastic energy was delivered to the diaphragms 


These values are in good agreement 


calc." 


by the water as it impinged upon them after closure of the cavitation. 

The final result will presumably not be very different if cavita- 
tion occurs first in the water, or if, beginning at the diaphragm, it then 
spreads back into the water. 
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MATHEMATICAL APPENDIX 


WAVES INCIDENT UPON THE INFINITE PLANE FACE OF A TARGET 

The only case of wave reflection that can be handled easily is the 
incidence of waves upon 2 plane reflecting surface of infinite lateral extent. 
The waves may be of any type and incident at any angle, but it must be assumed 
that they are weak enough to make the linear theory of wave propagation appli- 
cable. Furthermore, if movement of the surface occurs, its displacement must 
be small. The surface will be called a target, but it may be wholly or in 
part merely the free surface of the water. The case thus characterized will 
be under discussion except as otherwise stated. 

Under these conditions, an expression for the pressure field in the 
fluid in front of the target can be built up by the method of superposition. 
Let p; denote the pressure that is added tc the hydrostatic pressure p, at 
any point in the fluid by the incident wave or waves; that is, Poet Pees) tie 
pressure that would exist there if the target were replaced by fluid. Let a 
set of reflected waves be added such as would occur if the target were rigid. 
These waves are simply the mirror image of the incident waves in the face of 
the target; together with the incident waves, they give a pressure field in 
which, at any point on the target, the excess of pressure is 2p., while the 
component of the particle velocity perpendicular to the face is zero. 

The target and the fluid must, however, have the same normal compo- 
nent of velocity. This may be secured by adding further waves such as would 
be emitted by a suitable distribution of point sources located on the face of 
the target. In the waves emitted by a point source, the pressure p and the 
particle velocity v at a distance s from the element may be written 
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where t is the time, p is the density of the fluid, c is the speed of sound 
in it, and where f(t - s/c) stands for some function of the variable t - s/c, 
and f' for the derivative of this function. The fluid emitted by 

the source will be that which crosses a small hemisphere drawn 

about the source as a center; see Figure 29. The volume V, emit- 

ted per second will be, therefore, Amst Or, since the first 

term in Equation [98] becomes negligible in comparison with the 

second as s > 0, 


V, = lim[ans? Se s(t - 2)] = 2 ry 


If there are N sources per unit area, the volume emit- 
ted per second from an element 6S of the surface will be NV,éS. Figure 29 
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In the resultant motion of the fluid as a whole, this volume is carried out- 
ward from the surface by the normal component of the resultant particle ve- 
locity v,. Hence 


v, 6S = NV, 6S = 2aN f(t) 6s 
The velocity v,, however, must be the same as the normal component of veloc- 
ity of the target. Hence, if z is a coordinate of position for the element 
6S, measured perpendicularly to the initial plane and, for convenience, in 
the direction away from the fluid, 


The proper particle velocity will exist, therefore, at the target if f(t) is 
such a function that 


2nN f(t)=0,=-% 
Then 
rit) =“ ft) = s 
: dt 2nN 
where Z = d*z/dt*; and 
we SAEs ee D 
f(t =| QnN Ze-8 


3 denotes the value that the acceleration z has, not at time t, but 


wheres” 7= 
at the earlier time t - s/c. 

The pressure at a distance s from the element 6S, due to all sources 
on it, is, therefore, by [98] 


QS ype filets\= = pos . 


s c tae 


27s ic 


and at any point on the face of the target the pressure due to all sources is 
alg Re 
Pp =—gef—2.-2 48 [99] 


where s denotes distance from the point to the element dS. Here p, refers to 
a particular point on the target and to time t, z7,_s 1s the value of z at dS 
but at a time t - s/c, and the integration extends over the face of the 
target. 


The pressure at any point on the target due to all causes is then 
= a Palin: 3 
p = 2p, + p, + Bo = 2p, + Po — g@—- [> 2,_2 a8 [100] 


Here even p, may vary from one point of the target to another. 
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THE MOTION OF A PLATE, DIAPHRAGM OR LIQUID SURFACE 
Suppose that, in the case just considered, the target consists of a 
plate or diaphragm, initially plane. Then its equation of motion will be 


m2 —p +o — gp, {101 ] 
where mis its mass per unit area, and @ stands for the difference between 
the hydrostatic pressure p, on the front face and the pressure p, on the back 
face, plus the net force per unit area due to stresses, if any. Or, by [100], 


mi =2p,+¢-£ [+2, sas [102] 


The displacement is assumed here to remain small enough so that its component 
parallel to the initial plane can be ignored. Equation [102] is an integro- 
differential equation for z, which is a function both of time and of position 
on the.plate. 

The "target" may actually consist wholly or in part of the free 
surface of the liquid, for nothing in the calculation of the pressure rests 
upon the assumption of a solid target. At any point where the surface is 
free, or, for that matter, at any other point as well, z will represent the 
normal displacement of the liquid surface. 

At a point on the free surface, [100] may conveniently be written 


p fi. = as 
a eas 2. toy 9 [103] 


where p is the external pressure on the surface. The integral extends as 
usual over the entire plane. This equation, when needed, can be formed from 
[102] by setting m= 0 and $= p, - p. Here p, includes atmospheric pressure 
and may differ from p because of an accelerational pressure gradient in the 
liquid. At any point where the surface of the liquid is in contact with a 
plate or diaphragm, [102] will continue to hold. 


THE CASE OF PLANE WAVES 

If the plate remains accurately plane, and if p; is uniform over it, 
then z is also uniform and hence is a function of t only. Thus in the inte- 
gral in [102] the quantity z,.s is a function of t and s only. Hence in 
this integral dS may be replaced by 2msds, representing a ring-shaped element 
of area on the plane, and 

leper mel ie 
|} @, 24s = Qnfz,_s ds 

Now a dot over z,_2 is equivalent to differentiation with respect to the 
argument t - s/c, so that 
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=—*_:,,=-c#:i , [104] 


where z,_s is the velocity at time t - s/c. 
c 
Hence, if the integration is restricted to a ring-shaped area be- 


tween s = s, and s = 84, 


er = 7 seis a8 ds = Boral 
= 8 Hl 
eae neat [105] 


whereas if the integration covers the entire plane, and if the plate started 


from rest so that z(- o) = 0, 


fi, 2 & = ame Xt) [106] 
Thus [102] becomes 
mz + pez = 2p, + o [107] 


where all quantities refer to time t. This is an obvious generalization of 
the one-dimensional equation; see Equations [10] and [11] on pages 24 and 26 


of TMB Report 480 (10). 
Equation [107] has reference to plane waves at 


normal incidence. It was pointed out by Taylor (4) that 
Q’ the case of plane waves incident at any angle 6 can eas- 
ty ily be treated provided it is assumed that ¢ = 0, so that 
5 - the elements of the diaphragm move independently. 
Let y denote distance measured along the dia- 
6) phragm in the plane of incidence. In Figure 30 there is 
shown an incident wave QQ’'Q”, at all points of which the 
incident pressure has the same value. If Q strikes the 
origin for y at time t, Q’ will not strike the diaphragm 
until a time eine later, where c is the speed of sound 
in the liquid. Thus if p,(t) denotes the incident pres- 
sure at y = 0, its value elsewhere on the diaphragm is p, (t ~ ysin¢) 
It is a natural surmise now, to be verified in the sequel, that the 
displacement z will also be a function of the same argument or z(t - ye) 
Then all elements execute the same motion but in different phase; and 
fe .8 = fale - =seyrens) 28 


s c s 


Figure 30 
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Introducing polars s, w on the diaphragm so that y = s cosy and 
dS = sdsdy, changing from s to s’ = s + s coswsin 6, so that ds’ = 
(1 + sin @cosw)ds. and proceeding as in obtaining [105], 


provided z(- ©) = 0. Hence [102] becomes, as a generalization of [107], 


pez. 
Hig = ep [108] 


Mz 


This equation is also obtained easily from a simple consideration of the pro- 
cess of reflection. 


EFFECT OF AN INFINITE BAFFLE 

Let part of the target consist of a plane baffle extending later- 
ally to an infinite distance from the edge of the plate. 

If the baffle is fixed in position, its only effect upon [102] is 
that the range of integration for the integral need be extended only over the 
face of the plate, since elsewhere z = 0. 

If the baffle is movable, let z, denote its displacement. Then 
over the baffle z, is uniform and is a function only of the time ¢ or Ziee Nie 
Let the integral in [102] be divided as follows: 


a se Ee (plies. & 48) 1{.: Gs 4/8) 
[di.48 = L(t S)as + fiz, z(t - £)] as 
plate 
in which the first integral on the right is arbitrarily extended over the 
plate as well as over the baffle, and the error thus introduced is compen- 
sated for by the second term in the second integral, which extends only over 


the plate. The first integral on the right can then be transformed as in 
[105], since z,(t - s/c) is a function only of t - s/c, giving 


[4 a(t -—4)as = 2ncz,(t) 
in terms of the velocity z, of the baffle at time t. Hence [102] may be 


written 


ast Ae : p We fics = bes 
eri te art coral gil on lent? [109] 
plate € 


where all quantities except z - z, in the integrand are taken at time t. 
Another form for a special case is given in Equation [19] or [20]. 
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PLATE OR DIAPHRAGM PROPORTIONALLY CONSTRAINED AND MOUNTED 
IN AN INFINITE PLANE BAFFLE 


Let it be assumed that in the displacement of the plate from its 
initial plane position all elements move in fixed proportion, so that it is, 
possible to write 


z= z(t) f(z,y) [110] 
where z, is a function of the time whereas f(z,y) is a fixed function of po- 
sition on the initial plane; z, may represent the displacement of some point 
on the plate, such as the center, at which then f(z,y) = 1. Let the baffle 


be immovable. 
Then [102] becomes, with aS replaced by dz'dy’, 


mi (t) f(t,y) = 2p, + @ — © [[> a(t - 2) feiy) ae’ ay’ 


Here z,., in contrast with z in [102], is a function of time alone, and 

i.(t - s/c) denotes the value of d’z,/dt® at a time t - s/c. By multiplying 
through by f(z,y) and integrating again over the whole area of the plate, a 
convenient ordinary integrodifferential equation is obtained for z,: 


MZ. >2F.+ 6— L-f[te.y dz dy [f> z(t = 2) flay) dx'dy [111] 


where 


M = ff m{ f(x,y) dz ay fai2a) 


F; = [fp; f(x,y)dx dy, @ = {[o flay) dxdy [113a, b] 


Since, from [110], 
z=2z, f(x,y) [114] 


the kinetic energy of the plate is 
Tea ee Le 2 DS ie 
K = {If mz° dxdy = 5 22 [fm[se,y)| dxdy say Me," {115] 


A more useful form for the integral in [111] is obtained if z’y’ are 
replaced by polars s,6, with origin at the movable point z,y, but with the 
axis in a fixed direction, so that dz’dy’ is replaced by sd@ds. Here s and @ 
may be defined by the equations 


x —% =scosé, y —y = ssin6 


see Figure 31. Then, after changing the order of integration, [111] can be 
written 
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Peer eae ee n(s)ds [116] 
a 


where D is the maximum diameter of the plate and 


Qe 
n(s) = Fa | AOS [Peiy Few dedi [117] 


in which f(z',y) is to be understood as expressed in terms of x, y, 8, 6. If 
s is too large, the integral in # and y will vanish for certain values of 6; 
and the entire integral vanishes for 
s> D. 

Motion of the elements par- 
allel to the initial plane of the 
plate is ignored here, as usual. An 
equation containing corrections for 
motion of the baffle is obtained on 
page 28 of the text as Equation [33]. 

The proportional shape may 
be supposed to be maintained by suit- 
able internal constraint forces which 
on the whole do no work in any dis- 
placement of the plate. These forces 
are in addition to those due to 
stresses; they might be supplied, Figure 31 


for example, by a suitable linkwork 
mounted on the diaphragm. 

If ¢' denotes the net force on unit area due to the constraints, the 
element of work done by them is dW’= [(¢'dz) dS = 0, or, if a2 epee itary) 
as in [32], to allow for motion of the baffle, 


dW’ = dz,[¢'dS + dz,[¢'f(z,y)dS =0 


But foas is the total force due to the constraints and must vanish. Hence 
for(z,y)as = 0. The vanishing of this integral prevents ¢’ from contributing 
to ¢. 

As a special case, if a circular diaphragm of radius a is assumed 
to remain symmetric about its axis but to become paraboloidal in form, and 
if z, is taken to represent the displacement of the center, then 


2 
flay) =1- 45 {118] 


where r denotes distance from the center, and it is found that, whereas n(s) = 
0 for s 2 2a, for OSs < 2a 
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2 Aa ee 2g eee — 
n(s)= 2a |(2 3R°) cos ig? tak > -n\Vi=R | [119] 


where R = s/a. Furthermore, from [112], if m is uniform over the plate, 


ST 2 
3 ma [120] 


and, if the incident pressure p, is also uniform, from [113al, 


| 


F, = 5 a°p, [121] 


Or, if the diaphragm moves like a piston, except for a negligible 
ring at the edge, f(z,y) = 1 and 


n(s) = a*(2cos | # - av =F?) [122] 


M = rma’, F = na’p, ii2sarebn 


The curves for n(s) corresponding to these two formulas do not vary 
much from straight lines of the form 


n(s) = ma’(a’ — B'S) [124] 


If the constants A’ and B’ are determined so as to give correct values to the 
two integrals 


2a 


2a 
[ls) ds, Js n(s)ds 
i) 


then, for paraboloidal constraint, A’ = 0.357, B’ = 0.246; for the piston- 
like constraint, A’ = 0.961, B’ = 0.544. The curves for n/ma? and the cor- 
responding lines are shown in Figure 32. 

If an expression for 7 of the form of [124] is substituted in [116], 
the integral can be evaluated. For the upper limit, however, 2a must be re- 
placed by s = A’a/B’, at which n as given by [124] vanishes. A dot over 
z.(t - s/c) is equivalent to differentiation with respect to the argument 
(t - s/c), hence, at fixed t, in analogy with [104], 


Hence, integrating by parts, 


A‘a Aa 
i 


[enw aile— fee = [lew g)e(e- 3) + Sale 9) 


= cAz,(t) + “ple (c = a =f (t)] 
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Piston 


2.0 


Figure 32 - Plot to Represent the Function n 


For a piston n is defined in Equation [122]; for a paraboloidal diaphragm, in Equation [119]. 
The radius of the diaphragm is a, and the distance from its center is R. The curves represent 
n/ne2; the straight lines represent linear approximations having the same area under them as 
the curves and also the same moment about the axis, R = 0. 


If this expression multiplied by ma* is substituted for the integral in [116], 
and also 
AN 2 , , 
mpca A mpc aB Aa 


wes te Sar ae: Cpe 


Equation [116] becomes the difference-differential equation 


£(t) + kit) — b[2.(t) — 2.(¢ —7)] = EP [125] 


This equation is more easily handled than the more accurate integrodifferen- 
tial equation; in simple cases it can be solved completely. 


THE NON-COMPRESSIVE CASE WITH PROPORTIONAL CONSTRAINT 

Let z. change so slowly with time that it changes only by a negli- 
gible amount during a time D/c. Then in Equation [111] or [116] Zz, can be 
treated as independent of s and can be taken out from under the integral sign, 
with the result that 


(M+M,)z. = 2F.+ 9 [126] 


M, = Lf [[flawadedy lf fle,y)ax'dy’ = p| nisi [127] 


in which s denotes the distance between the elements dzdy and dz dy’. 
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For a circular diaphragm of radius a, substitution of [119] or 
[122] for n in [127] and evaluation of the integral gives, for the paraboloi- 
dal and the piston-like motions, respectively, 


M, = 0.818 pa’, M, = & pa’ [128a, b] 


A third type of motion that is of some interest is described by 


aay 
= 2,(t)f(2,y) = z,(t)(1 - *) for r<a [129] 


The integral in [102] becomes in this case, when Zz varies slowly enough with 
the time, 
= \ 
ile pe. r?y\2 
fetecdS =2(-(1— =e) a8 [130] 
Now this last integral represents the electrical potential at any 
point of a disk due to a density of charge on it equal to (1 - r?/ayh; and 
it is a known theorem in electrostatics that a surface density varying in 
this manner produces a constant potential over the disk. The constant value 
of the integral is easily found by evaluating it for a point at the center, 
where s = r and dS may be replaced by 2mrdr, so that 


fA0-4) 


With the use of this result, the integral for M, in [127] is easily 
evaluated, thus: 


y Mehaaet 
as = {(1— 3) Qndr = na {131] 


r 
a 


a pees a Arse & 
Wh Peale — -) Oar ar | (1 = =z) Gomi 
hi) 
: 2-4 
= mpa|(1 — 4) rdr = n°*pa° [132] 
a 


Furthermore, substitution from [130] and [131] for the integral in 
[103] gives 


7 pak, = 2p, + ry —P [133] 


This result will hold for the water surface exposed in a circular opening of 
radius a in a plate lying against the water, when, with the exposed surface 
initially plane and stationary, a comparatively steady pressure equal to 

2p, + py 1s generated in the water back of the hole while the pressure on the 
exposed surface is p. Then [129] represents the displacement of the water 
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surface provided z, is such a function of the time that Z, has the value 
given by [133]. 

The electrostatic analogy can be utilized in all cases to show that 
M,222/2 represents the kinetic energy in the water. This may also be shown 
from [126] as follows. Let the mass of the diaphragm be negligible, so that 
M can be set equal to 0 and stress forces can be neglected in %, and let F; = 
0. Then Equation [126], multiplied through by z,, can be written, using 
[113b], 


Miz 2 |[oz. f(x,y)dxdy 


Here ¢ is now the difference between hydrostatic pressure and the pressure on 
the back face of the plate, and z,f(x,y) is the velocity; hence the integral 
represents the rate at which the net pressure is doing work. This must equal 
the rate at which the kinetic energy of the water is increasing; and the left- 
hand member of the equation is in fact equal to 

alg Mie) 

Up to this point it has been assumed that the diaphragm is sur- 
rounded by a fixed plane baffle of infinite extent. If there is no baffle, 
and the diaphragm forms one side of an air-filled box, the determination of 
M, is much more difficult. In order to estimate the order of magnitude of 
the difference, the value of M, was calculated for a sphere whose surface 
over one hemisphere moves radially outward while the other hemisphere re- 
mains at rest. The motion of potential flow is easily written out for this 
case in terms of spherical harmonics; summation of the resulting series gives 
M,= 0.832mpa* where a is the radius of the sphere and p the density of the 
surrounding fluid. Had the fluid been confined by a plane baffle continuing 
the plane of the base of the expanding hemisphere, M, would have been 2mpa’. 
Thus removal of the baffle decreases M, in the ratio 0.416. It is a plaus- 
ible surmise that the decrease in M, would be somewhat less for a paraboloi- 
dal diaphragm and somewhat more for a piston. 


THE REDUCTION PRINCIPLE, IN THE CASE OF PROPORTIONAL CONSTRAINT 

Suppose again that only part of the target is movable, the rest 
constituting an infinite rigid baffle; as before, let the maximum diameter of 
the movable plate be D. Let Mand M, be constants. Then the following state- 
ments are true: 


We Within any time interval of length D/c, at least once 
2 
(nae = (28; Pp [134] 


dt? M+M, 
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where a subscript f means that values are to be taken at the end of the in- 
terval, while d*z./dt? is the acceleration at some unknown instant during the 
interval. Alternatively, d*z,/dt? may merely change discontinuously from a 
value on one side of that stated to a value on the other side. 


Be Within any time interval of length D/c, at least at one instant t 


t 
z.(t) = 2,(t,) + wt (fel: = =\|— z(t))] n(s)ds +fer, + each [135] 


Us 


or 


f 

ah eta dere 1 

z(t) = 20) + ae Jr, +) dt [136] 
1 


where t, is the time at the end of the interval and t, is any chosen time not 
later than its beginning, while ce is some unknown instant lying between 
t, - D/e and t,. Thus 


D 5 
Cpe ae SRS Kay, 


and t; and t, are arbitrary except that 


als 


Par ne 


To prove the first of these statements, multiply [116] through by 
M,(M+ M,): 


(M +M,)M,Mz(t) =M (M +M)[2F, pee of A(t — £)e(s)ds| [137] 


Now, if Q is any quantity independent of s, by [127] 


D 
M,Q = P| Qn(s)ds [138] 


By applying this transformation to z,(t), F; and %, it is easily seen that 
[137] can be written 


D 
e | {ama +M,)i,(t) —2F, — 6] + M[(m + M)2,(t — 2) - 2F, - ol} niera = 

0 
Now if the second expression in brackets does not vanish for any value of s 
in the range of integration, and nowhere jumps from positive to negative or 
vice versa, then it has everywhere the same sign, and the same sign as the 
first bracket, which is its own value for s = 0; the entire integrand has, 
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therefore, the same sign throughout, and the integral cannot vanish. Hence 
for at least one value s’ between 0 and D the second bracket must either van- 
ish or change sign discontinuously. At the corresponding time, t - s‘/c, % 
or z,(t - s'/c) has the value stated in [134]. 

To prove [135], Equation [116] is first integrated with respect to 
the time from t, to t,: 


¢ 


M|z,(t) — z,(t))| = fer +o)dt — offal, — £)-2,(t,- £)] n(s)ds 
4 


Multiplying by M,(M+M,) and applying [138] to all terms except 
D 
pfz(t, = £) n(s)ds 
0 
there results 


D uy) D ; 
e ali +M,)z,(t,) — Mz(t,) — [ee + )dt — efit, - Sas 


0 


+ M[( +M)i{t,- 2) —Mz(t) - [(ar, + oat 


ty 


D 


— pfz.(t, ~ $1) n(s") as|} n(s)ds =0 


0 


and by reasoning as before and then using [127], Equation [135] is obtained. 
To convert this equation into [136], note that, since n is positive and z,(t) 
is continuous, there exists a value s” between 0 and D such that 


D 


p | [it = +) = z(ty| n(s)ds = [z.(t, = =) = z(t) p[nts)a 
= m,[i,(t, - *)- 2.) 
by [127]. The terms containing t, in [135] can thus be written 


M 3” 3 
ee sie Ve 
2d) + apap [edts — F)— Alt] 
This expression lies between z,(t,) and Z Ait = s'/c); it is, therefore, the 
value of z,(t, - s/c) at some other value s’ between 0 and s”, or the value 
of z,(t) at some time t,' between t, - D/c and ¢,. 
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Comparison with [126] and with the result of integrating this equa- 
tion from t, to t,, respectively, shows that the values of z, and z, given by 
[134] and [135] or [136] are equal to the values obtained from non-compressive 
theory except for the initial correction due to the first integral in [135] 
or the substitution of t,’ for t, in [136]. 


INITIAL MOTION OF A PROPORTIONALLY CONSTRAINED PLATE 

After a proportionally constrained plate has been either at rest or 
moving uniformly for a time greater than D/c, let a wave of pressure p, sud- 
denly begin to fall upon it, at time t = 0. Then, in [111], z,(t - s/c) will 
at first differ from zero only for small s, for which f(x‘, y') may be replaced 
by f(z,y) and taken out from under the integral sign. The integration with 
respect to dz’dy’ or dS’ can then be carried out in analogy with [106]: 


fe(e- 2)2& = 2meze) [139] 
provided z,(- ©) = 0. Thus [111], becomes, approximately, for a short time, 
Mz,+ pcAz, = 2F,+ % [140] 
where 
A= [[[fle,y)] deay [141] 


EFFECT OF FLUID ON BOTH SIDES OF THE PLATE 

If there is fluid of appreciable density behind the plate as well 
as in front of it, a release pressure will be developed on both sides. That 
in front will be, from [99], 


where p, is the density of the fluid in front and c, is the speed of sound in 
this fluid. The release pressure behind the plate will be similarly, 


Po ae 41-2 08 [142] 


where p, and c, refer to the fluid behind the plate. The reversal of sign 
here arises from the fact that in obtaining the formula for the release pres- 
sure Z was assumed to be measured positively away from the fluid, whereas 
here the positive direction for z is taken always toward the back side of the 
plate. The total pressure on the back face is then 


Po = Poo t Pye 


19 23 


where p,, is the hydrostatic pressure on that face. 

The second release pressure p,, is automatically allowed for in the 
quantities ¢ and @ as originally defined. Hence, if desired, all of the pre- 
ceding formulas, Equations [100] to [141], will still hold provided p and c 
in those formulas are replaced by p, and c,. 

As an alternative, ¢@ may be defined as 


Po f(1.. 
Oe, Pie oe eee tes [143] 


where ¢, denotes the difference between hydrostatic pressure on the front and 
on the back, plus the net force on the plate per unit area due to stresses. 
Then by [113b] and the transformation leading to [116] 


Cae Pet Fe |f fla,y deay{{+ z(t = zie y) da dy 


D 
s iy ae 
= p, Jz(t = 2.) 7(8) ds [144] 
where 
%, =|[¢,f(x,y)dS [145] 


If this is done, it is readily seen that, besides the substitution 
of ¢, for ¢ in all equations, every term containing an integral with Z 1-2 Fr 
z(t - s/c) in the integrand is replaced by the sum of two similar terms with 
p and c changed to p, and c, or to py and cy, respectively; furthermore, in 
such equations for M, as [127], [128a, b] and [132], p is replaced by p, + po, 
and where the acoustic impedance pe occurs, as in [107], [108], [109], and 
[140], it is replaced by the sum of the two impedances, p,c, + Polo. 

In particular, for a uniform plane plate between two fluids, with 
plane waves incident normally upon it on one side, [107] becomes 


m2 +(p,c. + pC.) 2 —2p,+ 0, [146] 


CAVITATION AT A PLATE OR DIAPHRAGM 

The analytical theory of cavitation at the interface between a 
plate and a liquid will be developed here on the two assumptions that cavita- 
tion occurs whenever the pressure sinks to a fixed breaking-pressure p,,», and 
that the pressure in the cavitated region has a definite value p,, not less 
than p,. The assumptions hitherto made concerning the plate will be retained. 

On these assumptions, cavitation will begin in an area on the plate 
in which the pressure is decreasing and at a point at which a local minimum 


94 80 


of pressure occurs. Since in the neighborhood of such a point the pressure 
differs only by a quantity of the second order, cavitation will then at once 
occur at neighboring points as well. Thus the edge of the cavitated region, 
advancing over the plate as a breaking-edge, will move at first at infinite 
speed. Eventually it will halt and return toward the cavitated area as a 
closing-edge, leaving the liquid behind it in contact with the plate. 

Let U denote the speed of propagation of the edge in a direction 
perpendicular to itself, and let c¢ denote the speed of sound in the liquid. 

If U2 cc, the phenomena at the edge are essentially local in char- 
acter and the analytical treatment is easy. For effects can be propagated 
through the liquid only at speed c; hence no effects propagated from points 
behind the edge can overtake it, so that its behavior is determined entirely 
by conditions ahead of it, and these conditions, in turn, are entirely unin- 
fluenced by the approach of the edge. 

Consider, first, a breaking-edge. Let dn denote the perpendicular 
distance from the edge to a point P ahead of it. 

Then the pressure, which is p, at the edge, is 


at P, where Op/On denotes the gradient of the pressure P in a direction per- 
pendicular to the edge. The pressure at P will sink to Pp,» and the edge will, 
therefore, move up to P, in a time 


where Op/at is the time derivative of the pressure in the liquid just ahead 
of the edge. Hence 


Op 

Oni ete 
U Op (147] 

On 


Thus U 2 only if -Op/dt 2 cdp/On. 

As the edge passes P, the pressure on the liquid surface, previous- 
ly p,, becomes p,. If p, > p,, the sudden increase in the value of p in [103] 
requires a compensating negative increment of the integral in that equation. 
This increment can arise only from high momentary accelerations of the liquid 
surface. Hence, as the edge passes P, there occurs an impulsive change in 
the velocity of the liquid surface perpendicular to the plate. This change 
is easily calculated. 
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The high values of the acceleration associated with the passage of 
the edge travel along with it. Hence, if x is the coordinate of any point on 
the plate measured from P perpendicularly to the edge and in its direction of 
motion, and if 2, (¢) is the special, high acceleration due to the edge at P 
at a certain time t, the simultaneous value of this acceleration at any other 
point will be the same as the value that was at Pat the earlier time t - «/U, 
or z,(t - z/U). Thus the total contribution of the edge to the integral in 
[103] can be written 


Just after the edge has passed P, the integrand in the last integral is eas- 
ily seen to differ from zero only for elements dS lying near a small ellipse 
surrounding P. 

Let polars r, @ be introduced such that s = r, x = r cos @. Then 
dS = 2mrdrd@ and the last equation becomes 


4 fz,.2 = fae fa( == — Ease \de 


s/s ume a ee TACOSO, 
cos 6 ar at c U )ar 


where Az is the jump in the velocity z at the edge taken in the direction of 
decreasing r. 
Thus, according to [103], 


ok 
P| eme(aa)(t = + ‘| SS A SS AG peer) [148] 
aia - 2M’ - )h (149) 


Or, since according to [101] the pressure just before the edge arrived was 
connected with conditions in the plate by the equation 


p= pp, nz — Op, 
1 c2\3 
Az Sis ace (p= nz +20: py) [150] 
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For a closing-edge, the same calculation applies except that here 
Az is fixed by conditions in the cavitated region ahead of the advancing edge, 
and the impulsive change Ap in the pressure at the surface of the liquid is 
to be found. As closing occurs, the velocity of the liquid surface suddenly 
changes from some value z, to the velocity zy of the plate. The liquid sur- 
face behaves like a plate of zero mass, hence it alone changes velocity in 
the impact. Hence, from the first part of [148], 


2,-1 
Ap = pe(1 — Ga) °(é, -2,) [151] 


If z, exceeds z, ahead of the edge, the liquid surface will usually 
meet the plate at a finite angle 6. Then in time dt the edge will advance a 
distance Udt over the plate of such magnitude that Udt tan @ = (z, - z,)dt. 
Hence for a closing-edge of the type under consideration 


2, —2 

ere [152] 
and an edge can advance as a closing-edge moving at speed U2 c only if 
Zz, - Z, 2 ctan 6. Exceptionally, it might happen momentarily that @ = 0 
and z, = Zo: 
If conditions are not such as to cause the edge of the cavitated 
area to travel at a speed equal to or greater than c, it seems clear that the 
edge will usually stand still, except as it may be carried along by flow of 
the liquid parallel to the plate. For, propagation of pressure waves from or 
to the free surface of the liquid should prevent the occurrence of large dif- 
ferences of pressure in the liquid near the edge. Hence, if p, < p,, pres- 
sures so low as p, cannot occur at the edge, and further cavitation cannot 
occur. Impulsive changes of velocity are likewise impossible; if such im- 
pulsive action begins, but the edge moves at a speed less than c, the im- 
pulsive pressure developed will produce such a redistribution of velocities 
in the liquid as to equalize z, and z, on the cavitated side of the edge. As 
an exceptional case, the liquid surface might perhaps roll onto the plate 
like a rug being laid down on a floor. 

Otherwise, under the assumed conditions, the edge will move only as 
it is carried along by the liquid in its particle motion. Ina strict linear 
theory, therefore, in which all particle velocities are assumed to be negli- 
gibly small, the edge of the cavitated area must stand still except when it 


can move at least at the speed of sound. 


CAVITATION WITH DOUBLE PROPORTIONAL CONSTRAINT 
Something more can be inferred, including useful relations with 
non-compressive theory, if the surface of the liquid is arbitrarily assumed 
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to move under the same type of proportional constraint as the plate. Let 
the plate be mounted in a fixed plane baffle. Then the reduction principle 
stated on page 75 can be utilized by the following trick. 

While the liquid is in contact with the plate, [116] holds; this 
equation can be written 


D 
ee ss $s 
0=2F, + — Mi, — pli {t—Z)nladas {153] 
When free, the surface is equivalent to a plate containing neither mass nor 
stress forces; its equation can be formed from [153] by putting M= 0 and 
@ = $, where 


a [J — p,) f(x,y)dady (tral 


and represents the effect of the difference between the hydrostatic pressure 
p, and the pressure p, on the surface. The equation for the surface when 
free is thus 


D 
0= 2F, + ¢,- p {z,(t — £)n(s)as [155] 
t) 
Finally, to avoid discontinuous change, the pressure on the surface may be 
supposed to change rapidly but continuously from the pressure exerted on it 
by the plate just before cavitation to the value p,. During this transition 
process the equation for motion of the surface of the liquid may be written 


Op 2a Oe Ble = 4) n(s)ds {1561 
i) 


where %' changes rapidly from @-Mz, to $,; here Z, stands for the accelera- 
tion just before the transition begins. 

During the transition, high accelerations may occur, with the re- 
sult that the velocity z,, of the liquid surface changes by Az,, where, in 
analogy with [150] when U =~, 


Az, = (Mz, —@ + @,) [157] 


enc 
pen(0) 
‘ne reduction principle on page 7/5, which was based on f116], can 
now be applied by noting that [153], [156], and [155] can be regarded as suc- 
cessive forms of [116] in which the constant Mis first replaced by 0, and 
2F;+ % is then replaced by an appropriate expression. In [136], let t, be 
taken as the instant at which the transition to cavitation begins. Then, in 
the integral in [136], during the transition 2F, + @is replaced by 2F,+ 9%, 


t 
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as in [156], but the resulting contribution to the integral is negligible be- 
cause of the extreme shortness of the time interval. Hence, the integral may 
be written simply as 


of 
far, + $,) dt 


toy 


from [155], where t,, is the time at which cavitation occurs. 

Hence, putting M= 0 in [136], it may be concluded that, after the 
onset of cavitation, within any time interval of length D/c the velocity of 
the surface of the liquid will take on at least once the value 


fi 
Bip Sy ealtes) + a far, + @,) dt [158] 
lt 


cv 


Here t, is the time at the end of the chosen interval and z,(t.,) is the com- 
mon velocity of liquid surface and plate at some instant that precedes the 
onset of cavitation by an interval less than D/c. A specific expression for 
z,(t,,) can be obtained by using [135] instead of [136]. From this expres- 
sion it is easily seen that, if cavitation follows the incidence of a pres- 
sure wave within an interval much less than D/c, then z,(t,,) is approximately 
equal to the velocity of the plate just prior to the incidence of the wave. 

It will be noted that the value of z,, given by [158] represents 
the value of CaF at time t, as calculated from non-compressive theory, ex- 
cept for the substitution of z,(t{,) for z,(t,,) as the initial velocity. 
For the non-compressive value can be obtained by integrating the analog of 
[126] for a free surface or 


M, Ze ra 2F; oF %, [159] 


In [158] the initial impulsive change of velocity has disappeared. 

During the reverse, process that occurs when the cavitation closes, 
the velocity of the liquid surface changes impulsively from some value z,, to 
the velocity Zi which the plate happens to have at that instant. Thereafter 
[153] holds again; but in this equation some of those values of z,(t - s/c) 
that have reference to times before the closure of the cavitation are now 
values of the acceleration of the free liquid surface. 

During a time after the closure that is short relatively to the 
diffraction time, [153] can be written approximately as 


D 
Mz 2h Ae pe Aa 2) p {a(t - $) n(s)ds [160] 
+1 
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where s, is such a value of s that t -3,/c represents the time at which clos- 
ure occurred and A is given by [141]. Here z,, is a constant, and the part 
of the integral for 0 < s < s, has been transformed into the term containing 
Ain the same way in which the similar term in [140] was obtained. 

The reduction principle can again be invoked in order to obtain an 
expression for the final value of z,, the common velocity of liquid and plate. 
mi Anil Will, t, is taken at the beginning of the transition process, the 
transition itself again contributes nothing appreciable to the integral in 
[136], which becomes here, from [153] used as a form of [116], 


te t 
far, + - ma)dt = M[z,(t,) - 2.(t)] + [@R, + oat 


ty BT 


where t,, is the instant just after the completion of the transition. In the 
last integral t,, becomes replaced, as the time of transition is shortened to 
zero, by the time t, or t,, at which the cavitation disappears; but £ (ta) 
becomes oe 2 or the velocity of the plate, not that of the liquid or 
z(t, ). 

Hence it follows from [136], with the M in that equation replaced 
by 0, that, after the closure of cavitation at time t,,, at some instant with- 
in any interval of length D/c the common velocity of liquid surface and plate 
takes on momentarily the value 


1 


t 
uy 
z, re saa z,,(t.,) ti Mz,,(t.,) a f(r, Bs o)at| ae 


tet 
where z,,(t,,) 18 the velocity of the plate at the instant t,,, whereas 
z,,(t,,) is the velocity of the liquid surface at an instant t‘, that pre- 
cedes t,, by less than D/e and usually by less than the diffraction time, Ty. 
Here in [136] t, has been replaced by t,, and z,(t,) by z,,(t,,). Actually, 
the value of z, that is obtained from [136] in the manner described is some- 
what different; if it is denoted by z;, its relation to z,, as defined by 
[161], can be written in the form 


oes way ey - i,] 


hence, since M/(M+ M,) <1, 2, lies between Z. and z,(t,), and, since the 
velocity eventually traverses the entire range from z; to z,(t,), the value 
z, occurs also. The explicit expression for z,,(t,,), obtained by using [135] 


instead of [136], is 


D 
z(t!) = z,(t,) + i, { [é(t — 4) alta) n(s)ds [162] 
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The value of z, given by [161] represents the velocity as calcu- 
lated for the time t, from non-compressive theory, except that in the equali- 
zation of velocities by impact as represented by the first two terms on the 
right the velocity of the liquid surface is taken, not at the time of impact 
t.,, but at a somewhat earlier time tj). 

So far nothing has been said as to fluid back of the plate. If the 
plate, or plate and baffle, lie between fluids in which the density and speed 
of sound are, respectively, P,, €,, and p,, c,, then all of the results in 
1» With 
the understanding that ¢ or @ includes an allowance for the release pressure 
in the second fluid. More explicit formulas can be obtained by substituting 
for ¢ or @ (but not %,) from [143] or [144]. 


this section will hold good provided p and ¢ are replaced by p, and c 


SOME SWING TIMES 

Suppose that a plate, mounted in a fixed plane baffle and con- 
strained to move proportionally, is free from incident pressure, and that the 
motion is slow enough so that the water or whatever liquid is in contact with 
its faces can be treated as incompressible. Furthermore, let the motion be 
small enough so that its component parallel to the plane of the diaphragm can 
be ignored. Then [126] becomes 


(M+M,)z,=¢ [163] 
This can be integrated after multiplication by z,dt: 
(M+M,)z,z,dt = $2z,dt = $dz, 


whence 
S(M +M) 22 = [o dz, [164] 


From a knowledge of z, as a function of z, the swing time can be found as 


T,= fat = {(@9 az, = (ardz, [165] 


taken between the limits z, = 0 and the first value of z, at which z, = 0. 

The most important case is that of a circular diaphragm of radius a 
and uniform thickness h, constrained to move in symmetrical paraboloidal form 
or according to [118]. For the small motions considered here, the difference 
between a paraboloid and a sphere can also be ignored; the diaphragm can be 
assumed, therefore, to behave as a spherical membrane under uniform tension. 
Elementary theory then gives, as in the deduction of [93], for the contribu- 
tion of the stresses to 9, 
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@ = — 2nchz, {166] 


o 


If the hydrostatic pressures on the two sides of the diaphragm are equal, 
@= @ in [164]. 

If the diaphragm, flat initially, remains within the elastic range, 
it is readily shown that 


ba BG? z0 


approximately, where # is Young's modulus and uw is Poisson's ratio; see TMB 
Report 490, Equations [11], [17]. In this case, after evaluation of the in- 
tegral with @= $, as given in [166], Equation [164] gives 


gee i nEh 4,4 
tc = M+ M, 2 — wa? Zem— *) ee 


where z,,, 1s the value of z, at which z, = 0. The swing time then involves 
the integral 


1 
1 J dz est 
zi —z! Zem 5 V1 — x! Zz [169] 


cm 


The values of M and M, may also be inserted from [120] and [128a], in which 
m= p,h and p = p, in terms of the density p, of the diaphragm and the den- 
Sity p, of the adjacent liquid, or 

M = p,ha’, M, = 0.813 p,a° [170a, b] 
With these values, [165] and [168] give for the elastic swing time 


i 1-u a 
os EZ (04 + 0.776 + p,) (171] 


Thus in the elastic range the swing time varies with the amplitude z,,. If 
the initial velocity z,, is known, the amplitude z,.,, can be found by setting 
z, = 2,,,and z, = O in [168] and solving for z,,,. 

As an alternative, if the diaphragm stretches plastically under a 
constant yield stress o and if the initial elastic range of the motion can be 


neglected, from [164] and [166] 
— 22) [172] 


and the integral that is needed is 


zom 1 
i dz. a (i dz = T 
v2, = ze 4 Vl—2? 2 
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Then 


I 
T, = 57g OV (0a + 0.776 + p,) [173] 


Inclusion of both the elastic and the plastic,ranges leads to very 
complicated formulas. The error is not large, however, if the plastic formu- 
la [173] is used for all motions that extend into the plastic range. The er- 
ror is greatest when the maximum displacement z,,, just attains the elastic 
limit z,,, which is found by substituting z,, for z, in [167] and interpret- 


ing o as the yield stress: 
hi 2(1 — uo 
Zee a 2G—we 3 [174] 


When z,,, = z.., the correct elastic formula, [171], gives 


T, = 0.76 2p, + 0.776 © p,) [175] 
whereas the plastic formula [173] would change the coefficient from 0.76 to 
0.64. 

Swing times for a similar diaphragm not loaded by liquid on either 
side and with equal pressures on the two faces can be obtained by setting 
p, = 0 in [171] and [173]. Or, if there is liquid on both sides of the dia- 
phragm, with densities p, and p, on the two sides, respectively, p, is to be 
replaced by p, + p, for the reason explained on page 79. 


SECOND-ORDER EFFECTS IN REFLECTION 

In linear or first-order acoustic theory, when either plane or 
spherical waves fall upon a rigid wall, the boundary condition can be satis- 
fied by assuming reflected waves which are the mirror image in the surface of 
the incident waves. Thus even the afterflow part* of the particle velocity 
in a spherical wave has equal and opposite components perpendicular to the 
surface in the two waves, so that the resultant component in this direction 
vanishes. The pressure on the surface due to the waves is exactly doubled 
by reflection. 

The case of large amplitudes can easily be investigated, for plane 
waves at normal incidence, by the method of Riemann, which is explained in 
Section 282 of Lamb's "Hydrodynamics" (23). It can be imagined that, in the 
medium carrying the waves, values of the quantity Q = u+ p,c,v are propa- 
gated forward without change, while values of S = uw = p,c,v are at the same 


* For the terminology, see TMB Report 480, page 39 (10). 
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time propagated backward, where 


p 
L= Poca V2 ae [176] 

Po 
in terms of the pressure p and the density p of the fluid; p, is the density 
and ce, the speed of sound for the undisturbed fluid, v' is the particle veloc- 
ity, and dp/dp is to be taken along an appropriate adiabatic. The velocities 
of propagation of Q and S differ somewhat from c,, but that is of no present 
interest. Thus in the medium there exists a continuous array of values of Q 
which are advancing toward the reflecting surface, and another array of val- 
ues of S which are moving backward. The local values of mw and v at any point 
are related to @ and S by the equations 


w=3(Q@+S), Poeov = 5 (Q — S) [177a, b] 


As the incident wave advances, it meets zero values of S coming 
from the undisturbed region ahead; hence in this wave, by [177a, b], uw = poe gv. 
Similarly, in the reflected wave, as soon as it becomes distinct from the in- 
cident wave, Q= 0 and w= -p,c,v. Thus, if subscripts i and r denote values 
in the separate incident and reflected waves, respectively, 


A; = Polgd; = 34, (We 0 Die al oe Ae [178a, b] 


At the reflecting surface, v = 0; hence by [17/7b] 
S=Q 


which means that the arriving values of Q are continually being converted in- 
to equal values of S, which are then propagated backward. Consequently, at 
corresponding points on the reflected and incident waves S, = Q;, and, by 
[178a, b], Hu, =u,, and also, since yw and p vary together, 


P, —?P; 
This is the usual law of reflection. 
At the wall itself, however, 


w= 5(Q+S)=Q=Q, =2n, (179] 


where Q, is the arriving value of Q and uw; is the value of mw at the corre- 
sponding point in the incident wave. This equation represents the appropri- 
ate generalization of the law that holds at the wall for infinitesimal waves, 
namely, p = 2p,. 

Now if the fluid obeyed Hooke's law, the pressure p would be 
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Vay. 
P= PtP y ly Cp 8 te [180a, b] 
0 
where V is the volume of unit mass and p,, V, denote values when p = p,; 
s represents the strain and Poloe the elasticity, since c, = (elasticity/ 


density)2. More generally, p can be written as a series in powers of s: 
p=p,+ Polors toys? ++ -- (181] 


Since V = 1/p, V, = 1/1) 


p p dp p® dp 
s= 1 — —, d = 0 d F — SS 
p nS spes cette Py dp 
Hence from [176] 
it : i 
2 J 
= ¢yVPo ee P)* as = c Vp, [looee? + 2b9e =. eas 
0 


or, after expanding in powers of s and integrating, 


u = pyc, s + ee . 


Subtraction of [181] from this equation gives 
1 2 
=P Po — % bes 


Thus, if Hooke's law holds so that by and all higher coefficients 
vanish, as in [180a], uw = p - p,, and [179] gives for the pressure on the 
wall due to waves of any amplitude, p - p, = 2(p, - Drs as for small waves. 


2 


If only terms through 3s” are to be kept, s may conveniently be re- 


placed by its value as found from the first three terms of [181]; then, as 


far as terms in s”, 


bo 2 
NES = 1 
=P Py meee 1 (p — po) [182] 
At the wall, [179] then gives, with [182], 


Se ey ee a a 
PP) op tee ekg Re = 2p; = Po) peed Pi Po 


or, since in the small quadratic term it is sufficiently accurate to write 
P- Py = 2(p,; = py), 


b 
P — Py = 2(p,; - Bt Feet of (Pe = Po)” [183] 
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In dealing with water it is convenient to choose p, = 0. The adia- 
batic for water that passes through a pressure of one atmosphere and a tem- 
perature of 20 degrees centigrade is given by Penney and Dasgupta (24) as 
v(p + 3)°-138 = 1.666, where v is in cubic centimeters per gram and the unit 
for p is 10° kilograms per square centimeter. With the help of the binomial 
expansion and Equation [181] it is easily found that the equivalent series in 
s, when p is in pounds per square inch, is 


p = 3090008 (1 + 4.12s + 23.6s2- - -) 


or, approximately, if s is replaced by p/309000 in the s? term, 
P 
p = 309000s (1 + 75000) pounds per square inch [184] 


Comparison with [181], in which p, is now 0, shows that price = 309,000, by = 
Pee peo, = 1.273 x 10%. 

Hence [183] for the pressure on the wall may be written, for water, 
when the incident pressure p, 1s in pounds per square inch, if pP, = 0, 


p = 2p, (1 + an [185] 
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* * * * * * * * 
PART ot. Theoretical considerations. 


It will be assumed that the plastic material has the ideal property that it deforms by a 
negligible amount until the yield point is reached and that it subsequently flows plastically 
without further increase in stress. In other words, it will be assumed that no strain hardening 
occurs. 


In general the criterion for plastic flow is that some function of the stress components 
shall exceed a certain limit. Two such criteria have been extensively used, namely (i) that of 
Mohr, according to which the matcrial flows when the maximum stress difference exceeds a certain 
limit, (il) that of von Mises, according to which flow occurs when the sum of the squares of the 
principal stress differences exceeds a certain limit. If a; and o, are the principal stress 
components parallel to the surface of tne diaphragm and both are positive (i.c. tensions), and 
if both are large compared with the stress perpendicular to the diaphragm, then the two criteria 
for plastic flow are:- 
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where P Is the tensile strength as measured in a testing machine. 


Circular diaphragm. 


Ifo, is the radia) stress and @, the tangential stress, the equation of equilibrium of 
an element In the radial direction is 


tii xe=) 10 3) 


where r is the radial co-ordinate. In the centre of the diaphragm symmetry alone requires that 


Oe =1ip = Pp, If Mohr's criterion is accepted three alternatives are possible, cither 
(i) o, = P, o, <P. This must be rejected because it is inconsistent with (3). 
(ii) a, <P, oO, =P. In this case (3) gives Ty 2 Py 
(iii) o, =o, = PF 


Thus only the third-alternative is possible. Similar reasoning gives the same result 
if von Mises’ criterion is accepted so that in either case O,= 9%, and the stress distribution 
is like that of a soap film or stretched membrane. The sheet therefore assumes a spherical 
form under the action of a uniform pressure p. If hy is the displacement of the centre the 
Gisplacement perpendicular to the plane of the edge at radius r is 
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where r, is the radius of the diaphragm. The pressure necessary to produce the displacement is 


1 


s 2 
p = 4Pth/ry (5) 


where t is the thickness of the shect. 


The work 5 W done on the material by the pressure during the displacement of the centre 
from h, to h, + C) hy is 


Sw = an pr [ & Sn, ] ar (6) 


° 
Substituting for p and z from (4) and (5) and integrating with respect to r and h, the total 
work done is 


W = 7 Pth (7) 


Since 77 pie is the area of the diaphragm the average work done per c.c. of the material of the 
plate is 


Z Ayn 
Eo Weta (8) 


Distribution of plastic strain in the diaphragm. 


Though (8) represents the average amount of work done over the whole area of the diaphragm 
the distribution of strain, and therefore the work done per c.c., is far from uniform. If € is 
the radial component of displacement parallel to the initial plane of the diaphragm the two 
components of strain are 
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tangential, €, = C/r 
Since O,= G, symmetry ensures that €, = €> The equation for { is therefore 
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and substituting for z from (4) this becomes 
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The solution of (11) which corresponds with ¢ = 0 at r= r, is 
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The principal strains €, and €, are each equal to 
2 
h 2 
Yr= 2, |1-L, (13) 
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It appears therefore that the strain is zero at the edge and equal to il kere at the centre. 
The strain at any point in the surface of the sheet is proportional to the displacement of that 
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point from its initial position in a direction perpendicular to the sheet, at any rate so far 
as any one state of the diapnragm is concerned. When the strains at a given point p the 
diaphragm are compared at various stages of displacement they are proportional to hy . 


The mean displacement is 


= Volume, V, between initial and final positions of diaphragm 


Area, A, of diaphragm 


z 
For a circular diaphragm and smal) displacement 
ZZ = 14 
z 2h, (14) 
Elliptical and other non-circular diaphragms. 


Though the distortion of a non-circular diapnragm cannot be treated so simply as that 
of a circular one, an approximation to the displacement might be made by assuming that the 
diaphragm assumes the same form as a flat membrane or soap film when displaced by a uniform 
pressure perpendicular to its plane. There is, however, one non-circular shape for which the 
complete calculation of stress, strain and displacement can be made, namely for elliptical 
diaphragms. This calculation is here carried through in order to estimate the error that may 
be expected if the assumption is made that the diaphragm Is displaced into the same form as a 
memorane with uniform tension in all directions. 


Taking the equation for the edge of tne elliptic diaphragm or plate as 
2 2 
s+ = 1 (15) 
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where 2a is the major axis, it will be assur sd that the equation for the displaced sheet is 


2 2 
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and it will be shown that this assumption is consistent with the satisfaction of all the required 
plastic stress, strain and equilibrium conditions. It will be assumed provisionally that the 
stress is uniform at al) points but not isotropic, tnus oy and @ will be taken as the components 
of stress parallel to the surface of the plate. The condition of equilibrium In direction normal 
to the surface is 


oC. lon 
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where t is the thickness of the UD and Pyr Py are the principal radii of curvature. Fora 
sheet of the form (16) Wp, = 2h {2 » Upy = 2h, I> so that 


lon lon 
p = hot Sok ey (18) 


Since (18) does not contain x or y it can be satisfied if, as has been assumed, oy, ando, are 
independent of x and y. It will be noticed that (16) shows that the displaced metele Sheet is 
in fact of the same shape as a displaced soap film. The fact that gy =o, in the soap film, but 
not in the present case, makes no difference to the form of (16), 


1t now remains to find out whether a distribution of displacements and strains in the 


surface of the sheet can be found which is consistent with the normal displacement (16) and at the 
same time allows the plastic stress-strain relations to be satisfied, 


Plastic stress-strain relationships. 


Assuming that oy /o, is constant over the ellipse and equal toa, it seems clear that, 
whatever the stress-strain relationships may be, the ratio of the strain components in the surface 
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of the plate, namely €. and €., must also be constant. Taking ele = 6 the experimental law 
of plasticity wil) define the relationship betweena and @. Investigations by Lode(1) and by 
Taylor and Quinney(2) by different experimental methods give results which are in good agreement 
They have beéen expressed in terms of Lode’s variables 


p= 2h ee 
for) = {ok 
1 3 
(19) 
€, - € 
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where Oy, T5, Tz, Ey, En E, are the principal stresses and strains and o > co, > o5. The 
experimental relationsnip between 42 and v is shown in Figure 10 of Taylor and Quinney's paper. 


In the present case where the strains a and a, are in the plane of the sheet we may take 
oy = 0. Since it will be found that o, > om it is necessary to take Oo, aso, and cy as Oy. In 
this case therefore 


(DC h esl (20) 


Since the materia) may be taken as incompressible to the degree of approximation here required 
+ = 
Ey Gy & 0 (21) 
and substituting this in Lode's variable v 


vy = 3 Q2/( £+ 2) (22) 


Some values of 4 and the corresponding experimental values of v taken from Figure 10 of Taylor 
and Quenney's paper are given in columns 1 and 3 of Table 1. The values of a from (20) are 
given in column 2. Values of 8, found by using the values of given in column 3 in (22), are 
given in column 4, This experimental relationship between a and B is shown in Figure 1. 
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The only relevant a priori theory on this subject is that the ratios of the stress components 
in a plastic body are related to the ratios of strain components by the same relationship that 
applies to viscous fluids, namely 4= wv. From (20) and (22) it will be seen that, in terms of 
a and B, this would give 


B = (2a- 1)/(2-a) (23) 


This relationship is alsa shown in Figure 1. It has been used by von Mises and others in deriving 
theoretical solutions of problems in plasticity. 


Strain and displacement of particles. 


The form of the expression (12) for the radial displacement of particles in a circular 
diaphragm sugyests the possibility that a solution may be found by assuming for the two components 
of displacement &, 7 parallel to the axes x and y the forms 


AX (Gk s/aee y7/b°) 
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This assumption satisfied the condition that € = 7 = 0 at the edge of the plate. The components 
of strain In the surface of the distorted plate are then 
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Since it nas been assumed that o, = a Is independent of x and y, the unique experimental 


y 
relationship between a and B ensures that £ = €,/e shall be independent of x and y. Substituting 
for €, and €, from (25) in the equation G.= Ge the condition that 8 may be independent of x 
and y is found by equating the constant terms and the coefficients of x? and y. Hence 


A = BB 
B(-3/a" + t/a”) + 2nj/Bat = 0 (26) 
B(-1/>" + 3/0") - 2h,7/b* = 0 

and therefore 
B= ha /b? 
A = hy la’ - 
B= v/a? 


Having determined 8 from (27) and hence a from the curve Figure 1, o, and oy can be connected with 
P, the testing machine measured yield stress, by the formulae 


ee, 2 Pierce oc ip if Monr's theory is used (28) 


x y 
or Oo, = pW i-ata er, = of t-atae di 
a » Oy a+a° according to (29) 


von Mises’ theory. 
This completes the solution of the problem, all the necessary conditions being satisfied. 


Substituting from (28) or (29) in (18) the following expressions are derived connecting the pressure, 
the maximum displacement hy and the yield stress:— 


P = sence 
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p = —_— fa + 1/8) according to Mohr's theory (3 0) 
a 
h.tP 2,4 2 

or p= ~~, @t 1/8) (1 -a +a‘) according to von Mises’ theory (31) 
a 
If the stress is assumed uniform, as in a soap film, Ch oy = P so that 

hotP 

p= 2, (1+ 18) (32) 
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For the case when dD/a = 2/3, B= 4/9 and the curve of Figure 1 givesa= 0.86. In this 
case the factors multiplying hotP/a® in (30), (31) ano (32) are 3.11, 3.31 and 3.25 respectively. 
The assumption that the plate behaves like a membrane with uniform tension equal to P in all 
directions therefore overestimates the work which is necessary to produce a given displacement by 
4.5% if Mohr's criterion is accepted. On the other hand this assumption underestimates the work 
by 1.8% if von Mises" strain energy criterion is used. 


As the length of tne ellipse increases the error Increases if von Mises‘ criterion is 
used. it is 6% when a/b = 2, 10% when a/b = 3 and 15a when & becomes infinite. 


Rectangular plate dished by uniform pressure. 


Though the exact anaJysis which can be completed for the elliptic plate is very difficult 
for other shapes, the approximate calculation assuming equal tensions in all directions can be 
carried out for rectangular plates. For plates 6 feet x 4 feet, such as are used in the box 
model trials, the error involved in making this approximate assumption is likely to be of the 
same order as the error in making the same assumption for elliptic plates with axes in the ratio 
3= 2. This error has been seen to be about 2%, 


!f 2a and 2b are now the lengths of the sides of a rectangular plate, the volume Y enclosed 
between the distorted plate and the original plane is, on the above assumption, 


oe Lh fee ley Se (ya egy ee SS ey eee ee (33) 
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When b/a = 2/3 this becomes 
=: 4 
V = 0.232 pa /Pt (34) 


The maximum displacement in the middle of the plate is 


2 
5 16b Ta —3 37 a —3 57a 
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and for bA = 2/3, (35) gives 
hy = 0-179 pa’ /Pt (36) 


The mean value of displacement of the plate is 


Z = Vilab = 0.0870 pa?/pt wnen b/a = 2/3 
so that 
Z/hy = 0-087/0.179 = 0.485 
or hofz = 2.06 (7) 


This may be compared with Zn = 0.5 fora circular plate. Since V is proportional to p, the 
work done on the plate (t/a = 2/3) is 


E. = gpY = 2.16 Ptv?/.* = 5.76 apt (2)?/a” (38) 


where ...,, 
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where A = 8a2/3 Is the area of the plate, The mean work done per unit volume of the material is 


W) = 5-76 P(z)?/a2 (39) 


Rectangular plate dished by a non-uniform distribution of pressure, 


The only simple case in which the displacement of a rectangular eee by non-uniform 
pressure can be calculated is when the pressure Is proportional to cos ues cos I » The 
equation of equilibrium is 


en cece 
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This is satisfied by taking z= h, cos %* cos vet (41) 
and p. = (Pt fi 1 + i (42) 
2 4 ae be 
The mean value of cos _ cos se over the rectangle is 5 = 0.406.so that for this distribution 
of pressure 1 
Zhn, = 0.406 or hoz = 2.46 (u3) 


Contours of the displacements are shown in Figure 2. 


Dishing of thin plastic plates under suddenly applied pressures. 


Normal_modes. 


The foregoing study of the dishing of a plsstic plate under static pressure leads to the 
conclusion that it may, without much error, be treated as a membrane with uniform tension in all. 
directions. If this approximation is made to a plastic plate distorted by a very large load 
applied for a very short time, the motion of the plate can be identical with that of a membrane 
during the first quarter of its period. The condition that this particular solution wil) apply 
is that the plate is given initially a distribution of velocity corresponding with the velocity 
of a membrane which is executing simple harmonic oscillations. if this condition is satisfied~ 
the time T required for the dishing of the plate is : of the period of the vibration 
of the corresponding membrane. Tne membrane of course would return towards its 
equilibrium position after the first I period but the plastic plate stays in the position of maximum 
distortion, The Icngest period of a circular membrane of radius a is 2.61a/c where c“ = P/o, 
p is its density and Pt the-stress per unit length; t is the thickness. The period of a 


rectangular membrane of sides 2a and 2b is Yab/c ¥ ae + be 


Thus 7 0.65 a/c for a circular plate 


DE (44) 
ab/eV a* + dé for a rectangular plate 


It will be noticed that c depends only on the stress per unit thickness of the memorane. 
Thus 7 is the same for all thicknesses of plate. For steel plates of density 7.8 with 
20 tons/square inch yield,c* = 20 x 1.5 x 109/7.8, so that 


and T 


1.99 x 107 cm./ second 


c = = 654 feet/second for 20 ton steel 
i (45) 
and c = 2.44 x 10° cm./second = 9800 feet/second for 30 ton steel 
For the 6 feet x 4 feet plates used in the investigation - 
TPS Zieh 3° = 285 x 10°? seconds for 20 ton yield 
(46) 
or 7 = 2.08 x 10> seconds for 30 ton yield 
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Uniform distribution of impulsive load. 


The foregoing discussion assumes that the velocity given to the plate is that which would 
apply in a normal vibration of a membrane. For the rectangular plate this implles a distribution 
of jnitia) impulsive velocity proportional to cos %* cos uae i.e. it Is greatest in the middle 
and falls gradually to zero at the edges. If a plastic plate is subjected to a uniformly 
distributed impulse such as would be given by a very large pressure acting for a time which is 
smal} compared with T the central part of the plate will go on moving with uniform velocity till 
the transverse wave of material which nas stopped moving reaches it. The velocity with which this 
wave is propagated from the edge Is c. For a circular elastic membrane the motlon is complicated 
because the outer part cames to rest before the inner part and begins to return to the equilibrium 
pasitlon while the centre is stil} moving away from it. With a circular plastic dlaphragm, however, 
this complication wil) not arise. If the ideal plastic stress-strain relationship is assumed 
(i.e. no strain till the elastic limit is reacned and tnen constant stress with increasing strain) 
a circular diaphragm dishes into a circular cone. The angle which the generators of this cone 
make with the plane of the undistorted diaphragm is 6 = v/c, where v Is the initial velocity given 
to the dlaphragm by the Impulse. A similar simple solution might perhaps apply when the plate 
is rectangular. If such a solution is possible the central flat area will remain flat and 
parallel to the original position of the sheet while its area dimishes with time owing to the fact 
that the sloping sides are propagated into it with velocity c. The final “dished" shape of the 
rectangle is like the foof of a house whose plan form Is rectangular. Contours are shown in 
Figure 3. 


The contours of the dished plate for constant values of Zh, are the same as those shown 
in Figure 2 for the displacement which results from that distribution of impulse which corresponds 
with the slowest normal mode of vibration of a membrane (i.e. zhh, = cos = cos ea em elite tis 
not suggested that a real plate would actually be displaced into such a shape, the properties of 
steel are not those of the idea) plastic sheet contemplated, but it might be interesting to measure 
some "dished" steel plates to see how near they are to one or other of these shapes. 


The ratio Z/ho for the shape shown In Figure 3 is 


Ze 2 +d QB) = 0.39 of @ = 2,57 7 
fi ot Gees (s) els (02) 


PART 2. Comparison of box model experiments with 


theoretical discussion. 


In the box model experiments steel plates approximately 6 feet x 4 feet were bolted round 
the edge of a neavy iron box so that they formed one side of the box. The plate was thus air—backcd 
and supported round its edges. The box was lowered to the required depth in water and explosives 
fired at various distances, In general they were situated on the normal to the plate through its 
mid point and at distance X from it. The principal measurements made in cases where the plate 
did not burst were the volume V contained between the dished plate and its orlginal position and 
the bok displacement h,» The mean displacement Z is evidently (if the plates are 6 feet x 
4 feet 


- Vv Volume in cubic inches Vers 
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The mean displacement or deflection of the plates, z', was also estimated by measurement and 
tabulated. On comparison with the value obtained using (48) it was found that In all cases 

Zz an075 THis discrepancy can be accounted for if the area of the plate Is 7% less than is 
assumed. This error can be explained if tne plate is really 5 feet 10 inches x 3 feet 10 Inches 
instead of 6 feet x 4 fet, \f a 1 inch border is rendered immobile by the arrangements for 
gripping the edge, this discrepancy is removed. Assuming thls to be the case we may now write 


Zz = wor = as inches (48a) 
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Value of h/2 


It has been pointed out that the ratio of the maximum deflection No of* the plate to its 
mean deflection Z may be expected to bear some relationship either to the degree of concentration 
of loading towards the centre of the plate or to the suddenness of its application. The maximum 
value to be expected with uniform impulse is 2.57(3) . The minimum for uniform pressure Is 
2.06(%). Of the 19 shots analysed in Table 2 (overleaf) only shot 6/1 gives a higher value than 
this range and then is only 1% above it. Two shots 107 and 106 give values of h,/z below 2.06. 


The values of h/z are given in column 6 of Table 2, and are shown in Figure 4%. In this 
figure they are plotted with X, the distance of the charge from the plate, as ordinate because the 
concentration of loading near the middle of the plate must Increase as X decreases. 


If the deflection were due entirely to the impulse supplied by the shockwave during the 
small fraction of a millisecond when the water is in contact with the plate and acting on it with 
a positive pressure, the values of h/z might perhaps be expected to be in the neighbourhood of 
2.4. If, however, the plate is bombarded with spray after losing contact with the water or if 
the duration of the pressure is prolonged by the pressure of a kinetic wave following the pressure 
pulse h fz may be expected to approach the value 2.06, appropriate to a uniform static loading, 
for large values of X, 


It will be seen in Figure 4 that as X increases h,/z does in fact decrease towards the 
value 2.06 and that it Increases with decreasing value of X down to X= 3 feet. For nearer 
explosions at 14 and 2 feet hofz again decreases, towards the value corresponding with uniform 
steady pressure. 


Energy used in doing work against plastic stress in the plate. 


The distribution of plastic strain energy absorption in the plate does not necessarily bear 
any definite relationship to the distribution of pressure. On the other hand, if the edges of the 
plate may be regarded as fixed, all the energy put into the plate Dy the pressure over its surface 
is used in doing work against the plastic stresses. The total energy given to the plate by the 
pressure distribution is therefore equal to Wx (area of the plate), see equation (39), and the 
mean energy given to unit volume of the plate is equal to W.. The accurate value of W_ would only 
be calculated by taking a complete set of distortion measurements. The value given by (39) is the 
minimum value consistent with a given value of Z. Using a= 2 feet 11 inches, P = 20 tons/'square 
inch = 3.09 x 10° dynes/sq.cm., (39) gives 


W, = 5276 x 3,09 x 10? (/35)2 = 41.u5 x 10" x Z4 (49) 


where W is expressed in ergs/c.c, of steel and Z is expressed In inches, as measured. 
Values of Z are given in column 5, Table 2, and of My in column 8. 


Comparison with energy given to the plate by the pressure pulse. 


The velocity with which the plate is discharged from the surface of the water by the pressure 
pulse has been calculated(5) on the assumption that a plane compression pulse of form p = paar 
strikes the plate. Values of Po and n are known for certain explosives, notably T.N.T. The motion 
of the plate rapidly gives rise tc a negative pressure and the motion subsequent to the attainment 
of zero pressure depends on whether water can sustain tenslon either internally or at the surface 
of the plate. Tne velocity of the plate at the mament when zero pressure is attained is(6) 


: Po €/e- 
E = o ¢- €/e-1 


a (50) 


where € = pc/mn sin@, c is the velocity of sound in water, m= t(o steel) = 7.8t is the mass per 
unit area of the plate, — is the density cf water, @ is tne angle of incidence of the wave on the 
plate. We may use this first to calculate the velocity with which the central portion of the plate 
is discharged. Here = 9° so that (50) may be written 
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(51) 
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Measurements with the piezo-electric and other gauges glve the following mean values for T.N.T. 


py = 46x 10? (m/3 7p) dynes/em* (52) 


71/3 sec 


n = 7.5 x 10" M 
where M is the mass of the charge in grammes and r is the distance from the charge in centimetres. 
The value of r at the centre of the plate is X. Values of € and wt! 34x(7) appropriate to the 
middle of the plate were calculated from (52) and are tabulated in columns 9 and 10 of Table 2, 
Values of é at the-moment the pressure on the plate becomes zero (or strictly the hydrostatic 
pressure at the depth considered) are given in column 11, The kinetic energy of the middle 
part of the plate is 3 (9 steel) & per c.c. 


When X is larger than a, i.e. than 3 feet, the velocity & of the plate might be expected 
to be nearly constant over the surface because sin @ is not very different from 1.0 and r is nearly 
equal to X. At closer distances, however, the outer parts of the plate will receive from the 
pressure wave less energy than the middle. This effect has been discussed by Fox in the report 
"The reflection of a spherical wave from an infinite plate" who finds that the formulae (50) and 
(51) are sufficiently accurate for many purposes if applied to elements of the spherical wave. 
To calculate the mean value of & over the plate using the expressions (50) and (51) at all points 
of the plate using the appropriate values of r and O would be extremely Wai ot An 
approximation can be calculated in the form of a factor F by which the value of 2 at the centre 
must be reduced to get the mean value over the plate. 

Consider a circular plate of radius Ro and suppose that Py is proportional to 1/r=4 R2+x2, 
It can be shown that it is a fairly good approximation to take the effect of obliquity on& as 
reducing it in the ratio sin@ : 1 below its value for normal incidence.. The factor F which 
expresses the ratio of the mean value of & to the value Ss at the centre of the plate may therefore 
be taken as 


Roe 
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F 2 = sin’ 6 (53) 
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/ 
Since sin@ = xM x2+ R* (53) gives 


Fo= x2/(R2 + x4) (53a) 

To apply (53a) to the rectangular plate we may take R, as the mean of a and b. Thus Ry = & feet. 
The mean valuc of the kinetic energy yiven by the shockwave to the plate may now be taken approximately 
as 


= 3 p steel) Fé? (54) 


The values of E, using 9 steel = 7.8, F from (53a) and the values of é, from column 11, Table 2, 
are given in column 12. If the whole of the energy of the plate were communicated during the early 
part of the pulse when the pressure is positive it would be expected that W_ would be equal to E, 
Values of W/E are given in column 13. It will be seen that only in shots 107 and 108 can the 
energy de attributed mainly to this cause. Shots 107 and 109 jive values of W/E tess than 1 but 
in these two cases the permanent dishing was very small. it seems certain that elastic recovery 
would be comparable with the small values of Z, namely 0.41 inches and 0.58 inches, obtained In 
these cases. [nall other cases the work done by the pressure is considerably greater tnan E. 


At least three possible explanations of tnis divergence from the theory of the report 
"The pressure and impulse of submarine explosion waves on plates" can be investigated. 


(1) The duration of the actual pressure on the plate before it falls to zero may be greater 
than the calculated value because the plate is fixed at the edges so that the rapid cutting off 
of the pressure by motion of the plate does not happen close to the edge. This effect is likely 
to extend only a short way inwards from the edge eect the duration of the positive pressure is 
calculated in most of the trials to be less than pth of a millisecond. In this time sound only 
travels 6 inches, so that diffraction from the edge would only have time to affect the pressure 
over a small part of the total area of the plate. 


(2) wanes 
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(2) The pressure due to the pressure wave may rise again after falling to zero, either 

by cavitation in the water some way away from the surface of the plate (an effect which would 
allow the water between the cavitation zone and the plate to move forward and exert a pressure 
on the plate as if is decelerated by the stresses in the plate) or by drops shoot Ing forward 
towards the plate after it has parted from the water at the instant of zero pressure. 


(3) The Icng continued pressure due to the expansion cf the bubble or pressure effects 
accompanying its first re-compressicn. 


It is not, in general, possible to distinguish between these alternatives, using only the 
measurements of the dishing of the plates. On the other hand (2) may be dismissed as inadequate 
in cases where the energy used in distorting the plate is considerably greater than the whole 
energy of the part of the pressure wave which falls on the plate. For this reason this energy 
has been Calculated. 


Total energy of pressure wave falling on the plate.. 


To calculate the total energy which falls on the plate it is necessary to find an 
expression for the solid angle w subtended at the charge position by the plate. Integration 
gives the formula 


ab 


|) ee BI (55) 


xVx2 + at + b2 


when the charge Is situated on the normal through the mid-point of the plate. The total energy 
of the pressure wave is 


E = 4m (5p cu? + 5 pu) 24 (56) 


and at some distance from the centre, i.e. when the extent of tne disturbance along a radius is 
small compared with the radius, p = @ Cu so that the total energy is 


= 22 
EY 4mipc p r°dt (57) 


° 


Assuming that the pressure may be represented by the expression p = poe and that Py and n 
have the values given in (52) 


9) 2 
BOE 2N77, 4.6 x 10 a 
BE = 22 foe ee M = 1.24 x 102° ergs (58) 


pec 7.5 x 10 
This may be compared with the amount of kinetic energy which is left behind in the kinetic wave(8) 
Surrounding the bubble, namely 


W = 1.85 x 102° 4 (59) 


The total energy falling on the plate is, therefore, from (55) 


we 
(e,) = -—H = L21x BL) Malaya | ee || (yi 
Trae aya) 
plate 7 7 xv x24 at +b 
Using a = 35 inches, b = 23 inches, some values of 4 tan? ab 5 are given 
aE een ee 
Table 3. xv tai +b 
TABLE 3. 


Es RT SR [Mn eel fa Ral 


0.0578 | 0.0426 0.0324 | 0.0255 | 0. Coss 
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For comparison with the amount of energy used up in stretching the plate, the mean energy of the 
pressure wave per unit volume of the material of the plate has been calculated. This is © 

(1/¥abt) fe] plate and the values of Ey are tabulated in cclumn 14 of Table 2. Camparing Tees 
with the corre Esponding figures of ealane 8 for mean energy used in stretching the plate, it is 

seen that in 14 of the 19 cases analysed more energy was given to the plate than there was in the 
part of the original pressure wave whicn fell on the plate. The ratio W x, Is given In column 15, 
Though some error is likely in estimating both W. and Ee it does not seen possible that it could 


jive rise to values of WoEup as much in excess of 1.0 aS many of those tabulated In column 15. 


Possible errors in Hy « 


Errors in W, might arise from three causes. 
(1) The yield point of the mild steel might be different from 20 tons/square inch. Since 
W_ is proportional to the yield stress the figures for Ww FE could only be reduced by assuming 
a yield stress lower than 20 tons/square inch. This is a very unllkely explanation cf such 
large values as those given in column 15. 


(2) The type of dishing is not quite the same as that assumed in calculating Woe The values 
of h fz are in almost all cases greater than 2.06, the value corresponding with the distortion 
ofa pecep film by uniform pressure. Since the latter is the distortion corresponding with the 
minimum work for a given value of Z, any error due to this cause would lead to an underestimate 
of W. and a more accurate analysis of distortion would therefore give rise to an increase in the 
figures in columns 8 and 15. 


GB) The plate might not be held sufficiently firmly at the edges to justify the use of the 
fixed edge condition. Errors due to this cause would give rise to a decrease In the figures of 
columns 8 and 15. It does not seem likely that any very considerable error could arise from 
this cause. 


Errors in &,. 

Apart from the question whether some energy might not be drawn by diffraction from the 
part of the shockwave outside the plate,(and this is likely to be small for reasons already given) 
the energy in the shockwave may be less than that given by (58). Errors of this kind, however, 
cannot be large because the figures in (58) are derived directly from piezo-gauge measurements 
which are remarkably consistent. In this connection it is worth noticing that the energy of the 
flow round the bubble is, according to (58) and (59), 


(1.85 + 1.21) x 10? = 3.06 x 10! ergs tym. of T.N.T. 


Expressed in calories this is 730 calories/gm. Penney has calculated that about 30% of the 
available energy is wasted in irreversible heating of the water near the bubble by the very 
intense shockwave. 


The energy which T.N.T. is capable of giving up by adiabatic expansion of the products of* 
detonation is, according to Robertson(9), 926 calories/gm. H.Jones’ theoretical calculation makes 
it 980 calories/gm. Both these values are greater than 880 calories/gm. which is the figure taken 
by Conyers Herring. Taking Jones" value tne wastage, according to Penney, is 30% of 980 = 294 
calories, so that the total) work done by the explosive is 730 + 29% = 1024 calories. This Is 4s 
greater than Jones’ calculations. It will be seen, therefore, that any appreciable increase in 
the estimated energy of the pressure wave would be inconsistent with the known thermo-chemical data 
of the energy available on combustion of T.N.T. 


Comments on results given in Table 2. 


It is shown that only a fraction of the energy which is communicated to tne plate is due 
to the pressure in the pressure wave before this pressure falls to zero. The empirical hypothesis 
that the whole of the energy of the wave striking the plate is glven up to It would enable a more 
accurate prediction of damage in the cases analysed to be made than the assumption that no further 
energy is given to the plate after the pressure on it falls to zero. Even this hypothesis, however, 
underestimates the energy which the water gives to the plate in most cases. It seems necessary 
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to consider the effect of the long continued, low preesure, kinetic wave as well as the pressure 
wave, 


It is worth noticing that shot 107 was made at depth 3 feet and horizontal distance 14 feet, 
so that the positive pressure wave would be cut off 0.5 milliseconds after the explosion. This 
would prevent water from the back surface of the cavitation formed behind the plate when the pressure 
falls to zero from being discharged and exerting further pressure on the plate, so that in this 
case a theory which assumes that no further pressure is exerted after the plate has become detached 
from the water may be applicable. 


Cases 44, 45 and 59 jin which smal) charges were placed close to the plate are interesting 
because the effect of the kinetic wave might be expected to be jreater relative to the pressure 
wave than in the other cases. The way in which the value of h,/z is much more nearly that which 
corresponds with a static pressure than the higher values associated with Impulsive pressures is 
a striking feature of Figure 4. This seems to be an indication that in this case the main cause 
of damage may be the kinetic wave rather than the pressure wave. 
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* * x * * * * * 


Summary. 


An approximate method, analogous to the energy method used in statical problems, is suggested 
for the solution of dynamical problems, in particular problems of impulsive loading on structures 
such as a ship's hull composed of plates supported on frames. The method is Illustrated by 
application to the problem of impulsive loading on a plate clamped in an elastically-supported 
rigid frame, 


Proposed method. 


For the solution of problems relating to structures or structural units under static loading, 
a widely used approximate method is that in which the shape of the deflections in the structure are 
assumed and thcir magnitudes then determined by making the total energy aminimum, This method 
derives from the fact that the truce solution is that which makes the total energy a minimum for all 
possible shapes and magnitudes of deflections. A corresponding theorem in dynamics Is furnished 
by Hamilton's principle which for a conservative system may be written 


2 
St dt = 0 (1) 
UA 
Whe rGues |e aie 
T = Kinetic energy of system 
V = Potential energy of systam 


and S denotes any arbitrary smal) variation of the co-ordinates of particles forming the system 
provided S does not affect time or the initial and final coord#nates at ty and ty 

In general the problen is to determine dependent variables Wy qo eee in tems of independent 
variables, time t and space co-ordinates x, y, Ze The integrand L will usually be expressible as 
a function of the q's, their partial derivatives with respect to t, x, y, z and of time t. 


The proposed approximate method is to assume space distributions for Gy Ty vee which 
satisfy the boundary conditions and to determine the time variations of the q"s by use of equation 
(1). In general L will then become 4 function of time t, 4) 95 eee and the velocities Gy 95 coe 
and the solution uf equation (1) will be given as in particle dynamics by Lagrange’s equations 


a(@ ih Ot e 
dt(0 5 mae B) hr eoc ei 


This system cf ordinary differential equations will usually be mare amenable to solution than 
the corresponding system of partial differential equations for the exact solution, 


The chicf merit of the approximate method lies in its application to probloms where the exact 
equations 2re either intrxctable or necessitate very lengthy numerical computation to give a solution 


which is of practic#) use. 


The value of the approximate solution depends of course on the extent to which the assumed 
space distributions approximate to those of the exact solution and in this particular connection one 


Cannot eseer 


124 Sa 
cannot, so to speak, get more out of the method than one puts ine To illustrate this point consider 
the problem of a simply supported elastic beam subjected to bending by an impulsiv¥e load. The 


exact solution for the deflection y im this case can be expressed as an infinite series of the 
following forn 


CG) 3 Ie) (3) 
each tem of which is the produce of a time function and a space function the latter cerresponding 
to thc shap2 of the beam when vibrating in 1 normal mode. 'f we apply the approximate method to 
this problem by 2Ssuming the sclution to be the sum of two terms only of the form 


Ye =r ()) Wei)! Pept) we (x) (4) 


then the application of the method would give 


Ga 
it 


¢, (t) (5) 


71 
o 
f 


¢, (t) 


Thus in this example the approximate method would give the exact contribution for the two 
terms assumed but would give no information regarding the remaining terms in the exact solution. 
The accuracy of the approximate solution thus depends on whether the assumed terms are those giving 
the major contribution to deflection, stress or whatever quantity it is desired to estimate. 


For application to practical problems the above limitation is not so drastic as at first 
sight might appear since appeal can usually be made to experimental résults, Such as final deflected 
shape, when deciding what space distributions to assume. Similar recourse may sometimes be had to 
know exact solutions for simpler problems, for example the solution for a beam problem may suggest 
the deflection form for a plate problem. 


Possible applications. 


The method is of general application to the behaviour under impulsive loading of structures 
such as a ship"s hull composed of plates supported on frameworks. The example given in the 
Appendix is a simple problem of this type for elastic deflections. An important practical problen 
to which the method is to be applied is that of a ribbed circular cylinder, simulating the pressure 
hull of a submarine, under impulsive loading with particular reference to the relative amounts of 
plastic distortion given to the ribs and the plating under different systems of loading. 


A plastic problem to which the method has already been applied is that of the relative 
amounts of energy absorbed respectively in plate stretching and in pulling-in at edges for the 
target plates in Box Model trials. 


A general problem to which the method might also be usefully applied is that of the effect 
of bodily motion of a target in reducing damage sustained by the target when subjected to an underwater 
explosion. in general the method is not expected to be of great applicability to hydrodynamical 
problems due to the difficulty of assuming the space distribution of velocity, etc. In this 
particular problem, however, use can possibly be made of the known sodutions for bodily motion of a 
rigid sphere. 


In general the method is expected to be more useful for problems in which the deformation is 
essentially of vibrational type than to problems in which the essential feature is the propagation 
of waves. Certain features of wave motion can, however, be incorporated when applying the method, 
for example the deflection of a beam under impulsive loading could be assumed as given by two 
different space functions in different parts of the beam, the boundary between these being taken as 
moving along the beam with a certain velocity; this velocity would then appear as one of the 
dependent variables in the resulting equations, As a tentative suggestion it may also be possible 
to generalise the method somewhat by leaving in certain arbitrary functions of a wave type and, after 
substitution in the integrand of equation (1), obtaining the equations by use of the calculus of 
variations, 


In conclusion, it must be emphasized that the method is proposed not as a substitute for 
2xact methods but as a supplementary method which can be applied in cases where either the exact 
Solution is unobtainable or a formal solution is possible but presents excessive canputational 
difficulties. 
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APPENDIX 


To illustrate the application of the proposed approximate method consider the motion under 
uniformly distributed impulsive pressure of a rectangular plate wnich is clamped in a rigid frame 
mounted on elastic supports as depicted sectionally In Figure 1. The plate and frame are assumed 
initially at rest and of uniform mass so that all deflections are symmetrical about the centre of 
the plate. The deflection of the plate relative to the frame is assumed snall enough for the 
usual theory of elastic bending of thin plates to apply. 


The following notation will be used;— 


t = time 

2a = length of plate. 

2b = width of plate. 

MN = total mass of plate. 

i} =  flexual rigidity of plate. 

v = Poisson's ratio for plate. 

XY, = rectangular co-ordinates in plane of plate referred to centre as origin. 
u = deflection of frame. 

u+zZ= deflection of point (x, y) of plate, 

u+we= deflection of centre of plate. 

My = total mass of frame. 

ky = total stiffness of elastic supports to frame, 

F(t) = total force at time t due to applied pressure, 

T = total kinetic energy of system, 

Vv = total potential energy of system including applied pressure 
L = T-v 


Using dots to denote differentiation with respect to time the kinetic energy of the frame is 
4M, u (6) 


while the kinetic encrgy of the plate is 


a bd 
M (u rayeA 
— u + z)° -dx dy. 
2 ab 4 (7) 
o Jo 


ekyu (8) 


a pb 
2 2 
2? a ez ezn ee 
» | z z z _ Gh Ge 
ge + Se] + eam (ss] - SH Se ee oo 


Where it may be noted that the second term in the integral vanishes on integration in view of the 
boundary conditions. 


Finally the potential onergy of the applied pressure is 


(10) 


a 
ew | (u + 2) dx dy 


ab 
Jo Jo 


As the first step in the approximate solution w2 now assume for the deflection z of the 
plate relative to the frame, 


‘ 
2 2 2 
x 
z= w [1- ] eels 
( a) | D4) oe 
which satisfies conditions that the plate is cl amped round its edge to the frame. 


Substituting sees. 
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Substituting from equation (11) in equation (7) we find after integration that the total 
kinetic energy T is given by 


. . on © 
Tos gM U7 44m v2 + 28 we 2a a (12) 
225 315 


We find similarly, by substituting from equation (11) in equation (10), that the total 
potentiai energy V is given by 


viz dkputs dew? (ue So) F(t) (13) 
22 
where 
2 2 
640 512 a b 2048 
k = + (1a) 
ab ee E | aa 


By definition L = T— V and applying equation (2) by taking q = u and q = w we obtain the 
equations 


(4+ My) us Se Mw 4 kya = F (t) 
225 
= 2 (15) 
oY wt | 228 Mm & iy oe Bae (t) 
225 315 225 


suffice to determine u and w as functions of t. 


The solution of equations (15) is elementary and needs no coments, but it is instructive to 
compare this solution with that for a double system composed of amass on a spring Supported on a 
second mass on a spring as shown in Figure 2. 


Figure l, 


Ficure 2. 
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PLASTIC DEFORMATION OF AND ABSORPTION OF ENERGY 
BY THIN CIRCULAR PLATES UNDER NORMAL LOADING 


By A.N. Gleyzal 


INTRODUCTION 

The deformation of thin circular plates by static and by explosive 
pressures has been the subject of intensive investigation at the David Taylor 
Model Basin (13) (10) (14)* In this connection tests have been made on metal 
diaphragms rigidly supported at the rim and subjected to static pressures on 
one face. Two quantities derivable from the test results are of particular 
interest. These are the deflection of a diaphragm at its center and the en- 
ergy required to deform a diaphragm as it distends under static pressure. 

It was believed that unification of the test results on the basis 
of these two quantities for diaphragms of different dimensions and material 
could be accomplished by plotting the quantities in terms of non-dimensional 
coordinates involving the dimensions, and perhaps the yield stress or the ul- 
timate tensile strength of the material as obtained from tensile tests. Rea- 
sonably good predictions of deflection and of energy absorbed for any thin 
circular plate under pressure might be possible from curves based on these 
selected coordinates, provided the material of the plate had a plastic be- 
havior similar to that of the plates used in the tests. Predictions of high 
accuracy would be expected for plates of materials similar to those tested. 
With these considerations in mind data on diaphragms of different materials 
are reported here and analyzed. 


THEORETICAL CONSIDERATIONS 

Deflection measurements on the circular plates show that, for stat- 
ic pressures of sufficient magnitude to cause plastic flow, the plates form 
very nearly spherical caps. Thus, for a particular pressure, the tension is 
nearly constant throughout the plate. Moreover, calculations show that this 
tension tends to be constant as the pressure is increased; this constancy may 
be ascribed to the balancing of two effects; i.e., the strain-hardening of 
the material and the decrease of thickness as the pressure is increased. Thus 
under sufficiently large pressures the thin plates act somewhat as membranes 
with constant tension. 

Suppose pressure is applied, as in Figure 36, to one face of a cir- 
cular membrane with tension 7.** It may readily be shown (13) that the pres- 
sure p and the center deflection z are related by the equation 


af Numbers in parenthesis indicate references at the end of this paper. 


i In a thin plate the tension at a point is the product of the thickness 


and the stress at the point 
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where a is the radius of the boundary of the membrane. 
A membrane deflected under pressure forms a spherical cap. The 
volume enclosed by such a cap and the plane of its boundary is 


Se 2 a 28 
V gmazt+ em S| 
The energy W absorbed by the membrane as its central deflection in- 
creases from zero to z is 


W= [pav = Jot = ma” + 27) dz Sire [16] 


For a thin plate deformed plastically under pressure the tension T 
is given by tT = o'h, where h' is the thickness and o’ is the stress in the 
plate, assumed to be of equal 
magnitude in all directions par- | 


allel to the tangent plane of 


hf 
= Pressure 


the surface at a given point. As 
stated in the foregoing, 7 remains 


approximately constant as the 


Ss |}<— n—-—s) 


+ 
pressure is increased. The value Fe : 1 
of the constant for different Figure 36 - Diagram Showing Notation 
plates may be approximated in sev- 
eral ways. In this report it is supposed that the constant is determined by 
the ultimate tensile strength oa, of the material, and the initial thickness h 
of the plate according to the formula 


uh [17] 
where a is a constant for all diaphragms made of the material. 

Equation [17] may be based on a notion of affine* materials (16) 
introduced later in this report. 

We may write, using Equations [14], [16], and [17] 


_ 4a0,hz 
a7) +2? 


x Dr. Osgood in References (16) and (17) discusses stress-strain curves which are affinely related. 
The concept is suggested here by the phrase "affine materials" by which is meant materials whose plas— 
tic behavior, when referred to a given property of each material, reduces to the same form in all of 
them. The property chosen in the present case is ultimate strength. 


en — — 
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and 
W = mao,hz? 
These formulas relate the pressure applied, the deflection at the center, and 


the energy absorbed by a thin plate with constant tension ao,h. 


They may be rewritten in the following form to secure non- 
dimensionality 


ry pe 
a 
a SF eS Sr {18] 
ira 
Ww z? 
nma*ho, a onteaie [19] 


Equations [18] and [19] suggest the use of p’ = pa/o,h as the non- 
dimensional coordinate corresponding to pressure, W' =W/ma*ho, as the non- 
dimensional coordinate corresponding to energy, and z/a as the non- 
dimensional coordinate corresponding to center deflection. We term p’ the 
proportionate pressure and W’ the proportionate energy. Wis the energy per 
cubic inch of plate material per unit ultimate stress. 

Although Equations [18] and [19] were based on membrane formulas it 
is profitable again to dissociate mentally the diaphragm from a membrane and 
treat W’ = W/ra*ho, and z/a as important intrinsic quantities associated with 
a thin plate regardless of whether the plate behaves as a membrane or not. 

If we then plot experimentally determined values of W’ against z/a, we obtain 
an accurate and assumptionless curve showing the behavior of a particular 
plate. The assumption that this curve will be valid for all thin plates is 
less exacting than the assumption that the plate is a membrane, and therefore 
more likely to be valid than Equations [18] and [19]. 

It is readily shown, moreover, by similitude considerations that 
when pa/a,h is plotted against z/a for a thin plate of a given material, the 
curve for any other thin plate of identical composition should be the same 
except for secondary variations caused by bending effects. These will vary 
with relative thickness and their influence is less in the plastic range than 
in the elastic range. Another effect which may be of importance with thin 
plates of different thicknesses is surface hardening. Thinner plates would 
be affected to a greater degree by such hardening. 

Of course it is not enough just to use non-dimensional quantities 
to bring the data from different cases into agreement. Thus Young's modulus 
of elasticity could not be used in place of the plastic quantity, ultimate 
stress. An elastic quantity, even though of the dimensions of stress, would 
certainly not serve for the desired unification of the data. 
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The existence of unique pressure-deflection or energy-deflection 
curves for infinitesimally thin plates may be rigorously based on a concept 
of affine materials (16) defined as follows: Two materials A and B are said 
to be affine if for any pair of strain states € and e€ the ratio of corre- 
sponding stresses is the same for both materials. 

This is expressed by 


Grin Gon Ey) GrGan Gan GA, 


onl€r, €2, €3) op (€1, €2, €s) 
where €,, €,, €, are the principal strains in the first state e, 
€1> €5 €3 are the principal strains in the second state e’, and 
o, and o, are the corresponding stresses in materials A and B 
respectively. 


In the case of uniaxial stresses for example, if L(e) is the load-strain curve 
for material A, then the load-strain curve for material B must be pL(e), where 
p is a constant. 

With the help of this notion of affine materials, a logical basis 
for the identity of the pressure-deflection and energy-deflection curves may 
be established for thin circular plates of different radius, thickness, and 
material. This notion can also serve as a basis for predicting the plastic 
behavior of other types of structures from the action of a model of different 
material. When models of the same material are used in a static test quite 
accurate predictions can be expected for plastic action even from models far 
removed in scale. The choice of a set of plasticity laws is not required in 
such an analysis. 


TEST RESULTS 

The quantities of interest to be introduced as observed values are 
the dimensions of the plate, the ultimate tensile strength of the material, 
and the central deflection of the plate as a function of the applied pressure. 
The apparatus for deforming the diaphragms has been described elsewhere (14) 
(15). The tensile strength was measured for a specimen cut from the same 
stock used to make the diaphragm. The ultimate stresses are given in Table 6, 
with other information on the diaphragms. 

In Figure 37, for purposes of comparison of different metals, the 
quantity L/L,, load divided by ultimate load in a tensile test, is plotted on 
a basis of strain. Values were obtained from tests on specimens taken from 
the same stock as the plates. 

To unify the pressure-deflection data for the different specimens 
the non-dimensional quantities derived in the foregoing have been used. 
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TABLE 6 


Data on Circular Plates 


o,, = Ultimate 


a = Radius} h = Thickness Stress* 


Material 


inches inches 1b/in® 


Copper 0.016 39,625 
Furniture Steel 0.030 49,825 
Furniture Steel 0.109 49,825 

Medium Steel 0.125 and 0.063 13,500 
High Tensile Steel 0.125 and 0.063 87,500 
Special Treatment Steel 0.125 and 0.063] 125,000 
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Figure 3/7 - Stress-Strain Curves for Various Metals 
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Figure 38 - Pressure-Deflection Curves for Two Copper Plates 
a = 2.56 inches h = 0.016 inch oy, = 39,625 pounds per square inch 


In Figures 38, 39, 40, 41, and 42, p’ has been plotted against z/a 
for different specimens of each of the five materials used. Figure 43 shows, 
for each of the five metals, average values of p’ plotted against z/a. In 
this and the following figures the plots extend only over the range of the 
weakest specimens. Thus the highest values for furniture steel are excluded. 

The energy W required to deform the diaphragms was estimated from 
the pressures deforming the diaphragms and the change in the volume V en- 
closed between the deformed diaphragm and its initial plane. The measure- 
ments indicated that the distended diaphragms closely approximated spherical 
caps in configuration. Therefore, with good accuracy, by Equation [15] 


eel ld eee) Jb 
V g maz + @mz 


and 
dV = = m(a® + 2*) dz 


Accordingly, the change in volume was estimated from the central deflection, 
and the energy W= fpdV calculated by numerical integration. Figure 44 shows 
for each of the five metals, average values of W’ plotted against z/a. As in 
Figure 43 the curves fall closely together. 
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Figure 39 - Pressure-Deflection Curves for Two Sets of Furniture Steel Plates 


o,,= 49,825 pounds per square inch 


Equations [18] and [19] suggest plotting p’ = pa/o,h against 4(z/a) + 
[1 + (z/a)?] and W’ = W/ra’o,h against (z/a)®. This has been done in Figures 
45 and 46, respectively, for each of the five metals, using average values. 
The proportionality factor @ may be read from these figures and is seen to be 
between 0.88 and 1.02 in Figure 45, and between 0.80 and 0.95 in Figure 46. 


DISCUSSION OF RESULTS 

Inspection of Figures 38, 39, 40, 41, and 42 shows that there is some 
deviation in the pressure-deflection curves for different plates of a given 
material. From Figures 38 and 39 it appears that plates, even of the same 
size and material, exhibit differences. From Figures 39, 41, and 42 it 
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Figure 41 - Pressure-Deflection Curves for Two HTS Plates 


a = 10.25 inches o, = 87,500 pounds per square inch 
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Figure 42 - Pressure-Deflection Curves for Two STS Plates 
a = 10.25 inches oy = 125,000 pounds per square inch 


appears that there is also a possibility of size effects; thinner materials 
require proportionately more pressure. However, with the exception of the 
curves for furniture steel in Figure 39, the differences are relatively small; 
the deviations from the average are generally less than 5 per cent. Fora 
given material, accordingly, it may be concluded that for approximate analy- 
ses variations caused by differences in relative thickness or manufacture can 
frequently be ignored. 

The deviations in the composite curves of Figure 43 are larger, 10 
per cent or more from the average in some instances. In this case the differ- 
ences in the plastic stress-strain properties of the materials are an impor- 
tant factor. The biaxial stress-strain characteristics of the materials are 
not directly given, but it is of some interest to examine the curves in the 
light of the uniaxial stress-strain curves of Figure 37. If proportionate 
deflection is taken to be related to strain, and proportionate pressure is 
related to stress, then the sequence from top to bottom of the two sets of 
curves might be expected to be the same In this respect Figure 43 partially 
agrees with Figure 37 Special treatment steel is highest and medium steel 
lowest over much of the range. Copper starts at high values in Figure 43 but 
ultimately assumes the lowest values plotted High tensile and furniture 
steels occupy an intermediate position in agreement with Figure 37. However, 
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Figure 43 - Pressure-Deflection Curves 


These curves are averages of the curves shown in Figures 38 to 42. This graph may be used to predict 
pressure or deflection for any thin circular plate of any of the five materials. 


the curve for furniture steel assumes excessively high values as a result of 
the data for the plates of diameter 2.56 inches of Figure 39. 

A more refined analysis than the membrane analysis considered ear- 
lier in this report would attempt to correct for variations in stress-strain 
characteristics by estimating the strains at various values of z/a and using 
the corresponding stresses in place of o, for evaluating the proportionate 
pressure. 

The energy-deflection curves of Figure 44 exhibit deviations of 
somewhat lower magnitudes than do the pressures. Comparison may be made of 
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Figure 44 - Energy-Deflection Curves 
The curves plotted are averages of the data obtained on the plates tested. 


This graph may be used to predict the variation of absorbed energy with 
deflection for any thin circular plate of any of the five materials. 


the energy curves with areas under the tensile curves of Figure 37, which are 
also proportional to energy absorption with deformation. The correspondence 
is about as good as that of Figures 37 and 43. It should be noted that the 
ordinates of Figure 44 do not represent directly total energy absorption. To 
obtain a quantity proportional to total energy absorption the plotted values 
must be multiplied by o,. If this be done, it will be seen that furniture 
steel absorbs less energy than special treatment steel but more than medium 
steel before rupture. The greater ductility of the furniture steel and the 
fact that energy absorption varies approximately as the square of the deflec- 
tion are the underlying reasons. 
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Figure 45 - Pressure-Deflection Curves 


The curves plotted are averages of the data obtained on the plates tested. This graph indicates 
that pressure and deflection can be calculated with rough approximation 
by Equation [19] when z/a > 0.2 and a= 0.96. 


If the plates tested behaved as ideal membranes, the curves of Fig- 
ures 45 and 46 would be straight lines. Pronounced deviations are apparent 
near the origin, where z/a is small. In this region the actual stresses are 
far below the ultimate values and the condition of approximately constant ten- 
sion mentioned on page 42 has not been attained. Consequently relatively less 
pressure is required to produce a given deflection than is required at higher 
values of z/a. Beyond this initial region the curves do approximate straight 
lines. If straight lines are fitted to the curves through the origin, the 
slopes vary between 0.80 and 1.02; those of the energy curves are generally 
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Figure 46 - Energy Plotted against Square of Deflection 


The curves plotted are averages of the data obtained on the plates tested. This graph indicates 
that energy absorbed by a thin circular plate may be approximately computed from Equation [19] 
when z/a > 0.2. The appropriate values of a for the different materials are as follows: 


Special Treatment Steel 0.97 High Tensile Steel 0.88 
Furniture Steel 0.93 Copper 0.84 
Medium Steel 0.81 


less than those of the pressure curves. Since the energy curves represent 
integrations of the pressure curves, the lower values of @ in Figure 46 can 
be ascribed to the relatively low values of pressure in Figure 45. 


CONCLUSIONS 

Thin metal plates deformed by static pressure approximate membranes 
in their behavior. From a knowledge of the ultimate strength of the material 
and the dimensions of a plate, estimates of the deflection and of the energy 
absorbed in the plastic range can be made on the basis of membrane theory if 
the tension is taken to be ao,h, where a can vary between about 0.8 and 1.02. 
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At values of deflection below about 0.2a@ the energy values thus estimated are 
definitely too large. More exact graphical determinetions can be made if the 
pressure-deflection curve for a single thin circular plate of the material is 
known as in Figures 43 and 44, 
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A METHOD FOR DETERMINING THE ENERGY ABSORPTION 
OF THIN STEEL DIAPHRAGMS UNDER HYDROSTATIC PRESSURE 


By M.A. Greenfield 


In Part I of the Progress Report (1)* for TMB Research Project E139, 
dated February 1944, it was stated that two independent methods are used at 
the David Taylor Model Basin to calculate the energy absorbed by a thin steel 
diaphragm which has been deformed into a plastic state. The first method ex- 
presses the energy in terms of the forces acting on the diaphragm. If p is 
the pressure on the diaphragm and v is the volume bounded by the initial and 
final positions of the diaphragm, then the work done on the diaphragm is Ipdv. 

The second method expresses the energy in terms of the physical 
properties of the steel and the measured strains corresponding to a given 
deformation. 

Each method can be used either for statically or dynamically de- 
formed diaphragms. 

The present report describes the second method in some detail. It 
also gives a comparison of both methods as applied to a diaphragm which was 
deformed by hydrostatic pressure. This diaphragm was 1/8 inch thick and Had 
a diameter of 20 inches. 

Since the diaphragm is deformed plastically the following laws (2) 
of plastic flow will be adopted in making the analysis. 


a. The directions of the principal extensions coincide with 
those of the principal stresses at all times. 


b. The volume of the material remains constant. 


ec. The principal shearing stresses remain proportional to 
the corresponding ‘principal shearing strains. 


Let o,, a, 
strains. The natural strain is related to the conventional strain e€ by the 


, o, be the true stresses and €,, €,, €, be the natural 


relation 
e = In(1 + €) {1] 


Rule (b) may be expressed as 


€; te, te, = 0 [2] 
and Rule (c) as 

Sire Fin ip) eel $9 ee [3] 

€, — €0 €5.>.€2 


* Numbers in parenthesis indicate references at the end of 
this paper. 
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Consider a small element of the stressed body in the shape of a 
cube oriented so that the faces are perpendicular to the principal stresses. 
Consider the plane whose normal makes equal angles with the directions of the 
principal stresses. The normal stresses on this plane do no work because of 
the constancy of volume. The shearing stress and the corresponding shearing 
strain are called the octahedral shearing stress and octahedral shearing 
strain. They are designated hereafter by the symbols 7 and y respectively 
and are related to the principal stresses and strains as follows: 


r= 5 V0, — oy)? + (a, — 03)” + (a3 — o,)* [4] 
y 2V(e, — €,)? + (€, — €,)? + (e, — €,)? [5] 


3 
If Equations [2] and [5] are combined to eliminate e, then 


2 = 26 Ve? qPaGu Guan Gee [6] 


There is some experimental evidence (3) (4) that in ductile materi- 
als the quantity 7, thought of as a single variable, can be used to define 
the state of stress in the material. It is considered also that the quantity 
y can be used to define the state of strain. 

The fundamental assumption (3) is now made that 


Niel) [7] 


for the case of static loading. Thus +t is completely specified for a given 
value of y. It is assumed that the stress-strain relation, regardless of the 
particular type of loading that produced it, will yield points that lie on 
this curve, which describes a physical property of the material. This means 
in particular that simple tensile tests and complicated tests producing bi- 
axial and triaxial stress conditions can be described in terms of a single 
generalized stress-strain curve. 

Some evidence for this assumption is found in unpublished work done 
by Dr. A. Nadai at the Westinghouse Research Laboratories in Pittsburgh. Bi- 
axial tests were performed on very carefully machined, hollow, tubular test 
specimens of annealed medium steel in which axial loading and internal pres- 
sure were used. The ratio of tangential to longitudinal stress was maintained 
as a constant for a given specimen but a different value of this ratio was 
taken for each of the ten specimens tested. The measured stresses and strains 
were used to compute the octahedral shearing stresses and strains. These val- 
ues were then all plotted with rt as the ordinate and y as the abscissa, as 
shown in Figure 1. All the points fall remarkably well on a single curve. 

For a given value of y the maximum deviation of 7 is about 7 per cent. Gen- 
erally the deviation is considerably less. 
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Octahedral Shearing Strain y 
igure 1 - Octahedral Shearing Stress-Strain Curve Based on 
Combined-Stress Tests of Ten Hollow Tubular Specimens 


o5/0, is the ratio of the tangential to longitudinal stress and is a constant during the 
testing of a given specimen. 


The two curves are identical and are separated to avoid overcrowding the plotted points. 


Since all of these data, including those for a tube under pure ten- 
sion, fall on this curve, it follows that the curve can be established from a 
Simple tensile test of a conventional test specimen. Once the r-y curve has 
been established from such a coupon test, calculations can be made of the 
energy absorption for some other type of stress distribution, 9s for example 
that resulting from the loading of a steel diaphragm under hydrostatic pres- 
sure. A description of such energy calculations in terms of the octahedral 
variables is now given. 

For the general case of triaxial stress the energy AF absorbed per 
unit volume (5) is given in terms of the true principal stresses and the nat- 
ural principal strains as follows: 


AE = Jlo,de, + o,de, + a, de;) [8] 
Rules (b) and (c) for plastic flow state that 


Ge ses tive [2] 
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Ci Lo CR Sey 
a 2 3 [3] 
1 2 Com €3 
By combining Equations [2], [3], [4], [5], and [8], it has been 
shown by a number of writers (5) that AE may be expressed entirely in terms 


of r and y as follows: 
eo 
AE = 5 [rdy [9] 


If a T-y curve is available from any source, as for example from 
a simple tensile test, the curve relating AE and y can be obtained by me- 
chanical integration. It is then relatively easy to calculate the energy 
absorbed during the deformation of a structure fabricated from the same ma- 
terial provided the distribution of the principal strains is known. The dis- 
tribution of the octahedral shearing strains can then be obtained by using 
Equation [5]. 

The method will be illustrated in detail for the case of a circular 
diaphragm of medium steel clamped rigidly along its rim and deformed by hy- 
drostatic pressure. A 7T-y curve is obtained from a tensile test coupon, and 
a AE-y curve is obtained by mechanical integration. The distribution of the 
octahedral shearing strains in the deformed diaphragm is represented by the 
function y(r,), where r, is the distance of a particle from the center of the 
diaphragm before distortion. The corresponding value of AE is then obtained 
from the AE-y curve. The total energy absorbed by the diaphragm is given by 


a 
E = [AE x hyx 2nr,d7, [10] 
0 
where a is the radius and h, the original thickness of the undeformed 


diaphragm. 

This method will now be applied to an actual case. 

A medium-steel circular diaphragm was deformed hydrostatically by 
applying pressures in increments up to 1125 pounds per square inch. The dia- 
phragm had a radius of 10 inches and a thickness of 0.125 inch. The profile 
of the deformed diaphragm was measured at each successive pressure. The en- 
ergy required to produce the deformation corresponding to the maximum pres- 


|p dv 


This energy was found to be 385,000 inch-pounds. 
A 11-inch grid was drawn on the diaphragm in its original condition. 
The final grid measurements are as represented in Figure 2. 


sure was obtained by evaluating 
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Figure 2 - Drawing Representing Diaphragm in Original Condition 
with Final Strain Grid Measurements Superimposed 


Several quantities are required for the calculation. The are length 
s is measured along the deformed diaphragm from the center as shown in Figure 
3. Values of s are computed from the 
grid data shown in Figure 2; ry, is the an 
distance from the center of a particle C 
Pin the undistorted form. Then e,, 
the conventional radial strain, is a 

d 


c= (su r9) Figure 3 - Schematic Cross Section 
dr, of Deformed Diaphragm 
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Figure 4 - Integrated Radial Strain Corresponding to a Station 
on the Undistorted Diaphragm 


The slope of this curve is the radial strain e,. 


and €,, the conventional thickness strain, is 


h — ho h 
E = SS —— oo a Se, SS 
h ho h ho 
Since the density of the material remains constant, the convention- 


al tangential strain e, can be found from the equation expressing that fact 


(ite, (+ e,) tke.) = 2 [11] 
or 
ct Pigg alia! 
na ap ar G= 5 [12] 


The values of these strains were found from the experimental data 
as follows. A graph was drawn with (s - r,) as ordinate and r, as abscissa 
as shown in Figure 4. The radial strain e, is obtained by measuring the 
Slope of the curve graphically. 

Since the volume remains constant, 


ho xXlxl=hxil; xl; 
where 1, and lJ; are the final lengths of the sides of the grid and hy, and h 


are the original and final thicknesses of the material within the grid. 
Then 


h 
= 1, xl, 


Thus hy/h is calculated directly from the grid data given in Figure 


2. €, can then be calculated with the use of Equation [12]. 
In Figure 5 e, and €, are plotted as ordinates and ry, is plotted as 


abscissa. It is interesting to note that the tangential strain e, is very 
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Figure 5 - Observed Radial and Tangential Strain on a 
Circular Diaphragm under Hydrostatic Pressure 


small at the clamped boundary of the diaphragm. It should be zero if the 
boundary is perfectly clamped. 

The natural strains are now computed from Equation [1] as é,= 
In (1'+ €,) and €, = In(1 + €,). The octahedral shearing strain is finally 
obtained from the relation 


y= 2V6 Ve? + €,€, + €2" [6] 


A tabulation of r,, (s - r,), €,, €9, h,/h and y is given in Table 
1. The values of e€, and e€, were taken from the faired curve of Figure 5. 

A specimen cut from the same plate as the diaphragm was subjected 
to a standard tensile test. A true stress-strain curve was obtained for this 
coupon. The r-y curve of Figure 6 is based on this true stress-strain curve. 
Figure 7 is the integrated curve with A fray plotted as the ordinate and y 
as the abscissa. The ordinate gives the energy absorbed per unit volume cor- 
responding to a given value of y. 

The area of the diaphragm before distortion is divided into eleven 
annular regions bounded by concentric circles whose diameters are O inch, 1 
inch, 3 inches, and so on. The values of r, at the points midway between two 
consecutive circles are 1/4 inch, 1 inch, 2 inches, ..... It is assumed that 
the values of y at the stations r, = 1/4 inch, 1 inch, 2 inches, .... are the 
average for the corresponding annular rings. 
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TABLE 1 


Observed Changes in the Dimensions of the Diaphragm 
and the Calculated Strains 


(8 — ro) oe 
sia inches 


1.288 0.138 0.138 0.363 
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Figure 6 - Octahedral Shearing Stress-Strain Curve 
Based on a Tensile Test of a Standard Specimen 


The volume of material in each of these eleven regions and the cor- 
responding values of y and 3{rdy, the energy per unit volume, are listed in 
Table 2, together with the product of volume and energy per unit volume. The 
summation of this product gives the total energy absorbed by the diaphragm. 
This summation yields a value of 392,000 inch-pounds as compared to 385,000 
inch-pounds as calculated from the observed pressures and measured changes in 
volume. 


TABLE 2 


Calculated Energies Absorbed Per Unit Volume 


The calculated total energy (sum of Column 4) is compared with the measured 
total energy absorbed by the diaphragm, Column 5. 


Col. 2 x» Col. ot 


inch-pounds inch-pounds 


1,960 
21,400 
24,300 
41, 700 


50,100 
55,500 
55, (00 
51,600 
42,000 
34,200 
13,600 


392,000 


of Metal in in-Ib/in? 


3 [ray Energy Absorbed per Unit Volume 


Oo 0.04 0.08 0.12 0.16 0.20 024 0.28 0.32 0.36 
Octahedral Shearing Strain y 


Figure 7 - Energies Absorbed per Unit Volume of Metal, Corresponding to 
Values of the Octahedral Shearing Strain 
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Thus it will be observed that measurement of the final strains on 
the diaphragm, coupled with the use of the octahedral shearing stress-strain 
relations as obtained from a simple tensile test on a conventional coupon, 
suffices to permit a calculation of the energy absorbed by the diaphragm. The 
good agreement, in this case within 2 per cent, is further verification of 
the utility of the octahedral shearing stress-strain relations as applied to 
energy calculations. 
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DIMENSIONAL ANALYSIS: AN APPROACH FROM TRANS- 
FORMATION THEORY AND A CRITERION FOR 
SCALING MODEL EXPERIMENTS.'! 


BY 
J. C. DECIUS.? 


1. THE INVARIANTS OF CONTINUOUS TRANSFORMATION GROUPS. 


Ina recent article in this journal, Langhaar (1)* has drawn attention 
to a method of dimensional analysis in which the kinds of physical 
quantities are explicitly given a vector representation. The crucial 
theorem of this subject was proved by Langhaar in terms of theorems 
on homogeneous functions. 

The author of the present paper has formalized the subject matter 
of dimensional analysis from a slightly different mathematical point of 
view, in which, however, as is natural, the material receives a practically 
identical representation. Because of the relationship of the following 
method to a very general method of discussing problems in mathematical 
physics, it seems worth-while to set it forth here. In addition, since 
the development is aimed at the treatment of scaling laws for model 
experiments, a new criterion is given for the possibility of satisfying the 
scaling laws when certain restrictions are imposed upon the variables. 

A fruitful approach to the problems of dimensional analysis may be 
made by regarding any physical equation as the expression of an in- 
variant under the transformations of some group. Frequently the 
knowledge of some form of spatial symmetry, the requirement of in- 
variance under permutation of indistinguishable particles, or the neces- 
sity of special invariant properties which must obtain under transforma- 
tions simultaneously involving temporal and spatial coordinates has 
been used to simplify or actually to advance the mathematical descrip- 
tion of the physical world. Although the results of the following appli- 
cation of invariant theory are all rather well known, the method itself 
is rather elucidating, particularly with regard to the derivation of the 
laws of similitude which govern the scaling of model experiments. 

It will be shown below that all of the results of dimensional analysis 
follow from the single postulate that all physical relations must be 
expressible in a form which does not depend upon the ‘‘magnitude”’ of 
the various physical units of measurement requisite for the description 
of a given physical situation. 


1 Contribution No. 393 from the Woods Hole Oceanographic Institution. 

2 Woods Hole Oceanographic Institution, Woods Hole, Mass.; now at Brown University, 
Providence, Rhode Island. 

3 The boldface numbers in parentheses refer to the list of references appended to this paper. 
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Such changes of unit magnitude form the representation of a group 
of continuous transformations. A group of continuous transformations 
may be represented by the equations: 

zi= E(x}, x, OOO EG Ne INA rate A=), 
iat oer Ge 
in which the barred quantities are the new values of the variables, which 
were originally x!, x?, --- x", after the transformation induced by the set 
of continuously variable, independent parameters, \*(7 = 1, 2, --- m). 
The usual postulates for a group require that the \? can assume such 
values as will: 


1. Induce the identity transformation 
xi = Et(x1 see ns Xo! 500 No”). 


2. Induce the resultant of two or more successive transformations in- 
one step, that is, if 
(ql s+ + ams yl - ++ Ay), 
i(@1 «++ E> Nol --- Ao”), 
then F 
gi = Ei(ge--- as Agel --- Aas™). 
3. Induce a transformation ‘‘inverse’’ to every given transformation, 
that is, if 
z= Ei(q) aco gaps je ooo A”), 
gi = £i(gl 206 GkOo NU aoe NE))c 


It may then be shown that the equations of transformation (1.1) 
determine a set of linear partial differential operators 


Be ees) ee ‘ 
ae 0 Ox# oe 


which represent the independent infinitesimal transformations of the 
group (the subscript zero for d&/d)/ implies that the derivative is to be 
evaluated for those values of the parameters, \%, which induce the 
identity transformation; without loss of generality these values may 
henceforth be assumed to be zero). The most general infinitesimal 
transformation is represented by 


U = ail; (1.3) 


in which the a are arbitrary constants; any finite transformation is 


“ f 2 ¢ og te) 
‘The summation convention of tensor notation is used throughout. Thus (55) axi 
0 


5 5 oe [OD ) Dae 5 F ; 3 : 

implies 2 (35) aut? this is true only if the index appears in one place as a superscript, in 
i=1 0 

another place as a subscript. 
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generated by an integration of the differential operation signified 
by (1.3). 
The important consequence for the present purposes is that if any 
function of the variables x‘, say 
F(x}, --- x") = 0, (1.4) 
is known to be invariant under the group represented by (1.1), then it 
is always possible to express (1.4) in terms of a complete set of funda- 
mental invariants y!, y?, --- y"-’, which are determined by 
Uy = 0 (1.5) 
as functions of the x‘. Thus 


F(x}, cuate x") = &(y!, amar yr) = (@) (1.6) 


and the number of independent variables has been reduced by 7, which 


is equal to the rank of the matrix ani 


2. DETERMINATION OF THE INVARIANTS OF A GENERAL PHYSICAL EQUATION 
UNDER TRANSFORMATIONS OF THE UNITS. 


The nature of the number, x’, resulting from a physical measurement 
of the jth kind of physical quantity is such that it is determined only 
within a transformation of the type: 

zi = exp [A? |x’, (2.1)5 
= @& <I < aP ©, 

If it is desired to deduce the possible kinds of functions of the magnt- 
tudes of a basic set of physical quantities, which give the magnitude of a 
resultant physical quantity derivable from the basic ones, it is possible 
to apply the principles of Section 1 in the following manner. The 
resultant magnitude itself must obey a transformation law of the same 


form as (2.1) 
= = exp [f(A’*) |x (2.2) 


in which the value of f may be taken as zero when \’ = 0, all 7. Then 
Eq. 1.3 requires that the relation between x and x? be expressible in 
terms of a function y determined by 


a[aete(M)eB]-0 as 


The a* being arbitrary constants, (2.3) is equivalent to the m relations 
Oye 4 ay 
alnx* — ant*Jod In x’ Co 
eo eee 


5 It is clear that the range of the X/ indicated will contain values satisfying all the group 
postulates of Section 1. 
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An acceptable solution of this system is 


be nee, (2.5) 


0 3 . : : 
where a; = ( of ) . is a constant, so that, y being actually an invariant, 


which can be assumed to have the numerical value of unity, the ac- 
ceptable form for the combination of magnitudes is 


™m 


x elena) oe (2.6) 


k=1 
with the transformation law: 
z = exp [a,A* ]x. (2.7) 


It is immediately perceived that the numbers a; characterize the kind 
of the derived quantity and that they may be regarded as the com- 
ponents of an m-dimensional vector in the basis in which the /th com- 
ponent of the kth fundamental quantity is the Kronecker symbol, 61'. 
In other words, the general symbol, a;', is the ordinary exponent oc- 
curring in the conventional dimensional formula for the 7th kind of 
variable relative to the jth fundamental kind of quantity; for example, 
let 2 = 1 designate energy; 7 = 1, 2, 3 correspond to mass, length, and 
time, respectively, then a;! = 1, a2! = 2,a;! = — 2. 

Now let x‘ be a set of derived magnitudes expressible in terms of the 
basic set, x’. Then the transformation laws are: 

z = exp [a;*d? ]xi, 
Shane eR ae one eee eS) 
Now let 
1A) = 0 


be the expression of an unknown physical relation in terms of the magni- 
tudes, x*. Equations 1.2, 1.3, and 1.5 require that the relation be ex- 
pressible in terms of y*, the solutions of 

an OS 
aia jixt > = ()) 
Ox 


v 


Or 


p OE I 
te =) (2.9) 


LOG el a7 
Solution of Eq. 2.9 gives 


jes II (a')¥, (2.10) 
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where the 0;* are constants determined by 
a;b* => 0 (2.11) 


and where 7 is the rank of the matrix ||a;‘l|. 

This result is, of course, the well-known ‘‘r-theorem”’ as described 
by Buckingham (2) or Bridgman (3). The virtue of having used the 
transformation theory lies chiefly in the following two points: 


1. The ‘‘alias-alibi” duality of any transformation immediately al- 
lows the conclusion that although the deductions were based on the 
assumption that the “‘absolute’”’ magnitude of the physical quantities 
were unchanged during the transformation, the invariants, y*, will 
certainly satisfy the equation 


GV) eel 


throughout a transformation in which the fundamental magnitudes are 
fixed and the magnitudes of the x‘ are “‘actually’’ changed but in such a 
way as to keep the y* constant. In other words, empirical physical 
information satisfying 

JAG) = 


on a given scale may be used to predict a physical relation on any other 
scale, provided only that the x‘ are varied in such a way as to maintain 
the constancy of the y*. 

2. The simplification of a physical problem brought about by the 
reduction of the degrees of freedom, n, by the number 7, is not mathe- 
matically different in kind from the complete solution of the problem 
(the determination of the form of the unknown function, F) which is 
obtained when (x — 1) independent transformation parameters are 
obtained. 


3. A FORMAL SOLUTION FOR 5it. 


Equations 2.11 are equivalent to the matrix equation 
AB ='0; (3.1) 


where A =|\a,'‘||, B =||b*||.. The rank of A is 7; by mere rearrangement 
of rows and columns, the non-vanishing determinant can be made to 
appear in the upper right-hand corner of A (under the last 7 columns 
and the first r rows; it will be supposed that the subscript is the row 
index, the superscript the column index). Call this portion of the 
matrix A,, call the first (x — r) columns and first r rows A»; let the last 
(m — r) rows be called Ao (if r = m, Ao does not exist). 

Make a corresponding partition of B, calling the first (x — 7) rows 
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B:, the remaining rows B;. Then Eq. 3.1 is equivalent to 


A,B,+ A,B, 
By = (0. (3.2) 
Ay === 
By, 


But since the rows of Ao are linearly dependent upon the rows of 
||A 2:A,||, any solution of 
A,B, = — A2B, (3.3) 


2 


i 


B, = — Ay"A-B». (3.4) 


automatically makes A vanish. Since |Ai|# 0, A: exists and 


The elements of B, are now completely arbitrary, and it is convenient, 
as will be shown below, to let B; equal the negative unit matrix, whence 


By = Alay 2. (3.5) 


Combination with Eqs. 2.10 and 2.11 gives the result that the 
invariants are: 
n—r+p) bE 


yt = ll fe —, (3.6) 


p=1 ape 
that is, since the y* are to be held constant, the first (x — 7) variables 
must be individually proportional to a set of products involving only 
the last 7 variables which may be changed arbitrarily. 


4. THE SCALING CRITERION. 


In the application of these results to the design of model experiments 
certain difficulties arise which have not previously been considered in 
the general case. It frequently occurs that some of the variables essen- 
tial to a given problem may not be readily changed with scale. As 
examples, the acceleration of gravity, or, in certain cases, even the 
properties of liquid and solid media cannot be readily altered in general 
so as to satisfy Eqs. 3.6 and must therefore be regarded as fixed. In 
order to set up a general criterion for determining whether scaling is 
possible, it will be useful to classify the variables in three types: those 
which are fixed, those which are to be arbitrarily (and independently) 
scaled, and those which are unrestricted. We shall use the subscripts f 
and s to designate the first two types respectively; 7;, 7;, 7sr will stand 
for the rank of the sub-matrix of A corresponding to all the variables of 
types s, f, and both s and f, respectively: ¢,, ¢;, t,, will stand for the 
number of y* which involve variables of type s, f, s and/or f, respectively ; 
and n,, my; are the numbers of variables of type s and of type f. A neces- 
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sary and sufficient condition that scaling be possible is that 
Net ry = May. (4.1) 
To prove the necessity of the condition, suppose m, + 1; # ri. 


Since 7,, cannot exceed nu, -+7;, we must suppose ”, + 7; > fy OF 
n, + nz — sr > Ny — 77, but since 


tyy = Ny + LD EY 
and 
ty = ny — Ty 
we should have 
bey Sty 


so that there would be either or both of the following types of y*: 


1. those containing arbitrarily scaled variables only, 
2. those containing arbitrarily scaled and fixed, but not unrestricted 
variables, 


neither of which types can be allowed. 
To prove that the condition is sufficient, distinguish the two possible 
cases: 


ile UE 1G 
Dey pet eR ie 


In case (1), that part of A,,; with the 7,; X 7,, non-vanishing de- 
terminant can be taken as A,; consequently (since such a determinant 
can be found which contains columns from all the arbitrarily scaled 
variables) all the arbitrarily scaled variables will appear in the set 
x"-+?, the fixed variables (if any) not contained in A, will be expressible 
in terms of fixed variables in A; only, and there will be just enough 
restricted variables to complete the set of (x — r)y*’s with one such 
variable to each y* involving arbitrarily scaled variables. 

If, on the other hand, case (2) obtains, the same proof will hold (with 
the modification that some unrestricted variables will appear in the 
set x"-'"+?) provided only that the 7,; X r,; non-vanishing determinant 
contained in A,,; is contained in some 7 X 7 non-vanishing determi- 
nant of A. 

That this latter requirement is always satisfied follows, for example, 
from ‘the definition of rank in terms of linear independence as shown by 
Birkhoff and MacLane (4). This completes the proof of the scaling 
criterion. 

In concluding this section it should be remarked that the criterion 
furnished by Eq. 4.1 is independent of the basis of fundamental units 
adopted, since the only quantities appearing are numbers of variables 
and the rank of various sub-matrices, taken by columns, which are, of 
course, all invariant under the group of homogeneous linear transforma- 
tions on the a;‘, A ~ A = TA, |T|# 0, which corresponds to all con- 
ceivable choices of a basic set of fundamental units. 
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5. APPLICATION TO HYDRODYNAMICS. 


Consider the dimensional composition of the variables appearing in 
the analytical description of fluid flow. The Navier-Stokes equation 
and the equation of continuity contain variables of the following dimen- 
sional types: v = velocity, p = pressure, R = any length, ¢ = time, 
p = density, u = viscosity. If the external forces are due to gravity, 
the acceleration of gravity, g, is included. In addition, there exists an 
equation of state which expresses p as a function of p alone in case the 
flow is assumed to be isothermal or adiabatic. The implication of this 
last condition is important in the consideration of possible scaling solu- 
tions: although the specific form of the equation of state is unknown, it 
must be expressible in terms of variables, such as the bulk modulus, 
whose columns in A are linear combinations of the columns in A repre- 
senting p and . In order to maintain, temporarily, the generality of 
the discussion, it will be supposed that the density is given by the series: 


p= ey pi(p)* (5.1) 


with a =o. 
The A matrix is then as follows: 


M 0 1 0 1—7 1 0 0 
Ik, ibeal We Sose0 ok 1 1 
if =| -—2 1 24 2 0 


A model experiment will now be considered in which R plays the role 
of the deliberately scaled variables: nm, = 1. Then the criterion of 
Eq. 4.1 requires 7,, = r; + 1. If the medium is unchanged with scale, 
in the general case the rank of (;, u) is 3 so that, since 7,; also equals 3, 
scaling is impossible. Even for an incompressible fluid (p; = 0 except 
for z = 0) a scaling solution with fixed g is impossible if wis fixed. The 
idealizations which lead to the familiar scaling approximations in terms 
of the Froude, Reynolds, and Mach numbers are described in Table I. 
In each case the set of variables designated as ‘‘ignored’’ are shown to be 


TaBLeE I. 
Scaling Laws for Hydrodynamics. 


Ignorable 


: A : Fixed 
Typical Invariant Wairlables v p t pi H & Variables 


Froude Number pili ~ 0), uw 
Reynolds Number | pi(¢ ~ 0), g | — 
Mach Number B, g 


Now 
= 
=. 
= 
— 
wie 
VS 


0 Po, & 
(27) 0 (—3) Po, Mt 
0 (1) (—1) pi 


COR nr 
| 
oNre 


ts pe 20, 1,4) | PO PL-1]] VG) 0. | hg 
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required to follow rather impractical scaling laws, but by assuming that 
their influence on the flow is unimportant in a certain range of velocities, 
a solution is obtained by omitting them from further consideration. 
The dependence of the variables is expressed in terms of the exponent 


b,® in the expression 
( R ae 52 
GO = Fe Re ; (5.2) 


where x‘ is the appropriate value of the zth variable on any scale with 
a typical length R related to the model scale with corresponding values 
x?e?and R°. The computation of the >; requires only the determination 
of that row of A, which corresponds to the column of A; in which R 
appears. 
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(2) E. BucxincHaM, Phys. Rev., Vol. 4, p. 345 (1914). 


(3) P. BripeMan, “Dimensional Analysis,” Yale University Press, 1922. 
(4) G. BirKHOoFF AND S. MacLang, ‘‘A Survey of Modern Algebra,’’ Macmillan, 1944. 
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A THEORY OF THE DYNAMIC PLASTIC DEFORMATION OF A THIN DIAPHRAGM 


G. E. Hudson 
New York University 


American Contribution 


1950 


This article is a revision and extension of a report written while the author was at the 
David W. Taylor Model Basin. It was then entitled “A Theory of the Impulsive Plastic Motion 


of a Thin Diaphragm Normal to its Initial Plane” and was Part 18 of TMB report R-254 
(June 1944). 
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Historical Background 


In connection with the torpedo-protection program which was conducted at the Taylor 
Model Basin, U, S, Navy, during the War, detailed studies were made of the damage done by 
underwater explosions to thin metal circular diaphragms, air-backed, and held rigidly at 
their peripheries, The idea was, that if an adequate description and explanation of the 
phenomena attendant on the damage to such an apparently simple structure could be obtained, 
Some progress toward an understanding of damage produced similarly in more complex structures 
might be made, At the same time smaller metal diaphragms were used by several other 
research groups as underwater gauges for estimating from their deformations the relative 
strengths of underwater explosions, These investigations led to certain theoretical develop- 
ments along this line but from a point of view different from that taken in this article,* 
On a later occasion, the necessity arose for the development of a simple mechanical gauge 
to measure the velocities acquired impulsively by large structures when they are subjected 
to a very great force of very brief duration, For this purpose, a small thin lead diaphragm 
was mounted in a rigid closed container which was then attached to a given structure, 

When an impulsive velocity was imparted to the structure, normal to the plane of the 
diaphragm, the diaphragm container moved and the diaphragm material tended to remain behind, 
The resulting deformation was of course the same as if the diaphragm itself had suddenly had 
impressed on it an equal but opposite uniform velocity normal to its plane while the 
container remained fixed, The theory presented in this article was developed in an attempt 
to describe the observed motion and deformation of metal diaphragms under some of the 
conditions encountered in these experiments and with these instruments, 

Ubservations of Deformation of Diaphragms 

When a thin metal diaphragm is held rigidly at its periphery, and a 

sufficiently large uniform velocity is suddenly imparted to it perpendicular to its 

initial plane, the following phenomena have been observed, As soon as 

*See , for example, J.G, Kirkwood and J.M, Richardson, "The plastic deformation of circular 

diaphragms under dynamic loading by an underwater explosion wave", OSRD 4200 (1944). This 


unclassified report is a summary of most of the work presented in two earlier reports by 
Kirkwood, OSRD 793, and 1115, also declassified. 
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the diaphragm begins to move, the material at the outer edge is jerked to 
rest by the rigid constraint there, The news of this retardation is carried 
radially inwards by a rather sharply defined bending wave, shown in Figure 1, 
which travels at a nearly constant velocity until it reaches the vicinity of 
the center of the diaphragm, where it appears to speed up, The material in 
the flat central region of the diaphragm, ahead of the bending wave, continues 
to move with almost its initial velocity until the wave reaches it. Then, as 
the bending wave sweeps over it, the material is brought quickly to rest, 
Finally the bending wave reaches the center, leaving the diaphragm deformed 
into a characteristic shape, generally a surface of revolution, nearly 
conical, with, however, a somewhat rounded apex,* 

Thickness measurements along a generator of the surface of revolution 
show at the outer edge a relatively large and very localized thinning, as if 
the diaphragm has a strong tendency to shear loose from the restraining rim, 
Indeed, it is found necessary to round off the sharp rim somewhat at its inner 
edge to inhibit this shearing and to obtain the type of motion of interest 
here, As one proceeds inward,toward the center,the thickness decreases, gradually 
at first, from approximately the original thickness close to the diaphragm 
periphery. Near the center, the thinning becomes greater and greater and 
finally, right at the center there is usually observed a kind of dimple, The 
thickness at this dimple decreases with the total amount of deformation, 

Measurements have also been made of the radial and tangential 
strains along a radius for a great many diaphragms, These measurements show 
that the two strains are nearly equal at each point, 

% In some of the experiments with underwater explosions, further deformation 
of the diaphragm takes place which, however, is attributed to causes other 


than the initial impulse, and is therefore irrelevant to the present 
discussion, 


—2= 
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Surmises Concerning the Motion 


We may now draw certain inferences from the previously described 
observations and make certain suriises as to the details of the motions 
and as to the mechanisms involved, These surmises themselves have not yet 
been verified experimentally, but they seem physically reasonable in the 
light of present knowledge and in the light of the conclusions to which they 
lead, 

At the initial instant the diavhragm material has a uniform normal 
velocity component v3; the radial velocitz component is certainly zero. 
However, the restraining effect of the rim must be felt quickly by the 
diaphragm material adjacent to it, This is considered to have two effects, 
First, the presence of the rigid edge constraint is quickly made known to the 
interior portion of the diaphragm, The news is no doubt transmitted by an 
elastic stress wave trayelanpece 2 high "sonic" velocity, We may surmise 
that this wave leaves the interior of the diaphragm in a state of plastic 
flow so that a non-zero radial velocity distribution may be superimposed on 
the uniform normal velocity, which itself remains practically unaffected, 
Elementary estimates indicate that this presumably takes place in a time 
which is very short compared to the time taken for the complete deformation 
of the diaphragm, Second, a plastic bending wave is generated near the edge 
and is propagated inward more slowly. It is believed that one function of 
this wave is to inhibit the tendency, as evidenced by the thinning at the edge, 
of the diaphragm to fail in shear, 

As the bending wave sweeps inward over material flowing outward in 
a radial direction, the material loses most of its velocity, both its radial 
component and the original component, v, normal to the initial plane, It is 
surmised that little or no impulsive thinning or other form of plastic working 


is associated with this action; that is, the bending wave in effect simply 
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tilts each annular element as it sweeps over it, removing its kinetic 
energy, This is then transmitted to the central region where it is 
ultimately converted to plastic work of stretching and thinning, In this 
region, the diaphragm is still nearly flat, and therefore, in the absence 
of any normal force components it retains its uniform normal velocity; 
its initial radial velocity distribution, however, may be altered, both by 
dissipation of energy in plastic work, and by the probably non-uniform 
distribution of tension resulting from non-uniform radial flow, thinning, 
and work-hardening, 

Because no motion is observed in the diaphragm material behind the 
bending wave, it is surmised that this material has been unloaded and 
returned to the elastic state. Indeed the somewhat conical shape assumed 
by the diaphragm suggests that the stresses in a particle momentarily behind 
the bending wave, although possibly near "the yield point" of the material, 
quickly subside, 

As the bending wave sweeps inward, it speeds up. This is possibly 
due to a rise in the stress ahead of the wave because of work-hardening 
effects in the plastic material in the flat central region, This speeding 
up accounts at least partially for the rounding off of the diaphragm 
profile at the apex; in addition it is probable that the bending wave has 
a finite radius of curvature, that is, it may have a finite "length" in the 


radial direction, which would also help account for this rounding off, 


Basic Suppositions 


The exact non-linear partial differential equations of motion 
describing the dynamic plastic deformation of the metal in a diaphragm such 
as we have been considering are extremely complex. ven if it were possible 


to solve these with existing mathematical techniques the solution would 
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without doubt be so unwieldy as to necessitate the introduction of radical 
simplifying approximations, Hence it seems desirable to attack the 
theoretical problem of analysis of this motion by the artifice of replacing 
the actual mechanical system by a fictitious one in which are incorporated 
certain constraints which do no work and which operate to simplify the 
equations of motion, At the same time this idealized model must be so chosen 
that most of the main qualitative features of the actual diaphragm motion, as 
described or surmised in the foregoing, are preserved, In this way it is 
hoped that the motion or the model when found agrees closely enough with 
that of the real system so that certain quantities, such as thickness 
distribution, central deflection, total strain, and time of deformation do 
not differ too much in magnitude from their actually observed values, 

Consider, therefore, an ideal thin metal circular diaphragm of 
uniform thickness h, and radius a, held rigidly at its periphery, Initially, 
suppose that the diaphragm material has a uniform velocity component v normal 
to its initial plane, Because in the actual diaphragm, an elastic wave may 
then quickly set the material in motion radially, we shall suppose in 
addition that in the ideal diaphragm, there may be an initial linear radial 
velocity distribution superimposed on the uniform normal velocity v,* 
Estimates of the magnitude of this effect will be made in a later section, 

At any later instant, the situation is considered to be as follows, 
A plastic bending wave has traveled inward some distance from the edge, In 
connection with this wave, we shall suppose that its shape is as shown in 


Figure 23; that is, the bending wave represents a true discontinuity in the 


*his initial elastic stress phase has been investigated, but not published 
to the writer's knowledge, by F. Bohnenblust, He indicated orally some years 
ago to the writer that the circumferential stress component rises very 
quickly behind the elastic-stress wave in which the only non-vanishing stress 
component is the principal radial stress, 
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slope of the instantaneous profile of the diaphragm. As the wave sweeps 

over each annular material element in the flat central region, in effect 

it tilts it into the shape of an annular truncated conical element behind 

the wave. During this process, it is assumed that, because of the thinness 
of the diaphragm, no significant amount of work is done in bending. Moreover, 
no impulsive thinning is supposed to take place in the bend of the wave. We 
further suppose that the only stresses of importance at the bending wave are 
radial and circumferential principal stresses just ahead of the wave, and 
behind the wave in the tilted region, a normal st@#ss component along the 
generator of the tilted element, a shear stress component, and a circumferential 
normal stess component, 

Now the material passed over by the wave shall be supposed to have 
come to rest. The stresses which exist in this region are supposed to be 
such as to just hold the material in equilibrium - although their tendency 
to cause further plastic flow or not is a subject for further investigation, 
and might constitute a partial theoretical test of the model, 

Within the central region which is as yet unaffected by the 
plastic bending wave, the diaphragm is still supposed to be flat, and therefore 
in the absence of normal force components it retains its uniform normal 
velocity v. At the same time, the material in the flat central region is 
supposed to be flowing radially outward and thinning. To avoid the extreme 
complexities of considering the probably non-uniform distributions of tensia 
and thinning in an actual diaphragm, we introduce in this region a distribu- 
tion of constraint forces which do no work and which produce a uniform thinning 
over the region during the motion, These constraints must be considered to 
yield a non-uniform stress system which is superimposed on the stresses arising 


from the uniform plastic deformation of this region.* Their 


*Henceforth these latter are denoted as "plastic stresses" to distinguish them 
from the stresses arising from the constraints, 
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total effect is simply to bring about a simple radial velocity distribution 
and to afford a means of transferring the kinetic energy lost at the bending 
wave into kinetic energy of radial motion in the flat central region, 

Kinetic energy of thinning is supposedly very tiny and is neglected, 

As regards the properties of the metal of which the diaphragm is 
composed, we shall suppose the following. Because we are here dealing with 
finite deformations and strains, all purely elastic effects, other than those 
of the initial stress wave which have already been mentioned, would seem to 
be negligible, Consequently we shall suppose that except for the initial 
elastic action, we are dealing with an ideal incompressible plastic material, 
with a zero elastic strain range, This is consistent of course with the 
surmise of the initial very high speed elastic stress wave and the "freezing " 
of the material when it unloads as the bending wave passes by. Furthermore, 
we shall suppose that there are no strain rate effects affecting the plastic 
flow. We shall suppose, therefore, that the data obtained from a tensile 
test of the diaphragm material in which the tensile stress is exhibited as 
a definite function of the natural elongational strain, are, in combination 
with general laws of plastic flow, sufficient to specify the plastic properties 
of the material, 

Naturally the mathematical statement of the problem depends to a 
certain extent upon the choice of the type of plasticity theory, although 
in any case an apparently consistent foritulation may result, As a matter 
of fact, for the type of motion herein investigated, no differences arise 


whether one applies the plastic deformation type of theory, or the plastic 


flow theory of plasticity,” The point of view of the latter is taken in this article. 


*For a discussion of these basically different theories see W. Prager, 
"Theory of Plastic Flow vs. Theory of Plastic Deformation", J. App. Phys., 19 


540 (June, 1918). 
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With the foregoing picture in mind, it is found possible to 
develop a consistent mathematical formulation of the theory of the main 


motion so as to satisfy the fundamental laws of mechanics,* This is done in 


the following sections, 
Mathematical Formulation of the Theory 


The basic suppositions and assumptions introduced in the preceding 
section lead to certain quantitative relations between the parameters which 
describe the configurations and state of the diaphragm material, The 
development of these relations can be divided into four main parts, Part 1 
has to do with conservation of momentum, energy, and mass (volume) in the 
neighborhood of the bending wave. In Part 2, the equations of motion of 
the material in the central flat plastic »ortion are derived, and in Part 3, 
plasticity theory is introduced and applied, Part 4 is concerned with the 


specification of the initial state of the motion, 


Part 1, Conditions in the Neighborhood of the Bending Wave. 
Suppose that, at any time t, after the start of the motion, the 


distance of the bending wave from the center of the diaphragm is R, as 

shown in Figure 3. Let dL be the width of an elementary ring of thickness H 
just ahead of the bending wave. During the time interval dt, this ring is 
swept over and, in effect, tilted by the bending wave as it is propagated 
inward, The radial distance traveled by the wave in this time is -R dt, 

the negative sign being affixed because R, the velocity of the bending wave, 


is negative, Let the material at a distance dL ahead of the bending wave 


* The treatment of the initial elastic action is perhaps not quite as 
satisfactory, except when the hypothesis of a zero elastic strain range 
is rigidly maintained, This appears to be a subject for further investigation, 
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have a radial velocity U outward, so that it moves a distance Udt in time 
dt. Hence, as is evident from Figure 3, the rate at which material is 
swept over by the wave is 


dp. 2 Reed (1) 
dt 


As the wave travels by, the material ring of width dL in effect is tilted 
impulsively into a truncated conical ring of width dL and thickness H, In 
deforming, the inner edge of the annulus undergoes a displacement v dt normal 
to the original plane of the diaphragm while the outer edge remains fixed, 
Actually, then, the bending wave travels a distance dL along the generator 

of the conical element while it is traveling inward along the radius a 
distance -Rdt. hence, the rate at which the wave travels along the profile 


of the deformed diaphragm is given by 


idk = \) R? + v2 (2) 


dt 
It is clear, from this and Figure 3, that the generator of the conical element 


makes an angle C€ with the outward pointing radius, defined by the relations 


di tcos oC = R (3) 
dt 
dL sin & =v (4) 
at 


which together are equivalent to (2). 

Let Str be the total normal stress component parallel to a generator in the 
diaphragm at a point just behind the bending wave, and let SoH be the total 
shear stress component parallel to a plane element normal to the generator 
at this point as in Figure 4. By total stress is meant here the sum of the 
plastic and the constraint stresses, These components exert forces of 
inagnitude SpR HRd@ and Spy HEd@ respectively on the outer edge of a segment 
of width dL and thickness H which subtends an angle d@ at the denter of the 


diaphragm, 
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in time dt, this segment loses all its momentum component, 
PHRd@dLv, normal to the original plane of the diaphragm. If the change 
in momentum is equated to the impulse [-S),HRd@ sin % + SpyHRd® cos <] dt 
delivered in this direction in time dt, there results the relation 


p ev = Shp sino - Sp, cos (5) 


Similarly, if Sp is the total principal radial stress component 
in the diaphragm material just ahead of the bending wave, as in Figure 4, 
the net radial force component on the same segment of the annulay element 
while it is being tilted is ~S,, pikde cos & — S.iRd® - SpyHRd@ since , 
in time dt this effects the removal of the radial momentum pHRdO dLU from 
the segment, Again if the change in the radial momentum component is 


equated to the impulse, we obtain the relation 


gL U=Sp + Shp cos ox + Spy sin x (6) 
dt 


As the bending wave sweeps inward over the element depicted in Figure 4, 


the stress Sp does work of amount -SpHRdO Udt on it, while the stresses SaR 


and Sane being of the nature of constraint forces in the rigid stationary 
material behind the wave, do no work, The work which is done in the time dt 


equals the increase in kinetic energy, so that 
iL dL : 
> po +) 4 Shu (7) 


Several consequences of interest can be deduced quickly from equations (1) 
through (7) inclusive. Recognizing from (1) and (2) that 

U- + v2 = 2U(U - 8) 
and incorporating this in (7), and combining the result with (6), we find 


that pS R = SER cos & + SRH sin of (8) 


174 


Substituting for R in (8) and for v in (5) fron (3) and (4), we find, since 
the determinant 
since< , - cos 
Ps) 
cos & , sin < 
that the speed of the bending wave with respect to the material on either 


side of it is 


aL “lf Shp (9) 
dt >. 


and that the shear stress behind the bending wave is 


Soy =0 (10) 


Substituting the value of U obtained from (1) into (6) and utilizing (8) 
and (9), we find that 
Son > oR 11) 


so that there is no stress discontinuity and no shock in this sense at the 


bending wave, In addition (3) and (4) may be combined to five 


tanoc = ¥ (12) 
R 
Similarly (1) and (2) yield 
U - 2uR - v2 =0 (13) 


i 


while utilization of u* *v- 2U(U - Rk), obtained previously from 
(1) and (2), in (7), and then substituting for (U - ft) from (1) and for 
() from (2), yields 


p (a + a) =S) (14) 


Equations (9) through (14) inclusive are entirely equivalent to 
the original six independent relations described bz (1) through (7) inclusive, 
Clearly we may regard these equations as defining the six quantities dL, om 


dt 
Spp,c¢ , R, and U in terms of v and p, and Sp. 
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Part 2,  ciquations of Lotion in the Flat Central Region 


The component velocity of any particle in the flat central region, 
perpendicular to the original diaphragm plane, is supposed to have the 
constant value v until the bending wave sweeps inward over it. This normal 
motion is quite independent of the radial motion, which in general might 
conceivably be much more complicated, The radial motion is of importance, 
for upon it depends, in part, the distribution of thinning in the diaphragm, 
Let us now consider this radial motion, 

4s mentioned previously, in order to avoid the mathematical 
complication of non uniform thinning in the flat central region and the 
necessity of attempting to solve non-linear partial differential equations 
of motion, we introduce a system of constraints which serve to maintain a 
uniform thickness H throughout this region, Consequently, at time t + dt, 

a disc which was of radius R - dL, and uniform thickness H at time t, has 
stretched into one of radius R - dL + Udt and uniform thickness H + Hidt, 


Since its volume is conserved we are led to the equation 


H #75 Ue 0 ak 
H+ 23 (15) 


A similar consideration of an interior disc of momentary radius 


r <&, at time t, and initial radius rj» shows that 


ros 2r =\fh 
ra rs H (16) 
so that r_ is a function of time only, iquations(16) will be termed 


ip 
fe) 
the "constraint equations! for the flat central region, 


Now the forces exerted on each material particle in the central 
region are due to the constraints and to the plastic stresses, We are 
supposing that the only normal plastic stresses in the central fegion are 


radial and circumferential stress components Cz. and Tg respectively, On 
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an elementary segment, of width dr and thickness H, which is a distance r 
from the center of the diaphragm where it subtends an angle d6, these 


stresses exert a net force: 
P) o : 
= r) -O,| Hdédr . 


But from the constraint expressed by (16), it is clear that the radial 

and tangential strains, and hence the radial and tangential strain velocities 

are equal and functions of the time only, It follows from plasticity theory 

that the radial and tangential plastic stress components are equal and are 

functions of the time only, (vide Part 3). Hence the plastic stresses 

exert no net acceierating force on the particles in the flat central region 

interior to the bending wave, The only possible accelerating forces in this 

region are the constraint forces; that is, we may define the outward accelerating 

force on the element of mass pHr dr d@ by a differential quantity d [do = 

x0 r dr dQ,except for elements just ahead of the bending wave, Combining 
r 


r) 
(16) with the equation of motion of this element, we find that 


pHtr* a? | 1 | ar (17) 
dt ya fee 


At the bending wave itself we must have 


RH S, = RHO, + fe (18) 


where hea is the value of ie when r = R, and is to be so chosen that the 


constraint forces do no work, This means that the rate of working by the 


whole set of constraint forces is zero, viz., 


27 R 


ie 2 = alae > ax, U=0;3 


CJ 


if this inbegration is carried out, using (15), (16), and (17), we see that 


(= put? a? | (19) 


H 


4 at? ir 


= 35 
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Equation (17) may now be integrated to yield 


[= 2 pw? (urd - B3) ¢.(2| (20) 
as the quantity defining the distribution of constraint forces in the flat 
central region, 

It is interesting to note (and a checl: on the work) that if one now 
equates the total rate of decrease of kinetic energy for the whole diaphragm 
to the rate at which energy is being absorbed in plastic working of the material, 
viz, -o tin”, the resulting relation, after a bit of manipulation, is identical 


with (7), as it should be, 


Part 3, The Application of Plasticity Theory 


To complete the discussion in the previous section it is 
necessary now to introduce certain stress and strain relationships in the 
flat central resion, Because the rates of change of the principal strains 
are proportional to the principal strains themselves, as a result of the 
constraint relation (16), it is not important to formulate the plastic flow 
relationships in a completely general fashion,* It suffices to write these 
laws in terms of the principal stresses O., 0,5 CO, and principal natural 


» €_ in the form 
one €&, + €2,+ €,= 0 
6-0, G-6, , “te 


@ - €3 eres Yar 


The first states the law of conservation of volume, while the second, as a 


strains €, € 


consequence of the first, states that the principle strains (more generally 


the strain rates) are proportional to the deviations of the stresses from 


* For such formulations, sce, for example: G.H. Handelaan, C,C,Lin, W. Prager, 
"On the mechanical behaviour of metals in the strain-hardening range", 
Quart, Appl, iflath 4 397-407 (1947). In the present report, the plastic 

flow laws reduce to a form identical with that of the deformation theory of 

plasticity, 
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an isotropic stress state, The factor of proportionality, cs » is 
the ratio of the octahedral shear stress us 


T =3 Vo Gy)" # (04 = Gy)" # (F, -G)* 


to the octahedral shear strain 

ya\E (el eS + €,) 
and, when the material is yielding plastically, the ratio is a function 
of y, having a form determined empirically from a tensile test for example, 
According to our previous supposition, in a tensile test, the tensile stress 
On, is related to the natural longitudinal strain, 2a. by 

Gm Gia. 
In a tensile test T = ious om while y = V2 E “ Hence, we may 
rewrite the above See 

TY) = V2! oz ¥) 
which is now pane aie is a more general stress state than that occuring 
in a tensile test, 

Let us now apply these laws to the central flat region of the 


diaphragm, In this case 

G, =G, ; 0,.= 04 5 og oleh 

€, =€, = log Ir, © =f, = doe ray Ge = € = toe eee 

or r 3 H hi, 
° ° 
where om is the principal stress in the thickness direction, and Es Eo» 
and e. are the natural (logarithmic) strains in the directions indicated by 
the subscripts, As a consequence of (16), Ey = e, == i €3> so we find 
2 


that 


0-0, (21) 
and 
O~ = O(ieg hb) (22) 
H 


iiquality (21) has already been used in the previous section in 
obtaining (17). 
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Part e cification of the Initial State 


As the initial elastic stress wave front sweeps inward from the 
edge it may accelerate the material particles, leaving any real diaphragm 
in a state of plastic flow with the material flowing radially outwards, 
However, for the ideal material with which we have been dealing, with a 
zero elastic strain range, the elastic stress wave would travel at an 
infinite speed from the periphery to the center, Consequently, although 
the discontinuity in stress across the front of such a wave is quite high, 
jumping from zero to the yield stress O= O(0), the actual impulse 
delivered to any material particle swept over by the front would be zero, 
This seems to be possibly a rather extreme case, however, and since the 
theory does permit the assumption of an initial radial velocity distribu- 
tion of a certain kind, a rough estimate of the possible magnitude of this 
effect will be made as follows, 

In accordance with the constraints placed on the diaphragm 
material, we shall assume that the motion, generated in the elastic deforma- 
tion, can be approximated by one of a normal type with a linear radial 
velocity distribution which is zero at the center and greatest at the 
periphery. Then the radial coordinate r of a particle, initially at To is 

7 r (1 + alt) 
where q is the normal coordinate of the constrained motion, and "a" is the 


radius of the diaphragm, The elastic stresses for such a motion are 


Op 8105) = E202 
: ep 


where E is Young's modulus and Y is Poisson's ratio, The motion begins at a 
time t = 0, when the stress at the edge rises suddenly to the yield stress,o, 
Hence the equation of motion is, after calculating the eyuivalent mass from 


the Kinetic energy, 
pa 1k. ¢g = & 
4 1-yY a 
ilies 
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to be selved subject to 4(0) = 0, q(0) = 0. We find that 


: To wee E t 
(0) = 20 ain E> 

(t) =a O G-Y) }1- 2 E t 
q a ; | cos ni eee ] 


When q is a maximum, the stresses in the diaphragm reach the yield point, 


and from that time on, plastic flow takes over, This happens at a time 


the velocity distribution may be written 


drero A(t) =vto\/ar .O-v (23) 
era a Vp E 


The time for complete plastic deformation of a diaphragm may be estimated 


roughly, considering the bending wave to travel along a radius with a 


speed Rz-\|] O A 
| p 


It reaches the center at a time 
ool > 


ts = a\j P ; 


the ratio of tp to ty is thus 


tg =n |/2Q-%) = 3 oo 
st 3 


for some steels,* Similarly, elastic considerations give the radial velocity 


at the periphery, 


2 = "ope ge as = .675 v 
2 *Inlastic : Pv 


%* Typical values of parameters for obtaining these quick estimates aret 
2 


sei Neato Lb/in’ r= n> 107? 1b. sec*/in* h = ,05 in 
Hise IO" ib/in’ “we 10? in/sec aae5ein 
Y= 53) 
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while a rough order of magnitude of a typical plastic radial flow rate U 


may be obtained from (13): 


2 2 
=e res BN O55 0v 
— Lo 


v/22] = 5h = 8 oo 


ot Blastic. 675 


Us 


so that 


From these results we see that although the initial elastic effects occur 
very rapidly, they may result in a radial velocity distribution of 
significantly large order of magnitude, Because of this, it is a bit 
unfortunate that the estimate (23) is not based ona firmer foundation; this 
appears to be a subject for further investigation, 

The remaining initial conditions, other than (23) (which we now 
take to hold at t = 0) may be listed, The initial radius of the bending 
wave is 

R(0) =a ; (2h) 
the initial thickness is 
H(O) =h $ (25) 


the initial radial velocity at the bending wave is 


u(o) = v\J4 « ZU-Y) (26) 


ay E 
where E = OO, for a material of zero elastic strain range, 

Finally in order to define the final shape of the diaphragm 
profile, we introduce the distance Z (t) of the central flat region from 
the initial plane of the diaphragm, Clearly, 

Zo vat (27) 
so that once R is found as a function of t, elimination of t between R and Z 
will yield Z = Z(R), the equation of the diaphragm profile, This concludes 


the mathematical formulation of the theory, 
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Summary of the Kquations of Motion 


For convenience, the relevant 


ah = |/SR 
dt 5 
tan of = = 
(a) Siete: 
BR. oR 
t 
Soy = 0 
Uo 2 2 ewe a0 


iL +2 U0 =0 
H R 
R(O) =a 
() H(O) =h 
vo) = vas > See) 
Vv 


defining relations are collected here: 


S.= 0. + 

R F RH 
O, = Oy = O(log x 
Z=vit 


p(ne *Vv 2) vs O (log 3) + ; p n° Vn (rr) 


In (A) the quantities on the left of the ecuations are defined in terms of 


h 
Pp, h, v, O (log iD» t, R, and H, 


The relations (B) constitute a differential 


system of third order in H, U, and R, so that (C) furnishes the necessary 


three initial conditions, 


to have an explicit functional form for 


In order to solve (B) it is necessary, in addition, 


O (log ~ . For example, if the ideal 


material is one which does not work harden, then we have simply 


O (log 2) = oO 


where O is a constant, 


=19e 


(28) 
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An slementary Approximation to the Solution 


In case the effect of the constraint forces, that is, 

acceleration of the material in the central flat region, is smdll throughout 
most of the motion, so that 4t may be neglected, the equations (B) take on 
a particularly simple form, especially if the material is one which does not 
work harden, Then the order of the set of differential relations becomes 

two, so that only two initial conditions, those on R and on H, can be applied, 
Although it is not necessary, it is also convenient to suppose that © a6 

a very large number. compared to unity, which is certainly true for many 


cases of interest, For the typical values listed in a previous section 


Die te icd 
Let us denote the constant iG. by oc”. Then, neglecting high 


powers of v, the solution of the equations may be written 


c 
wv 
U = oF (a) 
Re= ar— ct. (b) 


so that 


N 
i] 


¥(a-R) (4) 


These equations tell us that the radial speed U is a smail 
constant at the bending wave, and that the speed of the bending wave from 
the edge to the center of the diaphragm is a constant, indenendent of the 
initially imposed normal velocity v. The thickness distribution in the 
deformed diaphragm given by equation (29)(c), shows a dimpling tendency at 
the center; in fact at the last moment the thiclness becomes zero at the 


very center = no doubt a consequence of the idealizations and approximations, 
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In any event, the variation with it is so ranid near k = 0, the tiny 
pinhole would not actually be experimentally very apparent, furthermore, 
this rapid variation of thickness indicates that at the last moment, when 
R/a<< 1, the neglect of the constraint effects might be more serious 

than otherwise; however, this does not turn out to be the case in general, 
as shown in the next section, Equation (29)(d) shows that the diaphragm 
assumes a conical shape, as indicated by experiment, whose center deflection 
is proportional to the initial velocity v, This last is the basis for the 
use of such diaphragms as impulsive velocity indicators, as described 
earlier, Quantitatively there is also fair agreement between these results 
and experimental observations, Indeed, even the total time for deflection, 


which has been called the swing time t,, » of the diaphragm, and is given by 


is seen to be independent of v, to this order of approximation; computed 
values where higher powers of v are included agree rather well with the 
experimentally observed ones, : 

The results of this section on the elementary theory were implicit 
in the writer's first report on the diaphragm theory, In that report, as 
in this section, no serious attempt was made to estimate the effect of the 
motion in the central flat region on the explicit: solution of the problem; 
that is,the non-linear partial differential equations of motion for this 
region were not taken into account by the introduction of constraints, 

The present article is a generalization of the former one, as will 


be seen in the next sections; there the exact solution of the equations (B) and 


(C) are obtained and inform us as to the effect of radial motion and thinning, 
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The Exact Solution of the Equations of Motion for a Material 
with no Work-Hardening, 
Although the differential equations (B) are non-linear, still 
they may be solved explicitly in a finite form involving a single quadrature, 
at least in the case for which there is’ no work-hardening, Let us introduce 


the non-dimensional parameters 


=R = Vi = 2 
Bre aie oe 
paad ge 

v Py 
YrH x =\[eG_ FG-v) 

h Py E 


where, for tre values suggested in a previous section 5 = 320, and 
K =0 or .675. 


After a certain amount of algebra, equations (3), reduce to 


1 =-2 (a) 
me aps 
appre jrie Y (b) 


(22h) pt +Bpp=(3-S)m Ce) 


(30) 


where a prime means differentiation with respect to SA These equations are 
to be solved subject to the initial conditions (C) which may be rewritten: 
B=yn=l, be X 4 when § = 0. (a) (30) 
By dividing the sides of (30)(c) by the corresponding sides of (30)(b), the 
variable > is eliminated, and we are left with an integrable equation whose 
variables are separated, relating B, and M. Similarly by multiplying the 
right side of (30)(a) by the left side of (30)(b) and conversely, and 
employing the previous integrable expression to eliminate B, we find an 
integrable relation involving Y) and hoe Finally 5 is found in quadrature 
form in terms of pM, and BC») from (30)(b). This explicit solution may be 


exhibited as 
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where > X5» are the smaller and larger (positive) roots respectively of 
the quadratic equation 
x? - (2) - 3)x+2=0 (32) 

and ice u x Unfortunately (31)(c) is not integrable in terms of elementary 
functions, in generals; still a great deal of information can be gained from 
an analysis of (30, (31) and (32), and from a consideration of special cases, 

For positive values of & » which are the only ones of physical 
interest, the roots of (32) occur in pairs of positive values. for 
- +V2s } < (oe) » and as pairs of negative values for 0 = 5 = 4 -V2 (a very 
small range), For intermediate values of 5 » the roots are complex, We 
shall be interested only in values of § >2 +V2.. At the lower limit of this 
range, corresponding to very large v, or small O values, we have XH = XH «V2. 


AS § becomes very large, v2" > %>— 0 and Y2'< X5 —aQ. 


Special Cases 


A. A case of considerable interest arises when ue coincides with one of 
the roots of (32). Now from (31) we see that the only possibility is for a 
itself to be constant and equal to ee, From (30 YHwe then find that either 
Ogp=ks lor M=-Xg¢-l, in order for B' to be negative, The first case 
only is admissible, since the second precludes p= X initially. Thus we 


have 


and d > 3. 


=p 


187 


The solution of (30) may now be written as 
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where, it will be remembered, C= cers 
| . 


For K= 1, $= 3, and v R c, and the deformed diaphragm is 
cylindrical, i.e., it ruptures completely. (Possibly in practice, rupture 
would occur before this, due to excessive thinning at the center, or shearing 
at the edge; experiments indicated the central failure to occur first with 
properly designed edge restraints, The above value of v might be regarded 
as an upper limit.) 

For other allowed values of K (=), this solutionis quite 
similar to the elementary approximation presented earlier, even quantitatively 


so, for large § values, For then 


x = Be yey (CS 3) 
aNSs BP TDYS 


and (33) reduces to (29). 


B. Still another case, perhaps even the most important one for 
purposes of this paper, arises if we suppose that K may have any desired 
positive value, within reason, and that § is very large, so that x, is 


a 
small and Xp is large, We shall assume further that x << as) Ss 
2 


ae ee 2 erty ee ay 
x (since Ya varies from K to Xr Under these simplifying conditions 
2. 

it is possible to derive an approximation to the integral (31)(c) but ina 


somewhat indirect way, much too long to reproduce here in detail. We find 


that: 
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It can be shown that this approximation is uniform over the range of iu 


from K to se : and the range of R from 1to0O% but the nearer Xis tol, 


the lerger§ must be . Now we may distinguish several possibilities, If 

X= 0, which is the case of a material whichlas strictly no elastic strain 

range, we find that the shape of the deformed profile, described by (34)(a) , 

is conical near the center, with a center deflection identical with that 

given by the elementary theory, At the edge, the slope is zero (as required by (30)(b). 
The thickness distribution is identical with that given by, elementary approximation, 
while from (34)(c), the radial velocity increases very rapidly from zero to a. 
As increases the solution approaches the elementary approximation, the slope 

at the edge increasing, until when K= 2g » the shape is exactly conical as in (29). 
As K increases further, the slope at the edge becomes greater, the center deflection 
remaining the same, however, as does the thickness distribution, The radial velocity 


U, at the bending wave, decreases, again very rapidly, from Rv to x . These 


results all seem physically quite reasonable and might have been expected on such 
grounds, 4 calculation indicates that there is actually very little other effect 
of different ® values on the profile, as long as & is very large, 

Apparently, then, we may conclude that the elementary approximation 
is even more reliable than could have been hoped for, as long as there is no 
work hardening s indeed, under the conditions noted, the entire discussion con- 


cerning equations (29) is applicable, In the next section we consider some effects 


of work hardening, 
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Considerations of Work Hardening 


In line with the results of the last section, it seems apropos, 
when introducing the complication of work hardening, to neglect the radial 
motion, insofar as its inertial effects are concerned, This was done in the 
development of the elementary approximation in the previous section, as it is 
in the following, 

Now the stress function of a material which work hardens may be written 

© (log t)= O + Wlog + (35) 

where as before 6 is the yield stress and W is the work hardening stress per 
unit natural strain in a tensile test, a has a value of approximately 
L00 x 10? 1b/in® for some medium steels, Such a stress-strain relation is 
not at all inconsistent with many empirical data, 

After introducing (35) into the general equation8(B), with the 
constraint forces deleted, the differential equations of motion can be written 


revio’ 
in terms of thevnon-dimensional notation with the addition of 


(peg 


a 


If, furthermore, we let 


= é- + i 
§ \ poe ae 


the equations take the simple form 
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§ 


where for the time being g » not ¢ » may be considered to be the independent 


2 
vee 


variable, Although these equations can be solved explicitly with but one 
indicated quadrature remaining (from (36)(c)), the solutions are so complicated 


that it is more instructive to consider a special case in which the approximation 
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E >>l may be made, It is clear that for the typical values we have been 


utilizing this is the case (e.g,, & = 80). Thus (36)(a) immediately yields 


4 
men bs\eo ea Gee (37) 


After some manipulation, the solutions, to this order of approximation, can 
: : ¢ : 2 
be rewritten with B, or x. as the independent variable, Thus, withe = Pp ’ 


2 
as before, andd = i » we have 
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where d= 22 ra log ans It is interesting to note that as dO, that is, 
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the work-hardening stress becomes small, the above solution reverts to the 
elementary approximation (29), since ) vanishes like a? in the limit. One 
major difference stands out between the above and the previous solutions —- at 
the center of the deformed diaphragm, (4) vanishes, ‘That is, the apex of 
the conical shape is rounded off, in complete qualitative agreement with the 
observations, and with the surmise made in an earlier section. It is also 

of interest to observe that the center deflection of the deformed diaphragm 
is somewhat less than that of a diaphragm whose material does not work-harden, 
but which has the same yield limit and initial conditions, These observations 
are illustrated by the diagrams of Figure 5, in which are compared the deformed 
diaphragm profiles for two materials, one of which does not work-harden, The 
profiles of the diaphragms whose material work-hardens were calculated by 
integrating numerically (38)(c) (which, incidentally, may be put in the form 


of an incomplete {"-function) . It is probable, that by taking account of 
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strain-rate effects, which have not yet been incorporated into plasticity 
theory, an even more marked rounding off would occur at the center than is 


evident from Figure 5, 
One should note that, as a result of neglecting the constraint 


forces in the approximate solution for a work-hardening material the initial 
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2c 
theory. A more general solution including the constraint terms would of 


value of U is completely determined, and equal to » as in the elementary 
course allow this initial value to be given arbitrarily. Although such a 
solution has not been investigated, it is likely that U would quickly approach 
the value given by (38)(a), after performing its initial task of increasing 


or decreasing the slope of the diaphragm profile near the edge. 


Conclusions 


In partial conclusion, before suming up the accomplishments of 
this theory, it might be well to point out some of its shortcomings, First, 
the constraint forces imposed on the center flat portion are seen actually 
to yield an infinite constraint tension or stress just at the center of the 
diaphragm, However, other idealized theories have frequently led to similar 
paradoxes; e.g., the pressure (which is actually a constraint stress) imposed 
by the assumption of incompressibility is infinite at a sharp corner in the 
theory of potential flow of a liquid. Second, the imposition of rigidity on 
the material behind the bending wave is an obvious artificiality; finally, 


the assumption that the bending wave is an actual discontinuity in slope is 
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not strictly in accord with the facts, It would indeed be pleasant to be 
able to relax some or all of these idealizations; however, it is clear that, 
having recognized the artificialities for what they are, it has been quite 
necessary to invoke them in this paper in the name of mathematical simplicity, 
Equations (A) (B) (C), together with an empirically determined 
stress-strain relation (analogous to (28) or (35)), specify completely the 
motion and plastic deformation of any diaphragm of ‘radius a, thickness h, 


and initial velocity v. For instance, one may calculate the following: 


1, The radius R of the bending wave as a function of the time. 
2. The diaphragm profile at each instant. 

3. The thickness distribution, 

4, Displacement - time curves of particles in the diaphragm, 
5, Stress and strain distributions, 

6, The center deflection as a function of v. 


7. ‘The total time for the deformation to take place, 


The viewpoint presented here admittedly has led to a kind of short-cut 
procedure which is designed to circumvent certain mathematical difficulties 
inherent in a more rigorous theory, Because of this method of attack, it 
may be necessary in the future, in order to make the results more generally 
applicable, to reexamine some of the basic assumptions made herein, Out— 
standing among these is the question of the initial radial velocity and stress 
distribution (although the results seem to indicate that this has only a 
slight effect on the final answer), Other investigations might consider such 
effects as the magnitude of the energy absorbed at the bending wave, equili- 
brium of the region behind the bending wave, and the possibility (which seems 
small) of plastic flow in it, and the possible non-uniform radial flow and 


tension in the central flat region, 


=29= 


193 


To conclude, the theory presented herein describes a dynamically 
possible mode of motion, and one which can be handled simply, in a mathematical 
sense, Because the theory is based, for the most part, on experimentally 
observed facts, there is a strong possibility that the motion derived from it 
approximates closely that of a diaphragm deforming plastically after having 
been given an initial uniform velocity normal to its original plane, 
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Figure 1 - 


(A) 


(B) 


(C) 


(D) 


(E) 


(F) 


The diaphragm receives an initial impulsive velocity v, 
denoted by vertical arrows, 


The material has a radial velocity distribution, 
denoted by horizontal arrows, and is restrained from 
moving at the periphery. 


The bending wave, shown by the sharp corners in the 
profile has progressed inward froin the edge, 


As the diaphragm deforms further, the central region 
remains flat and moves with its initial velocity v, 
The bending wave is traveling into the central region 
and progressively deforming it, 


As the bending wave nears the center it speeds up 
slightly, 


The speeding up of the bending wave results in rounding 
off the apex of the conically deformed diaphragm, 


FIGURE | STAGES IN DYNAMIC 
DEFORMATION OF DIAPHRAGM 
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FLAT CENTRAL REGION 


BENDING WAVE 


RIGID RESTRAINING RING 


FIGURE 2 


Cut-away Sketch of the Diaphragm at Some Instant After the 
Motion Has Begun, 


The flat central plastic flow region ahead of the 
bending wave, the wave itself, and the deformed region 
behind the bending wave, in which the material is supposed 
to be rigid and at rest, are clearly shown, 
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NOTE ON THE MOTION OF A FINITE PLATE DUE 
TC AN UNDERWATER EXPLOSION 


S. Butterworth 


August 1942 


In the report "Damage to ship's plates by underwater explosions" a theory of the motion 
of an air backed circular plate in an otherwise rigid wall under the action of a submarine explosive 
wave was developed assuming that water could be regarded as incompressible. 


Recently G.1. Taylor in the report "The pressure and impulse of submarine explosion waves 
on plates® nas put forward a theory of the motion of an infinite plate under the action of an 
explosive wave propagated at the velocity of sound in water. This theory gives results which are 
totally different from those of the report "Damage to ship's plates by underwater explosions". 

In particular it leads to the conclusion that if water could be made incompressiodle the plate would 
suffer no motion at all under the action of an explosive wave. Although in the Appendix to the 
report “Damage to ship's plates by underwater explosions" qualitative reasons were given for 
preferring the theory there advanced, it seems now important to examine the differences more closely 
in view of the revival of the old theory. 


Regara the plate as a piston of miss m per unit area and let it be moving inwards with 
velocity U at time t. 


Each element of tne plate sends out wavelets into the water which jive reaction pressures 


on the rest of the plate. According to orthodox acoustic theory the reaction pressure at a distance 
r from an element of area ds is - AL s # occurring at a time r/c later than t where ¢ is the 


density of water and c the velocity of sound in water. 


Thus the reaction pressure at the centre of the plate (assumed circular and of radius R) is:- 


-P [Prax u(t -Z) } dr = pe { u(t) - ufo) } (1) 


te) 


so tony as t < R/c. When t > R/c the integration stops at R and the reaction pressure is:— 
K d r R 
-p a { ult-£)} ar = ~pe{ u(t) - u(Q} (2) 
° 


If the applied pressure is te emt and if we approximate by assuming that the reaction 


pressure at the centre is that for the whole plate, the equation of motion is:— 


m ge = ppe™ — peu (3) 
so long as t < R/c and U = 0 when t = 0 and 


m7 Fe” = pc ult) - ult - 1) } - Gi 


when t > R/c (=T), 


Equation (3) is that used in the report "Tne pressure and impulse of submarine explosion 
waves on plates" and holds for all time for an Infinite plate. 


Equation wo. 
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Equation (3) and (4) give straightforward solutions which change form at intervals T. 
By measuring time in each case from the beginning of 2ach of these intervals we nave:— 


du 
z -nt 
m at = Poe = joe tl een 
au 
Ze —nT o—nt ay akn re 
n a aa é - pe (Uy - Uy) 1S OS 2 (5) 
du 
= -2nT .=-nt = oy 3T 
m ax Pie e - pc (Uz - U2) aT a 


Integrating and adding, we get 


Palio ae < 
er CO 
joe? *e 


m ‘bo 


or the final velocity is:— 


P e 
Uo Se pet] ~ tn PRT (6) 


This result is indesendent of c and (to the approximation made above) snould agree with the 
solution given in tne report “Damaye to ship's plates by sR teste explosions". According to 
equation (22) of that paper the value of Uy is p/n (m + Sea pR). 


The factor a arises tnrough taking into account tne differences in reaction pressures 
over the plate area. 


The way in whicn the final velocity is reached is illustrated in Figure 1 which holds for 
the case 


m = 20.27 grms/sq.cm. (1.023 inches iron plate). 
= 626.5 seconds 
= §000 f.p.s. 

R = 3.19 feet. 


The value of n is approximately that occurring on the detonation of 750 1b. torpex. The 
remaining figures are chosen so as to jive the round values pc/mn = 12 and nT = 0.40 thus simplifying 
the calculations. 


In Figure 1 the velocity curve up to nt = 0.4 is that of Taylor's theory. If water will not 
stand tension then the plate acquires the imaximum velocity shown in tnis stage of the Curve, and the 
rest of the curve is irrelevant, but if water will stand tension then the effect of reduction of 
relief pressure becomes apparent after t = T and the velocity shows a further increa 
a series of oscillations to the value given by (5). 


2, tending dy 


Figure 2 shows the nett pressure accelerating the plate. For the theory to hold, the 
tensions shown on that curve must not exceed those which water can stand. 


The theory given is only approximate and depends on whether the centre point can be taken 


as typical in representing the whole reaction pressure over the plate. It does, however, show in 
what way the infinite plate theory is linked with tnat cf a finite plate in an incompressible fluid. 


APpENdix .eeee 
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APPENDIX 


Removal of Approximation. 


Consider an element of the plate situated at Q distant x from the centre of the plate 
(Figure 3). The reaction pressure at Q may be regarded as the ayyregate of a series of elementary 
pressures genorated in time intervals dt’. The elementary pressure at time t due to wavelets 
generated between times t - t' —4 dt’ and t — t’ + 4 St‘ comes fromthe arc AB of radius 
r = ct" subtending an angl: 2 6 2t Q. From the orthodox formula, the pressure due to this set 
of wavelets is:- 


- pu (t-t") 6 s/n 


The mean pressure over the plate due to all wavelets jyenerated in the specified interval 
dt’ is therefore: 


mt ) x =R 

Ueto Ix 
2 277 Ox —*, 
7 i. TR 


" 
fo} 


= = 7) 0 (t —t") ar F (r/R) 


x=R 
in which F (5) = =| @x dx 
7 
X=o0 


Us ing WP aCn Tf sasr es O, we find F ( 
r) 


y) = 1-2 (sin 2 B+ 26) in which 
sin-B = r/2R so long as r < 2R. When r > 2R, F (p 


= 0, 
Inteyrating again with respect to t’ the total mean reaction pressure over the plate is:- 


t . 
B= -pc f F (24 0 (t- t*) at’ 


fe) 


or by integration by parts and taking U(o) = 0 


pt Hin uh ata ieee 
P = - pe | ult) - FR aE u(t - t*) dt* (1) 


—nt 


Hence if tne applied pressure is Be my) the equation of motion of the plate (mass m per unit 


area) is:— 


du t 
meget eget eee (2) 


Equation (2) can be solved by step by step mthods. Also the inItial motion can be found 
approximately by direct integration using:— 


t 1 
BS age | eB { u(t) at } (3) 
cd 
t 
which is the approximate form of (1) when t is smal). laentitying [ U(t) dt with displacement Ss, 
this gives:— ° 
mages pc 8 _ 20° 5 2 p ent (4) 
ate dt oR ° 


the initial conditions being S = Eee Oo. 


For the dimensions given in the example of the main report the solution of (4) is:- 


ag obo (en 4 teton G1 <7 29NE Moria tenn 
dt 2.508 pe 


USTAG) sen x 
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Using this up to nt = 0.2 and then using (1) ana (2) step by step, the curve shown in Figure 4 
is obtained, 


Comparing with the approximate curve (Figure 1) it is seen that the regions of falling 
velocity (i.e. tension on surface of plate) have disappeared. Also the curve is tending 
reasonably satisfactorily to the ultimate value of U viz:— 


Up = Palin (m+  P?) = 0.1971 P/mn. 


The absence of regions of tension in the example calculated is due to the choice of a 
pressure wave in which n is not too large. If n had been made large so as to suit small charges, 
the ripple shown in the approximate theory would ajain appeir. 
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THE BODILY MOTION OF A SPHERE SUBJECTED TO THE 
PRESSURE PULSE FROM AN UNDERWATER EXPLOSION 


E. N. Fox 


February 1943 


x * * ra * * * x * 
Summary. 
(a) The exact solution is given for the bodily motion of a rigid sphere subjected to™an 


underwater pressure pulse on the assumptions that the pressure pulse can be treated as of small 
amplitude and that the bodily motion is small compared with the radius of the sphere. 


(b) The conclusion given by G.I. Taylor, that a sphere which is just buoyant does not reverse 
in motion if given an initial velocity, is not necessarily true for the motion produced by a 
pressure pulse in the water. Quantitatively, however, the reverse motion in the latter case is 
of very small velocity compareg to the forward m_tion, 


(c) Results of the analysis illustrate the equalisation of long pulses round the sphere and 
show that the impulsive effect of a positive pulse, even of short duration, can be subject 
eventually to appreciable diffraction. 


(d) In the cases of a large explosion (long pulse) at a large distance and of a small explosion 
(short pulse) at a near distance it is concluded that the major damage caused by tne pressure pulse 
will in general be reasonably independent of whether the target is fixeo or not. ci 


Introduction. 


In connection with the use of suspended targets or gauges in underwater explosion experiments 
it is sometimes desirable to obtain an estimate of the bodily motion due to the pressure pulse and 
for this purpose the solution for the case of a spherical target, wnicn can be simply obtained 
theoretically, is of value. ; 


The diffraction problem of a spherical wave striking a sphere, not necessarily fixed but of 
unyielding surface, is one capabdle of formal mathematical solution by assuming in addition to the 
incident wave an infinite series of wave-solutions cf the form. 


a = j f. - 
el 2 I Ua P, (Cos 8) (1) 
jFo ror r 


where r, 6, are spherical—polar co-ordinates with centre of sphere as origin, t is time, c is wave 
velocity, j is integral, and Pj is Leyendre’s function of order j. 


For the special case of a plane wave striking a fixed rigid sphere such formal mathematical 
sglution was considered by the writer and A.J. Harris in connection with the diffraction of blast— 
waves in air. It was then found that, while excessive algebra and numerical calculation would be 
necessary to evaluate the pressure st various points, the net force acting on the sphere could be 
simply obtained since it uepended on only one term (j = 1) in the infinite series. 


Since the only knowledge of pressure required to determine the bodily motion of the sphere 
when not fixed is the tctal net force on the sphere, tne solution for such motion also depends only 
on the one term in the complete series solution and can be derived directly in the manner given 
below without recourse to the complete solution. 


General solution. 


Consider a sphere of radius a subjected to a pressure pulse froma point source distance 
Xa from the centre of the sphere. The pressure pulse will be assumed of smal) amplitude at the 
sphere so that the usual wave equation holds and it will also be assumea that the movement of the 
sphere is small compared with its raglus. 
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The problem is one of axial symmetry and we take r, @, to be the usual spherical—polar 
co-ordinates referred to the centre of the sphere 2s origin, tne lines joining this origin to the 
point source being 0 = 0. 


The pressure puls2 diversing from the poin® scurce is taken to be 


p. Xa ct— rt (X—1) a 
jee SE Gg (2) 
he a} 


where r' is distance from the point source, c is wave velocity, Py is maximum pressure in pulse at 
the distance Xa corresponding to centre of sphere, and t is time measured from the arrival of the 
incident wav2 at tne nearest point of the sphere; the nomdimensional function f will thus be zero 
for negative values of its argument. 


In Appendix A it is shown that the following reiation holds at time ty for any solution p 
of the wave-equation, 


a or 3? yy ee Ge ch 
r On Be r° On cot 
S ; Cos 6 ds 
Canes Op 4 2 or + 8p 
r contt on re an tet rie 
5 a (3) 
i, 53 i oo sing 2! us = 0 
r cot r” Itet re n 


where the summation extends over all surfaces bounding the region within which the wave equation 
holds and n is the normal to the surface drawn into this region. 


We apply equation (3) to the present problem cy considering the region bounded externally 
by a sphere of very large radius R © and internally by the sphere r = a and a sphere of very smi1l 
radius € ~ 0 surrounding the point source. The contribution to equation (3) from the large sphere 
becomes zero as R-* © since for finite t, the intejrand is then to be evaluated for negative times 
(t, - R/c) prior to the setting up of the pressure pulse from the point source. 


The contribution to equation (3) from the sphere r = a comes solely from the first tem, 
since 0 @/dn = 0, and is:— 


Che 2 3 3 2 13 
2 +f PD aV2pe Se i 
Ta eee ae ae! + oro + 3 + Bae Cos 8 SinO dO 


t=t yale 


(4) 


The contribution to equation (3) from the small sphere surrounding the point source will, 
as €~ 0, arise solely from the terms in 1/e? due to the incident pressure pulse. Hence 
substituting from equation (2) in equation (3) and letting € ~ O we find for this final contribution, 


i 4 
TT ct, -a ct, -—a 
a BOM eaticy [eee teeta gt pal eee (5) 
a a x a 
Introducing the non-dimensional time T defined by 
ct, -—a 
YT = ct = pac’ oe 
: : (6) 
then from equations (3) (4) and (5) we obtain 
Wines 3 2 27 
27 < op a 
ST fs py ts EET Ao ee Cos 8 Sin@a 
a | ar oT oT 3r 5 ar | = a g 
@) Se 
477 p - 1 
= etl | (1) + 3 rin (7) 
a x 
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Now if @ is the velocity potential ana V is the velocity of the sphere away from the point 
source then, assuming movement of the sphere small with respect to its radius, we have as boundary 
condition at the surface of the sphere, 


2¢ = -Vcos8, r = 2 (8) 
r 
whence it follows that 
Bo a eee nee Otc p eg (9) 
or Cae 8 a dT 


Also if the total net force on the sphere in the direction away from the point source be denoted by 
P, then 


P = 277 a?- p Cos 8 Sin@a@ (10) 


Hence substituting from (9) and (10) In equation (7) we have after performing th- 
integrations, 


SEP Ae stp Play soap. eee templcas diaveree dV, 
at? dT 3 at? dT 


“ 


477 py a’ { ¢' (tT) + x t (T) } (11) 


If the mass of tne sphere be M then the equation of motion of the sphere is 


pecan. (12) 
at 
whence 
Ge i (13) 
aT Mc 
From equations (11) and (13) tne final equation determining P is thus, 
2 
a ap a ' 
eee fe Hee eK Wear ea Mt mCi ari Tact) (14) 
. 3 
€ where ak= 2 4 wae ph (15) 
3M 


For a given form of incident wave, equation (14) is a simple linear differential equation 
to determine P, whence the velocity V can be obtained from equation (13). The displacement s Is 
then given by 


s = Vet = 3 VaT (16) 


° ° 


The initial conditions for P are given by 


P = 0 
Ui as (17). 

dP 2 

— = mp ae flo} 

Che eC 


The first of these is an opvious physical requirement while the second corresponds te the 
physical ccndition of initial complete reflecticn at tne element cf the spnere's surface nearest 
the source. 


It sevee 
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It may be noted that the second term in the expression for 2k given in equation (15) is the 
ratio of the welght of displaced water to the weight of the sphere. In most underwater explosion 
experiments with submerged targets this ratio will be less than or equal to unity so that 2k will 
lie between the values 2 and 3 corresponding to tne physical conditions. 


2k = 2, infinitely heavy or fixed sphere 
2k = 3, buoyant sphere just waterborne” (18) 


(* For brevity this case will be referred to as "buoyant sphere" in the remainder 
of the paper). 


For k < 2, which Includes the above range, the complementary function of the differential 
equation (14) is periodic and the formal solution of this equation subject to the Initial 
conditions (17) is 


E = flo) KT Sin mt 
¥7 ap, Ci. 
T 
pee cee Sina) Og + ALE ax (19) 
° 


where Ao Ate it (20) 


For the particular cases of fixed and buoyant sphere the values of k and mare thus 


im OAS, et ol, fixed sphere 
3/2, m = V3/2 buoyant sphere (21) 


x 
" 


Solution for exponential pressure pulse. 
When the incident pressure pulse is exponential in form we have 
Pin) =e (22) 
and the yeneral solution (19) is easily. integrated to give 


= oestge=ak) et sinm tT 


47a Po m 
Cos mT - e 9%) (2) 


where 


So oki 10a (24) 


X (q° -— 2kq + 2k) 


From equation (13) the velocity of the sphere is then given by 


Vv = B(2+g=2kK)-2 kT SinmT 


6 (k-1) he 2m 


S 2 GeVee™ can T) 
q 


i 
2 kq X 


kT 


(t1-e Cos m T) (25) 


where, if @ denotes the mass density of the medium, 


(26) 
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The displacement of the sphere is then, from equation (16), given by, 


s =, BUR ee Te AI eS 
6 (k-1) s, 2kmxX 
ss (e~ *™ cos mT - 6 9") 
4 GR ge oe KU (cos min) 
2kQX 
+ penide (27) 
2k X 
r av a 
where ee 3 Pp (28) 
° qe pa 
The unbalanced impulse A, defined by 
t 
Aas P dt (29) 
° 
can be simply obtained from equation (25) by virtue of the relation 
AP = pate de (30) 
ay 3 (k - 1) Va 
3 
where Tp, a 
A, = (31) 
cq 


The total impulse A; directly incident on the sphere can be obtained from equations (2), 
(10) and (29) which give, 


A. ay oa 
Bie ee) Me Ke te (Xe ON, Kom (32) 
A 


For a plane incident wave (X ~*) we note that Ay = Ai while Por “o and Sy are the 
maximum pressure, velocity and displacement in the Incident wave. 


The preceding equations enable the motion of the sphere to be calculated for any special 
case. For the purpose of obtaining qualitative conclusions the solutions for the limiting cases 
of incident pulses long and snort relative to the diameter of the sphere witl now be given. 


(1) Short pulses. 


For short pulses, ise. pulses in which the pressure becomes negligible in a time small 
Compared with the time taken by the pulse to travel past the sphere, the value of q is large and 
retaining only the predominant items the preceding equations become, 


a a - kT — qT 
P RENE AT erm Toe 2 Cos_m_T ~ (33) 
um ap, mXq q 
kT 
WU ALEER pabeet Ni Fe = 2x-i eT sin mT qnctae Cos_m T (34) 
4QaA, 6 (k- 1) v, 2X mq 2X kq 
s e KEK AT i pg (et (aa eo cos mt) yt (35) 
6 (k- 1) s, 2mkX 2kX 2kX 


(2) Long pulses. 
For long pulses where q Is small we shall give the simplified asymptotic forms on the 


additional assumption that X is large since, as discussed later, the present analysis is not of 
practical application to underwater explosions when qX is smaller than order unity. On these 
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assumptions we find for the predominant terns, 


P WS a 
—,- = -¢8@ Sin mT (36) 
4a ap, m 

a Pcl a 
A z v he eS OF ee une sia 
4g Ay 6 (kK - 1) vy 2 X kq am 
Fe (en WS er KT Cos mT) (37) 
2k 

ee eye Le eT sinmT + fq %1) (1-27) a 
6 (k = 1) So 2mk 2X kq 

=) OU ae a a ee (38) 

2k 2kX 


Discussion of results. 
(1) Applicability of underwater explosions. 


Considering the first fundamental assumption of the analysis that the incident pulse can be 
treated as of small amplitude it was shown in Appendix 1 of the report "The reflection of a spherical 
wave from an infinite plate" that this is reasonably accurate for distances D such that q Wa? 6 
about. Thus the pulse can be regarded as of small amplitude even at the nearest point of the 
sphere if q (X — 1) 2 6, and beyond such a distance, corresponding to about 13 charge diameters, the 
analysis might be expected to give reasonably accurate predictions. At somewhat closer distances 
the analysis begins to lose in accuracy but as a first approximation it may still be able to give 
the order of magnitude of bodily velocity in so far as this is due to the pressure pulse. Thus 
from the results given by Penney, we see that at a radius of three charge diameters the maximum 
pressure is some 80% greater than would be expected if the pressure had continued to increase 
inversely as the distance when approaching the explosion. Thus at three charge diameters 
corresponding to about q (x — 1) = 1.4 the present analysis is likely to be accurate within a 
factor of two and it can thus be used for these closer distances in casee where it is only desired 
to know order of magnitude, e.g. whether the bodily velocity is small or large. 


The second fundamental assumption of the analysis is that the movement of the sphere 
is small with respect to its radius and for any particular case this is most easily checked a 
posteriori by using the present analysis to estimate the displacement. In this connection it 
should be noted that while the assumed exponential form is a reasonable representation of an 
underwater explosion pressure pulse until the pressure becomes small it is not representative of the 
subsequent stages during which incompressible flow (kinetic wave) effects are of equal or greater 
relative importance. In particular, the last term of equation (27), corresponding as it does to 
an afterflow effect, must be considered as limited by the condition that q T is not too large when 
estimating the displacement due to the pressure pulse. 


(2) Direction of motion and diffraction effects. 


G.1!. Taylor has shown in a previous paper that a sphere which is just buoyant never reverses 
in motion when given an initial velocity. A similar conclusion is not necessarily true for the 
motion produced by an underwater pressure pulse. Thus, for the case of a short pulse froma distant 
source (X~) we see from equation (34) that the velocity of the sphere dies away as a damped sine 
wave and thus becomes negative for certain periods; for this case, taking k = 3/2, it should be 
noted, however, that the maximum negative velocity is only .0043 times the maximum positive velocity 
so that quantitatively the reverse motion is relatively unimportant. 


Some features of the reflection and diffraction of the incident wave by the sphere can be 


illustrated by considering the maximum unbalanced impulse acting on the sphere as tabulated for 
certain cases in Table 1, 
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TABLE 1, 
Maximum Aaé A; eaxinam 
Fixed (b) Buoyant teen 
Sphere Sphere T 


Lees k= 1.5 


Short 
Pulses 


For a long pulse (q small) froma distant source we see from Table 1 that the maximum 
unbalanced impulse is small compared with the total incident impulse; physically, this Is due to 
equalisation of pressure round the sphere when the pressure is maintained for a time long compared 
with that taken by a pressure wave to travel round the sphere. 


For a short pulse from a distant source, however, the maximum unbalanced impulse is of the 
same order of magnitude as the incident impulse, corresponding in the case of a fixed sphere to an 
overall reflection factor of 1.29. A point specially worthy of notice, which is seen from equation 
(34) with X ©, is that the unbalanced impulse tends to zero with increasing time showing that, 
however short the pulse, its impulsive effect is eventually diffracted behind the sphere. 


A similar effect is responsible for the fact shown by Table 1 that for short pulses from 
close sources (X~ 1) the maximum unbalanced impulse ts much greater than the directly incident 
impulse. In such cases the major contribution to the maximum unbalanced impulse comes from 
diffraction of the incident pulse on to the part of the front of the sphere which is In the shadow 
and not from the small portion subjected directly to the incident pulse. 


It sMould be noted that the values for X = 1 have been given in Table 1 to show the limits 
for small values of X - 1; such small values are possible for large q without invalidating the 
Conditions discussed in paragraph (1) above. 


(3) Effect of fixing. 


In view of present interest in the possible difference in Gamage sustained by a fixed anda 
Suspended target, it is of value to see wnat evidence can be obtained from the present analysis 
comparing the two cases of k = 1 (fixed) and k = 3/2 (buoyant). 


Comparing on the basis of unbalanced impulse it is seen from Table 1 that this is from 1/3 
to 1/2 greater when the sphere is fixed. For long pulses from distant sources, however, the 
unbalanced impulse is small relative to the incident pulse whether the sphere be fixed or buoyant. 
Thus in this case, corresponding to a relatively large explosion at a large distance the main 
effect of the pressure pulse is a uniform impulse al) round Sphere which is large compared with 
any local increase, due to fixing, of the unbalanced impulse. 


For short pulses from gistant explosions, however, the unbalanced impulse is of the same 
order as the incident impulse and the possibility of appreciable effect of fixing cannot be dismissed 
on the present analysis. 


The same is at first sight true of short pulses from near explosions but, on the other 
hand, in practical examples of this type the damaging effect tends to be concentrated in intensity 
over the portion of target close to the explosion. 


In order to consider the effeet of fixing on tnis near portion it is necessary to note that 
the complete solutions, of form equation (2), for the two cases of fixed and buoyant sphere differ 


only in the second term j = 1 which is also the term responsible for the total net force and the 
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unbalanced impulse. in view of this it is easily shown that 


3 (Ay - AD) 


i (39) 


where the suffixes f and b denote fixed and buoyant sphere respectively, i is the Impulse/unit area 
at the point of the sphere nearest the source while A as before is the unbalanced impulse. 


Now for very short pulses the maximum value of i, which occurs initially and will be 
denoted by i’, is approximately twice tne incident impulse/unit area, whence 


any Ay 


ae (x-1) 7 ae be 


From equations” (39) and (40) we thus have 


UG Ur 5 3(x-1) 4,- A, 


at 8X A 


(41) 


The maximum value of this expression is also tabulated in Table 1 and we see that for close 
small explosions it is small rising to order 17% for distance short pulses. 


The present analysis is based on the assumption that tne surface of the sphere is of itself 
rigid. Any yielding of the front surface will, however, tend to lessen the bodily motion and where 
conclusions for any unyielding sphere indicate little effect of such motion they are not likely to 
be invalidated by yielding. 


We can therefore still conclude, in the two cases of (i) large explosion (long pulse) at 
large distance and (ii) small explosion (short pulse) at near distance, that fixing has little effect 
on the impulse acting locally on the surface, this conclusion being limited in the second case to 
the part of the sphere near the explosion where in practice the major damage will generally occur. 


The preceding conclusions regarding little effect of fixing on the magnitude of locally 
applied impulse can probably in most cases be interpreted as applying also to magnitude of resultant 
damage since this agrees with such experimental data on fixing as are available. 


For any particular example it is probably best to check such interpretation by using the 
present analysis to estimate the maximum bodily velocity given to an equivalent buoyant sphere and 
compare with the maximum velocity yiven to local areas of the surface on assumptions such as that 
of the report "The pressure and impulse of submarine explosion waves on plates". A numerica? 
example of such comparison is given in Appendix 8. 
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APPENDIX A. 


The proof of the relation given in equation (3) follows analogous lines to the proof of 
Kirchoff's general solution of the wave equation given by Jeans, “The Mathematical Theory of 
Electricity and Magnetism", 4th Edition, paragraph 580, pajes 522-524. Equation (543) of Jeans, 
with slightly changed notation, is 


t" 
aG re) 
= & t eee Ss Se Seles 
i Pe am On 
ares 
Sc 
= 4 p OES as 6G 4228 I sx dys (a1) 
c t ot 
= ti 


where p and G are any two solutions of the wave-equation, the summation is taken over all the 
surfaces bounding the region of the volume integral and in which the wave-equation holds, n is the 
normal to the surface drawn into this region and t" and - t' are positive and negative times 
respectively. 


Since G can be any solution of the wave-equation we take it to be 
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Integrating the first three terms of (A3) by parts, we obtain, 
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t* 
t" 
_ Sin@ 36 pF" (ct + r) dt = _ Sin@ 38 p F (ct + r) 
eon : cr u 
-t i te 
t" 
+ Sin? 00 Op f (ct + r) at (a6) 
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As Jeans, we now take F, whicn is as yet an arbitrary function, to be su¢n that it and all 
its derivatives vanish except for zero argument, for which particular value F becomes infinite in 
such a way that its integral is unity. We also take t* sufficiently large so that, for all values 
of r considered, the value of r - ct" is negative, and we nots that since t" is positive, the 
value of r+ ct" is always positive. With these assumptions it is then seen firstly that the 
right-hand side of (A1) is zero at botn limits and secondly that the integrated parts of (Au) (A5} 
and (a6) also vanish at both limits thus contributing nothing to the left-hand side of (a7). 
Finally the integrals on tne right-hand sides of (A4), (A5) and (a6) and also the similar integrals 


of the last two terms in (a3) contribute to (a1) merely the values, at time t = - r/c, of the factors 
multiplying F (ct + r). 


Collecting these terms together we then nave 


ie Cir Op 2 Bip hf 
r in CH Oe 3 re ne cue ct 

= CosO ds 
+ i Eso spear a Or . £ Or 
J = Sono 2 n re dn 

—t=- r/c 
s Q Om. Sin @ 30 d = 
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Since the zero of time is arbitrary we have only to replace t = - r/c by t= t' — r/c to 
obtain equation (3) of the main paper. 
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APPENDIX B. 


As a numerical example of tne possible effect of fixing a target let us consider a sphere 
of radius 5 feet subjected to the pressure pulse from a charge of 5 ibs. T.N.T. with its centre 
of gravity at 15 inches from the nearest point of the sphere. This case has beeo chosen as 
simulating the case of a half-scale Cylindrical target for which no difference in damage was found 
whether the target was suspended or resting on the bottom. The sphere has been chosen to have 
approximately the same volume as the Cylindrical target and we assume it just waterborne. The 
numerical values of constants for this case are tnen 


x = 2.6 k = 3/2 


q2=5 m V3/2 (81) 


and since q (X - 1} = 1.25 it should be noted that the case is one of a relatively close explosion 
where the present analysls, while it cannot give an accurate estimate, should give the correct 


order of maximum bodily velocity. 


Using the values for sea-water of 


Py 64 Ibs./cubic feet 


c 4900 feet/ second (B2) 


and the experimental relation for T.N.T., 
7 wil/3 
0) 


Py tons/square inch (83) 


where W is weight of charge in lbs. and D is distance in feet we find, since 0 = 5, 
V, = 63 feet/second (84) 


Using the values given by (81) and (B4) we then find by using equation (2%) that the 
maximum bodily velocity is 


Vv = .20 v= 12.6 feet/second (B5) 


It may be noted that the bodily displacement of tne sphere, as given by equation (27), during 
the time in which tne pressure pulse communicates such a velocity is .13 inches which easily satisfies 
the assumption of the analysis that it is small relative to the radius (5 feet) of the sphere. 


Thus, if the Cylindrical target had been strong enougn to withstand the explosion without 
dishing, we should have expected the pressure pulse to give it a maximum bodily velocity of order 


13 feet/second while in the presence of dishing the maximum velocity would tend if anything to be 
of lower order. 


In order to consider whether a bodily velocity of this order is likely to affect the damage 
we note that the major damage was fairly concentrated near the charge and we then calculate the 
velocity given initially to the plating nearest the charge by using the results in the repurt 
"The pressure and impulse of submarine explosion waves sn plates", assuming the plating leaves the 
water; for plating 0.45 inches thick we then cbtain a plating velocity of 380 feet/second. 


The enerjy communicated by the pressure pulse is thus mainly concentrated in the form of 
high plate velocity, of order 400 feet/secona maximum, over the near portion of the target while on 
the other hand the total communicated impulse wil) only produce a bodily velocity of order 
13 feet/second. 


Qwing to the concentrated nature of the blow there seems little possibility of the 
conditions on the back half of the target, i.e. whether fixed or opposed purely by its own and water 


inertia, being of any impcrtance until after most of the energy has already been absorbed by dishing 
at the front of the target. 


This conclusion is in agreement with tne experimental results of which it is not, of course, a 
full explanation since the kinetic wave and pulsating gas bubble effects have not been considered but 
it seems probable that tnose effects, if of any importance, were also too concentrated to be affected 
by conditions on the back of the taryet. 
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Calculations for a buoyant sphere 


Numerical calculations of velocity haves been carried out for the case of a sphere which 
is just buoyant, i.e. of mean density equal to the density of the water. 


From equation (21), k = 3/2, m= V 3/2 for a buoyant sphere and inserting thes@ values in 
equation (25) the non-dimensional ratio Viv, can be calculated as a function of the non-dimensional 
time T for given pairs of values of the parameters q and qX. If we use the term “pulse-length"” 
aS applied to an exponential pulse to mean the distance a/q the pulse has travelled while the 
pressure at any point decays in ratio 1/e, then the parameter q is the ratio of sphere radius to 
“pulse—length". Similarly qX is the ratio of distance Xa; between pulse centre and sphere centre, 
to the "pulse-length". 


The jeneral shape of the velocity—time curves is similar for all cases calculated and a 
typical set is shown in Figure 4 corresponding to the limiting case qX *®, i.e. a plane incident 
pulse. 


Denoting the maximum bodily velocity by Var Values of tne ratio V RENE are given in Table 2, 
and in brackets in the same table we give values of T at which these maximum velocities occur. 
Thence the mean acceleration up to maximum velocity can be evaluated if desired. 


TABLE 2, 


Values of VI, and fin brackets) of T pt 
time of maximum velocity. 


) Moskae 
(1.5 | (452) (0.95) (0.85) 


at 
| 
pe See ee ee el a 


Intervals in T of 0.1 for 0< TE 1 and 0.2 for 1< T< 3 were used and the values of V HRY 
in Table 2 are correct to an errar of one or two in the third digit whilst tne values of T at 
Ve Vv, are correct to about one quarter of an interval, i.e. to 0.05 for T> 1 and 0.025 for T < 1. 
Fuether sudD—Jivision of interva] would nave been necessary to obtain reasonably accurate values of 
maximum acceleration from the velocity calculations and this was not attempted. Grapnical 
estimates were, however, obtained from the maximum slopes of curves such as those in Figure 1 and 
these indicated that tne maximum acceleration varica between about 1.6 to 2.1 times the mean 
acceleration up to time of maximum velocity. Aoproximate estimates of maximum acceleration, correct 
to order 20% or lees, can therefore be obtained by using Table 2 to derive mean acceleration ana 
then multiplying by a factor 1.8. Accurate estimates for any particular case are best obtained 
by use of equation (23) wnich gives the net force on sphere at any time. 


For short pulses gq, the ratio ve No 0 but the product qv Nie remains finite and is 
given in Table 3, the values in which are ethngek to the third decimal place. 


Table 3 weave 
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TABLE 3. 


Values of q Viiv, for limiting case of 


rs very short pulses q > & 2 


0.636 | 0.732 
rah Be 


1.349 | 1.u75 


1.730 | 1.859 


For application to the pressure pulse from an underwater explosion the calculations are 
subject of course to the limitations discussed in the main paper. In particular the entry for 
9X = 5, q= 5 in Table 2 corresponds to 2 contact explosion and is given only for interpolation 
purposes. A similar remark applies to the entry for X = 1 in Table 3. 


Floating hemisphere subject to a pressure pulse from vertically below 


It may be noted that the analysis for tne sphere can be applied also to the case of a 
nemisphere floating with diametral plane in the surface of the water and subjected to a pulse 
arriving vertically from below, i.e. the pulse centre is vertically below the spnere centre. 

In effect we nave only to reflect this problem in the surface of the water and Change the sign 

of the image pulse to see tnat it is equivalent to the problem of @ buoyant sphere in an infinite 
liquid subjected to equal positive and negative pulses with centres diametrically opposite at 
equal distance from the sphere. Since the positive and negative pulses give equal contributions 
to the bodily motion of tne sphere and reinforce one another the motion is similar to that due 

to tne single positive pulse but of double magnitudes. 


Thus the results of Tables 2 and 3 can be immediately applied to the hemisphere problem 
by simply doubling the entries for Vil Vos 
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* * * * * * * * 


Al. Compressible flow. 


The Infinite wall is taken as the plane x = o, and 311 sources of pulses as lying to the 
right of this plane (x >), the total pressure in the Incident pulses arriving at time t at any 
polnt on the plane x = 0 being denoted by Pye 


From Kirchoff's general solution of the wave equation, the pressure p at time t at any 
polnt of the plane x = o satisfies the equation 


p= 2p) -— i (22 ds (1) 
27 r 10x of 
c 


where the surface Integral is taken over x = 0. 
For a piston in an Infinite rigid wall let 


= mass density of water 
= wave velocity 

= areaof piston 

= perimeter of piston 

= mass/unit area of piston 

“velocity of plston away from sources 

= displacement of piston away from sources 


&,- ft gat 


The boundary condition at x =o is then 


MmMo3sB 40D 


Op = pw over S 
Ox dt 


0 over rest of x30 (2) 
It Is then merely a questlon of algebra and integration to derive the following formulac, 


(a) Pressure at any point P within S Is 


p = 2p, - peu(t) - & (3) 
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< 
f U (t = 2) cosv 


r 


where the line integral is taken round the perimeter s, r is the distance of p 
from any point of the perimeter and v is the angle between the radius vector r 
and the inward normal to s (Figure 1). 


(b) Pressure at any point Q on the wall outside the piston is 
u (t- +) cosy 
p = 2 P; - & ——— ds (4) 
27 r 


with notation as before (Figure 1). 
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(c) Using bars to denote average values taken over the piston at any time, the mean 
pressure on the piston is 


_ pc? i aa } & (t - £) cos X, cosA, i (5) 
275 r 


where both line integrals are taken round s, r is the distance between ds, and dS >, 
while ry and r, are the angles between the chord r and the inward normals are sat ds; 
and ds, respectively (Figure 2). 


(d) For a circular piston of radius a equation (5) reduces to 


/2 , 
B= 25; - pe v(t) + ee fr u(t - 22.8198) egstg ga (6) 


Cc 

Hf ) 
the Ast two terms of which represent the relief pressure as given by Butterworth 
in equation (1) of the Appendix of the report “Note on the motion of a finite plate 


due to an underwater explosion”. 


(e) For a rectangular piston of sides 22 ana 2b and diameter 21, equation (5) gives 


Ho om oom ps? (a + b) E(t) 


: 7 ab 
» 2a e 2b 2) 
2 Ue ea Mise, eae e rats oy) 
277 ab 
2 tan a/b 
ey & yo Se) cos@ a0 (7) 
7b o 
2 tan b/a 
es E(t - B89) cos 40 
Ta Meo 
(ft) If the piston is subject to an elastic restoring force the equation of motion is of form 


2 
mip + ke = 8 (8) 


For a circular piston equations (6) and (8) give an integro-differential equation 
which can be solved step by step as in the report "Note on the motion of a finite 
plate due to an underwater explosion". 

For a rectangular piston equations (6) and (8) involve the solution of ordinary 
linear differential equations with constant coefficients, but such satution would 
have to be carried out for successive intervals of time such as 


OusSe te e2alicemmeca/Gu ty IG) webs 


depending on*the relative magnitudes of a and b. 


A.2. Incompressible flow. 


The corresponding formulae for incompressible flow are obtained simply by letting 
c~® jin the preceding equations. 


For a circular piston subject to no elastic resistance equations (6) and (8) give 


Werte wean Ll (9) 
dt 37 dt 


For .eeue 
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For a point source, at distance }{ on the axis of the piston, emitting a wave of exponential 
form, p; = P, eM at centre cf piston, the kinetic energy a, communicated finally to the piston 
is then given by 


Gir gt sgederras oof ce 1 (10) 
2; 1+ sin@ | na} 1+ m 
where tan @ = z {11) 


and 0,, the energy in the wave (neglecting afterflow contribution) directly incident 
on the piston is given by 


ET} a er 
a, EiataiPs (1 - sin 8) (12) 
pen 


Equation (10) Is the spherical wave analogue of Butterworth's equation (24) of report 
“Note on the motion of a finite plate due to an underwater explosion" to which it reduces when 
X—@® provided | in Butterworth’s equation be correctly interpreted as twice the incident impulse. 


A.3. Surface effect. 


The effect of a free surface above the piston at right angles to the rigid wal) which is 
then semi-infinite can be taken into account by the method of images. The problem then becomes 
that of an infinite wall cantaining two similar pistons subjected to the waves from positive and 
negative sources symmetrically situated with respect to the pistons. For a rectangular piston 
an equation similar to equation (7) but much more lengthy can be obtained in this way to allow 
for effect of surfave, but in view of possible cavitation (see paragraph A.4) exact calculation 
of surface effect is of doubtful use. 


For incompressible flow the energy communicated finally to a circular piston of radius 
a with centre at depth H below the surface can be expressed as aM, where 0, is given by equation 
(10) and a is given approximately by 


2 
a = oe = (13) 


where tan = 24 (14) 


In equation (13) the denominator represents the effect of the "image piston" to the first 
order in af#H, while the numerator gives the effect of the "image source", the ratio of the mean 
incident pressures from the source and its image being taken approximately as tne ratio of the 
incident pressures at the centre. 


A.4, Effect of cavitation. 


The preceding equations are all based on the assumption that no cavitation occurs, i.e. 
that tensions can be developed up to any required magnitude between the water and the piston and 
in the water itself. A complete quantitative account of the effect of any cavitation seems 
unobtainable at present but two qualitative points seem worth menticning. 


Firstly, cavitation at or near the piston can be caused by the piston tending to move 
faster than the water at certain stages of the motion. The polnt to be noted in this case, 
neglecting surface effect considered later, is that after such cavitation the water will still 
be following up the piston and can thus communicate further energy if and when it catches up the 
piston. It is thus by no means certain that such cavitation will imply a drastic reduction in 
the energy communicated finally to the piston. 


Secondly wee. 


\ 
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Secondly, the tensile wave reflected from the free water surface will imply physically that 
the water near the piston is being pulled away from the latter by the water near the surface. If, 
therefore, cavitation occurs due to this tensile wave, the water on the surface side of such 
cavitation ceases to exert any pull on the water near the piston and the latter water will thus 
more easily move in the direction of the piston. Expressed otherwise the assumption of no 
cavitation used in deriving equation (13) fora may imply quite large net tenslons in the water 
near the piston and it is difficult to see how such tensions can arrive near the piston since 
they will probably nave caused prior cavitation in the water near the surface. * It would therefore 
seem that neglect of cavitation in calculating a@ as in equation (13) wit) imply if anything an 
overcorrection for surface effect. 


Figure rage 
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NOTATION 


speed of sound in water 

acceleration due to gravity 

a convenient linear dimension 

mass per unit area of a plate 

distance from a surface along its normal 

pressure 

breaking-pressure, at which cavitation occurs 

cavity pressure or pressure in cavitated region 

hydrostatic pressure 

pressure in incident and reflected wave-trains, respectively 

see Equation [12] on page 12 

see Equation [16] on page 13 

particle velocity 

cartesian components of v 

particle velocity just ahead of a breaking-front, reckoned as 

positive away from the front 

component of v, normal to the boundary 

particle velocity in a cavitated region, reckoned as positive 

toward a breaking-front but away from other boundaries 

component of v, normal to the boundary | 
cartesian components of v, ) 
velocity of propagation of a breaking-front 
velocity of propagation of a closing-front | 
cartesian coordinates | 
see Equation [12] | 
fraction of space free of water in a cavitated region | 
density of water | 
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EXPLOSIVE LOAD ON UNDERWATER STRUCTURES 
AS MODIFIED BY BULK* CAVITATION 


ABSTRACT 

Whereas cavitation is most commonly observed at the interface be- 
tween water and a solid surface, there are indications that it may also occur 
in the midst of a mass of water. Such cavitation may modify the action of 
explosive pressure waves upon structures. This is possible wherever reflec- 
tion of the wave gives rise to tension in the water. An extension of hydro- 
dynamical theory to cover such cases is described in this report. 

It is shown that cavitated regions should be formed through the 
propagation of breaking-fronts moving at supersonic velocity. The cavitation 
should usually take the form of small bubbles continuously distributed, rath- 
er than of large voids. Subsequently the cavitation will be destroyed as the 
boundary of the cavitated region contracts and acts as a closing-front. The 
relevant mathematical formulas are cited. 

Similitude relations are discussed, and the theory is applied to a 
plane wave falling normally upon a plate, and to the explanation of the dome 
that is formed over large charges exploded in the sea. 


INTRODUCTION 

The study of the behavior of ship structures when loaded by an un- 
derwater explosion is a major project at the David W. Taylor Model Basin. 
Good progress has been made toward an understanding of the pressure field 
in open water, with all boundaries well removed, and to this extent the 
groundwork has been laid for defining load. Important gaps still exist in 
this line of information, however. The energy balance is still incomplete, 
so that it is not yet possible to say what fraction of the explosive energy 
is made available in the first cycle of pulsation of the gas globe. It is, 
therefore, still impossible to evaluate the effect of the displacement of 
the gas globe which may put its center at a point nearer the target at the 
end of the first cycle than at its beginning. Questions of this sort have 
led others also to conclude that sound fundamental data are still most 
necessary (1).** 


Questions relating to the properties of the target, as distinguished 


from the load which the explosion puts on the target, are set aside for sepa- 


rate consideration. It may be assumed that in this report the load is treated 


This term is rather new; it will be defined and discussed in the report. 


Ht 


Numbers in parentheses indicate references on page 25 of this report. 
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in terms of a target of arbitrarily assumed properties, such as might serve 
to measure directly the pressure in the water. 

The behavior of an acoustical wave incident on a solid or free 
boundary in water is rather fully understood; and the shock wave radiated 
from an explosion in water partakes in large degree of the nature of an 
acoustical wave. Even in such waves, however, the continuity of the medium 
is believed to be broken at times by tensile effects to which the water re- 
sponds by cavitation. In the shock wave, where pressures are a whole order 
higher than in an acoustical wave, cavitation naturally has that much more 
significance. Among the problems which must be solved before interactions 
between field and target can be subjected to study by calculation, that of 
cavitation must rank high in importance. 


HYDRODYNAMICAL THEORY OF CAVITATION IN BULK 

In practical experience cavitation usually originates between water 
and a solid surface, such as a propeller blade. There are some indications, 
however, that it may also occur in the midst of a mass of water, as for ex- 
ample when explosive pressure waves are reflected from the surface of the sea. 
To determine the effect of such cavitation upon the motion of the water, a 
certain extension of hydrodynamical theory is required. 

In the present report the necessary extension of the theory will be 
described, but the complete mathematical details will be published elsewhere 
(2). The theory is based upon certain simple assumptions, which are laid 
down without entering upon the complicated question as to the nature of the 
cavitation process itself. Two applications of the theory will be discussed, 
dealing respectively with the impact of a pressure wave upon a plate, page 10, 
and upon the surface of the sea, page 19. 

The following assumptions will be made: 


(a) cavitation occurs wherever the pressure in the water sinks 
to a fixed value p,, called the breaking-pressure; 


(b) upon the occurrence of cavitation, the pressure instantly 
becomes equal to a fixed value p,, called the cavity pres- 
sure, which cannot be less than Pp,» So that 


pao [1] 
(c) when the pressure rises above p., the cavitation disappears 
instantly. 


How far these assumptions correspond to the actual behavior of wa- 
ter is not yet known. The value to be assigned to p, is discussed briefly 
on page 1/7. The cavitation will undoubtedly take the form of small bubbles 
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scattered through the water. Such bubbles have often been observed, but in 
many cases they seem to contain air in addition to water vapor, and they do 
not always disappear when the pressure is raised. All such complications 
will be ignored here, however, in order to obtain a tractable analytical the- 
cry. The bubbles may be supposed to be so small that the resulting inhomo- 
geneity of the water may be neglected; and p, may be supposed to equal the 
vapor pressure of the water. 

The discussion will be limited to motion that is irrotational or 
free from vortices, motion such as can be produced by the action of pressure 
upon frictionless liquid. Furthermore, all variations of pressure will be 
assumed to be small enough so that the usual theory of sound waves is appli- 
cable to the unbroken water; but no limit need be set upon the magnicude of 
its particle velocity. 


BREAKING-FRONTS 
Cavitation will begin, according to the assumptions just made, in 

a region where the pressure is falling, and at a point of minimum pressure, 
at the instant at which the pressure sinks to p,. A cavity will form and 
this cavity, for reasons lying outside the assumptions of the analytical the- 
ory, will at once become subdivided into bubbles. Since, however, the pres- 
sure will be sinking in the neighboring water also, the same process will 
soon occur at neighboring points as well. 
Thus a cavitated region will form, sur- 
rounding the point of initiation. The 
boundary of this region will sweep out 
into the unbroken water as a breaking- 
front, Figure 1. Since the pressure 
gradient at the initial point of mini- 
mum pressure is zero, the velocity of 


advance of the breaking-front is seen 


to be infinite at first, just as, when Figure 1 - An Expanding Breaking- 
a rounded bowl is lowered into water, Front, where p = p,, Surrounding 
the boundary of the wetted region moves a Cavitated Region 
out at first at infinite speed. Hence 
cavitation occurs almost simultaneously throughout a considerable volume, re- 
sulting in a fairly uniform distribution of bubbles; there is no reason to 
expect the immediate formation of a large cavity anywhere. : 

The speed of propagation of the breaking-front relative to the wa- 
ter ahead of it, V,, can be shown never to sink below the speed of sound, c. 


Usually V, is greater than c. This means that no influence can be propagated 
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past a breaking-front into the region ahead of it. The production of the 
cavitated region is thus a consequence solely of processes occurring in the 
unbroken water or on its boundaries, as a result of which the pressure in 
successive portions is lowered to the breaking-pressure; the front is merely 
a particular surface of constant pressure advancing in accordance with the 
ordinary equations of wave propagation. Its speed of advance is found to 

be (2) 


= 2 
V, PG Op [2] 
On 


where Op/On denotes the normal pressure gradient or the rate of increase of 
the pressure along a normal to the front drawn into the unbroken water, and 
Vz, Vy, UV, are components of the particle velocity taken in the directions 
of cartesian axes. In order that the pressure may sink as the front ap- 
proaches, the numerator in Equation [2] must be positive. 

If p, is less than p,, there is a discontinuity of pressure at the 
breaking-front, so that the pressure is p, ahead of it and p, behind it. 
Thus, while the front is traversing an element of water, the element is 
kicked forward by the excess of pressure acting on its rear face. If v, is 
the particle velocity just ahead of the front, and if v,, is the component of 
this velocity in a direction perpendicular to the front or to the boundary of 
the cavitated region, taken positive toward the unbroken water, and if v, and 
v denote corresponding quantities in the cavitated region just behind the 


cn 


front, then the analysis (2) indicates that 


Pi P ; 
Ven ~ Von ar av : [3] 


Components of velocity parallel to the boundary are, however, left unaltered. 
Thus, if p, = p,, the particle velocity is left entirely unaltered by the 
passage of the breaking-front, but if P, is less than p, there is a discon- 
tinuity in its component perpendicular to the front. 


THE CAVITATED REGION 

Conditions within the region of cavitation must be comparatively 
simple. Since there is no pressure gradient, and the pressure is uniformly 
equal to p,, the particle velocity must be ccnstant in time, retaining the 
value at which it was left by the passage of the breaking-front. 

ats Dy = Des the particle velocity, being unaltered by the passage 
of the breaking-front, retains its expanding character. In this case, ac- 
cording to our assumptions, the fraction 7 of the space that is occupied by 


ry 
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bubbles increases steadily from an initial value of zero. If p, is less than 
p,., however, a certain volume of space is freed at once by compression of the 
water as its pressure rises from p, to p,. The general formula for n at any 

point in the cavitated region at time t is (2) 


t 
eR eaeDs a =] i Over Ove, Ov, 
u pc V,? a in ae t oy + oz )at [4] 


where t, is the time at which cavitation occurred at this particular point 
and v.,, Vey, and v., are the components of the particle velocity v, in the 
directions of the x, y, and z axes. Apparently, if p, is less than p., 7 may 
either increase or decrease, or neither, after the breaking-front has passed. 


THE CAVITATION BOUNDARY 

When the boundary of the cavitated region, advancing as a breaking- 
front, arrives at a point beyond which V, as given by Equation [2] would be 
less than the speed of sound, c, the analysis shows that it must halt abrupt- 
ly. This may be regarded as happening either because the liquid ahead of the 
front is not expanding with sufficient rapidity, that is, the numerator in 
Equation [2] is too small, or because an excessive pressure gradient has been 
encountered, that is, the denominator is too large. The boundary may then do 
either of two things. Which it will do is found to depend in part upon the 
particle velocity in the neighboring cavitated region, but in larger degree 
upon conditions in the adjacent unbroken liquid. 

One alternative is that the boundary may stand still as a stationary 
boundary, aS shown in Figure 2, where any waves of pressure that may be inci- 
dent upon it from the unbroken side are reflected as if from a free surface. 
This must occur whenever the incident waves are very weak. 

The other alternative is that destruction of the cavitation may be- 
gin, that is, the boundary may recede toward the cavitated region, leaving 
the liquid unbroken again behind it. Such a boundary may be called a closing- 
front. Apparently it may be of either of two dis- 
tinct types. 


CLOSING-FRONTS 
Closing of the cavitation may result from 
a contracting motion in the cavitated region itself, 
when the distribution of the values of v, at differ- 
ent points are such that the bubbles tend to decrease 


in size. This can happen, however, only if p, is Figure 2 - A Stationary 


less than p,; for, as already remarked, if p, = p, Boundary 
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the water retains the expanding motion which brought about the cavitation. 

If contraction of the bubbles occurs near a part of the boundary at which 

n = 0, this part of the boundary will advance into the cavitated region as 

a closing-front. A closing-front of this type may be called an intrinsic 
one; the analysis shows that it must advance at a speed exceeding the speed 
of sound, else it will at once change into the other 
type, to be described next. 

When recession of the boundary of the cav- 
itated region is caused by conditions in the un- 
broken water, the boundary may be called a forced 
closing-front, Figure 3. Its motion is essentially 
an impact process, similar to that which oceurs when 
a locomotive picks up the slack in a long string of 
cars. Layer after layer of the cavitated water is 


Figure 3 - A Forced compressed impulsively from p, to some higher pres- 
Closing-Front 


sure p, and its component of velocity normal to the 

boundary is likewise changed. It is assumed in the 
idealized theory, as already stated, that the cavitation bubbles close in- 
stantly as the closing-front passes over them. If, in reality, they contain 
a kernel of air or other foreign gas which requires time to redissolve in the 
liquid, the process will be modified. 

It can be shown that a forced closing-front cannot move faster than 
sound, relatively to the unbroken liquid behind it, but exact equations cov- 
ering its motion are difficult to formulate in the general case. The reason 
can be said to lie in diffraction of the waves that are incident on the 
boundary. 


THE ONE-DIMENSIONAL CASE 

The one-dimensional case, on the other hand, is easily treated in 
more detail. If the motion is confined to one dimension, use may be made of 
the familiar fact that any one-dimensional disturbance in unbroken liquid is 
equivalent to two superposed trains of plane waves traveling in opposite di- 
rections. One of these two trains will fall at normal incidence upon the 
plane boundary of the cavitated region, while the other will be leaving it 
continually as a reflected train of waves. Simple equations can then be 
written in terms of these trains. 

Let p’ denote the pressure in the incident wave train, and let v, 
denote the particle velocity in the cavitated region, measured positively now 
toward the cavitated side of the boundary. Then the analysis (2) indicates 
that, if 


p’ SF (p, + pev,) 
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the boundary remains at 0,0? Ve 
rest, except, of course, arse |Peoei’ / pe lee ees 
as it may move slightly oe leer Kan pie? ee 
with the particle veloc- ae a go? _ Shea 
=‘p't =p't ° 
ity of the water. The ‘in ss a) Poe Levee 
o Y ° e 
incident waves are re- 7 SS, Ge VEC Cee 
flected as if at a free Gr Poe, Mo 0 0, 2 
surface at which the ; 
é ‘ Figure 4 - A Plane Figure 5 - A Plane Forced 
pressure is always p,; Stationary Boundary Closing-Front advancing 
see Figure 4. This case toward the Right 


will occur, for example, 
whenever the incident waves are waves of tension but are not of sufficient 
strength to cause fresh cavitation. 

If, on the other hand, 


p' > + (pr. + pcv,) 


the boundary advances toward the cavitated region as a forced closing-front; 
see Figure 5. For the pressure p and the particle velocity v of the unbroken 
water just behind the front, the latter taken positive toward the side of 
cavitation, and for V,, the speed of advance of the front relative to the 
cavitated water ahead of it, the following formulas are obtained (2) 


SPT = n)ipew™ 
Pin Ps Sarsanite Sa [5] 


w+n(c —w) 


ae ae se CT [6] 
w 
Ve Es Pe ie =) (7] 
where 
w= pe (2P' — p) — v% [8] 


p is the density of water and c the speed of sound in it, and 7 is the frac- 
tion of space that is occupied by bubbles. 

According to Equation [7], V. = ¢c if n = 0. The boundaries at 
which n = 0 constitute, however, a singular case which will usually be of 
momentary duration. 

The most interesting example of such a boundary is a breaking-front 
which has just ceased advancing. Usually the advance ceases because V, has 
sunk to c and would go below this value if the front advanced farther; then, 
by Equation [4], n = 0 at the front. Furthermore, by Equation [3], in which 
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Ven = ~ Ye» Von = ~ Vz, and in view of the differences in the choice of the 


cn 


positive direction for velocity, as illustrated in Figures 1 and 4, 


Here p, and v, represent pressure and particle velocity just behind the front, 
so that p, = p’ + p” where p” is the pressure in the reflected wave; whereas 
by the usual acoustic equations pcv, = p' - p”. It follows that 


' 


1 
p' = 5 (p. + pcr,) 


Comparison of this equation with inequalities previously written involving p’' 
shows that the further behavior of the boundary will depend upon the subse- 
quent course taken by the incident pressure p’. If p’' increases as time goes 
on, the boundary will at once start back toward the cavitated region as a 
forced closing-front; whereas, if p’ remains constant or decreases, the 
boundary will remain stationary, constituting a free surface. 


FINITE GAPS 

Cavitation in the midst of a mass of liquid must ordinarily consist 
of small bubbles which can be assumed, for analytical purposes, to be con- 
tinuously distributed. There appear to be only two ways in which large 
spaces or gaps can be formed in a liquid by hydrodynamic action not involving 
the motion of solids. 

Rotational motion may have the effect of lowering the pressure to 
the breaking-point, as in an eddy, and then forming a cavity. Such motion, 
however, is excluded in the present discussion. 

If the motion is of the irrotational or potential type a gap can 
form only if p, < p.» where a wave of tension falls upon the boundary of a 
cavitated region already formed and causes the surface of the unbroken water 
to withdraw. Such a gap will presumably take the form of a layer of especial- 
ly large bubbles between the broken and unbroken water. 

When cavitation results from the impact of a wave of tension upon 
the interface between water and a solid, its character will depend upon the 
relative magnitudes of the breaking-pressure for a water-solid and for a 
Water-water surface. If the breaking-pressure between solid and water is 
higher than that within the water itself, breaking will occur first at the 
solid, with the formation of a gap or cavity. Otherwise continuously distri- 
buted cavitation will form in the water, a layer of which will be left in 
contact with the solid. What the facts are in the case of explosive pressure 
Waves impinging upon painted or corroded steel is not yet known. 
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The subsequent closing of a gap, provided it does not contain an 
appreciable amount of air or other foreign gas, will result in the usual 
water-hammer effect. If the gap closes against a rigid boundary moving at 
fixed velocity uv”, and v' is the particle velocity of the advancing water, 
the pressure rises instantaneously from p, to p, + pc(v' - v”). When a gap 
closes in the midst of the water, however, with a difference v' - v” in the 
particle velocities on the two sides of the gap, the impact pressure is only 
Spe(v' - v"); here the pressure at the gap rises instantaneously from p, to 
p+ d pelv’ -v"). The action is, in fact, the same as if the two masses of 
water had impinged simultaneously and from opposite sides upon a thin solid 
sheet moving with the mean velocity of the water or a velocity : (v' +0"). 


CAVITATION AND DYNAMICAL SIMILARITY 

Cavitation in the midst of a liquid differs in its effect upon re- 
lations of similarity from cavitation at the surface of a solid. 

A glance at the differential equations of sound, or at some of the 
equations written in this report, shows that, in constructing a possible mo- 
tion similar to a given one, but on a different scale, it is necessary to 
preserve unchanged at corresponding points the values of the two dimension- 
less quantities 


ad igs ae 
poe" per’ 
where p is the pressure referred to any chosen datum or zero of pressure, 
v is the particle velocity, 
p is the density, and 
c is the speed of sound in the liquid in question, here water. 


In a given liquid, with fixed p and c, it follows that both p and the par- | 
ticle velocity must be preserved at corresponding points. The only transfor- 
mation that is possible is thus the simple one, familiar in the discussion of | 


underwater explosions, in which all linear dimensions and all times are 

changed in the same uniform ratio. The occurrence of cavitation at fixed 
values of p, and p, alters nothing in this conclusion so long as cavities of ; 
appreciable size do not form. 

If large gaps occur, however, gravity may play a role in their 
neighborhood. Then, from such equations as s = 5 gt? and p = pgh, where s is 
the displacement in time t or h is the static head, it is evident that, for 
similarity to hold, an additional quantity must be preserved. This may be 
written in various forms, such as gs a or 


gL 
v2 { 
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where L is any convenient linear dimension. It is’clear that L, like ey, 
must be kept constant. Thus, if cavitation within the midst of a liquid is 
accompanied by the formation of cavities of considerable size, no transfor- 
mation of similarity is possible at all. 

The inclusion of effects of viscosity, on the other hand, requiring 


preservation of the quantity 


puL 
v 


where v is the viscosity, is known to destroy the possibility of similarity, 
irrespective of whether cavitation occurs or not. 

In experiments such as those on cavitating propellers, transforma- 
tions of similarity can be made for two reasons. In the first place, the 
compressibility of the water can be neglected, as well as the viscosity ef- 
fects, so that only two quantities need to be preserved in value, such as 


si beple ie 

pve’ ve 
In the second place, only a single cavitation pressure is usually recognized, 
and this can be taken as the datum pressure which is held constant. The usu- 
al change of scale then becomes possible in which all linear dimensions and 
also the excess of pressure at each point over the cavitation pressure are 
changed in proportion to v”. If, however, it became necessary to distinguish 
between two cavitation pressures, a breaking-pressure and a cavity pressure, 
then the fixed difference between these two would require all pressure dif- 
ferences to be fixed, and consequently similar motions on different linear 
scales could not occur. 


APPLICATION: CAVITATION BEHIND* A PLATE 

The simplest case to which the analytical theory of cavitation 
can be applied is that of plane waves of pressure falling at normal inci- 
dence upon a uniform plane sheet of solid material, where the sheet is so 
thin that elastic propagation through its thickness need not be considered; 
see Figure 6. 

Various aspects of this case have been discussed in several reports 
(3) (4) (5) (6). If the pressure wave is of limited length and of suffi- 
ciently low intensity to make acoustic theory applicable, and if water can 
support the requisite tension, then it has been shown that the initial for- 
ward acceleration of the plate is followed by a phase during which it is 
brought to rest again by the action of tension in the water. The final dis- 
placement of the plate is equal to twice the total displacement of a particle 


* 
On the side acted on by the explosion. 


11 
238 


of water due to the incident wave, or the same as the displacement of the 
water surface when the plate is absent. 

The effect of cavitation, on the other hand, will vary somewhat, 
according to the point at which it occurs. There are two possibilities: 


ile The plate may break loose from the water, or 
Ze cavitation may occur first in the water itself. 
1. The plate may break loose from the water; see Figure 7. 
The pressure at which this occurs may be either the cavity pressure 
p, or some lower pressure p,'. In either case, the surface of the liquid 
then becomes a free surface at which the pressure is constant and equal to 
p.» and the remainder of the incident wave is reflected from this free sur- 


face. The plate, meantime, will continue moving forward until it is arrest- 
ed by other forces. The pressure p,, atmospheric or otherwise, acting on 


Vi i ly 
Y Wy 


Figure 6 - Diagram representing Plane Figure 7 - Diagram illustrating the 


Waves of Pressure p in Water, Case in which Cavitation occurs 
falling upon a Large Thin Plate at a Thin Plate 
This plate is backed by gas at the pressure P,- Here the cavitation takes the form of a definite 
A reflected wave of pressure p” travels cavity in which the pressure is p,. 


back into the water. 


the opposite face of the plate, may be assumed to exceed the pressure p, in 
the cavity behind it; the difference, p, - p,., will suffice eventually to ar- 
rest the motion of the plate and to cause its return to contact with the wa- 
ter. There may also be other forces of elastic or plastic origin. It may 
happen, however, aS suggested by Professor G.I. Taylor (5), that spray pro- 
jected from the water surface will tend for a time to support the outward 
motion of the plate. When the returning plate strikes the water, an impact 
wave of pressure will be produced in the water as the plate comes exponen- 
tially to rest. 

If the incident wave is of exponential form, explicit formulas are 
easily obtained. This case is discussed at length by Taylor (5), but a few 
details may be given here. 
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The equation of motion for the plate is 


2 
m SS =ptp" (9] 


where p is the excess of pressure in the incident wave above the hydrostatic 

pressure p,, which is assumed to be the same on both sides of the 
plate, 

p' is the excess of pressure over p, in the reflected wave, 

mis the mass of the plate per unit area, 

x is the positional coordinate of the plate in a direction perpendicu- 
lar to ts surhace, and 

t is the time. 


Elimination of p” gives 


d*x 
2 


dt 


dx 
dt 


m + pe = 2p [10] 


where p is the density of water and c is the speed of sound in it. Compare 
here Equations [9] and [10] on page 24 of TMB Report 480 (4). 
The solution of Equation [10] for p = 0 is 


pct 
gz = Ween: [11] 

With a suitable choice of the constant u,, this solution will represent the 
motion of the plate after returning to contact with the water if t represents 
the time measured from the instant of contact and u, is the velocity of the 
plate at that instant. 

To represent the impact of the pressure wave, we set p= 0 for 
t less than 0 and, for t greater than 0, 


p = p(t) = pe * [12] 


in terms of two constants p, and a It is assumed that the displacement of 
the plate during the effective time of action of the wave is negligibly small. 
The solution of Equation [10] that represents the plate as starting from rest 
at x = 0 and t = O is then easily verified to be 
Ly _ pet 
dz 220 fe a | ) 


c 
= ™m 


dt pe—am 


[13] 


see TMB Report 480, page 25. 
The corresponding total pressure on the plate above hydrostatic is, 
from Equations [9] and [13], 


2 -a 
p+ pi =m <5 = —*P0 (pee ™ — ame “) ue 
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If the simple assumption is now made that cavitation occurs at the 
surface of the plate as soon as the pressure sinks to a certain value Dias 
the time at which it occurs can be found by putting p+ p” = p,’ - p, in 
Equation [14] and solving for t. The corresponding value of dz/dt as ob- 
tained from Equation [13] is then the velocity with which the plate leaves 
the water. 

For the special case in which p,' = p, = p,, this velocity is also 
the maximum velocity acquired by the plate and has the value 


ap tes ane [15] 
where 
ae 
Ban [16] 


as given on page 7 of TMB Report 489 (6). The formula for v,,, can also be 
written 

ale 
v= ¢ 


Vmax = k 22, b= Bo) 


(17] 


where k is a dimensionless number and Po /pe represents the particle velocity 
associated with ghe maximum pressure in the incident wave. A plot of k 
against q is shown in Figure 8. 

iat Diels less than p,, the plate is slowed down somewhat by the 
action of the pressure p, on its opposite face, assisted perhaps by tension 
in the water, so that it leaves the water with a velocity less than v,,, . 

The initial velocities of diaphragms acted on by explosive pressure 
waves as measured at the David W. Taylor Model Basin have always been less 
than the calculated v,,,, but never less than half as great. Details will be 
reported elsewhere. 


2. Cavitation may occur 
first in the water itself; see 


Figure 9. 


Consideration of this 


case is new. If a fixed breaking- 


pressure p, is assumed, the point 


at which cavitation starts may be 


3 25 30 
found by examining the resultant : = ses gl a: oe i ee ae 
pressure distribution in the water Figure 8 - Plot of the Coefficient k 
near the plate. The reflected in Equation [17] 


A, The broken curve continues the right-hand 
pressure p”(t) at the plate itself uit Bee hg, Gaara taeenees 


is, from Equations [12] and [14], on the same scale. 
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so long as cavitation does not occur, 


pet 


lance e 


P 


PG) S seer = ((jne ee [18] 


Let x represent a distance from the plate, measured positively in the direc- 
tion of propagation of the incident wave. Then the pressure at any point be- 
hind the plate, within the distance to which the reflected wave has traveled, 
will be 


p= o(t-2)+9"(0+ 2) = 


is _ 2,42 Ph Pea 
pale (t -2) ri 2pe : a (t+c) petam (t 2] [19] 


pe-am pe-am 
Cavitation will begin where p as given by this equation first sinks 
to the breaking-pressure p,. From this point a breaking-front will advance 
toward the plate, perhaps all the way up to it, while another one travels 
back into the water. The latter front travels forever, in the present case, 
provided p, is less than 0, but the cavi- 


“y Y lege le tation behind it soon becomes negligible. 
Yj BA 8 : sees 
Water 10° This is because the incident wave soon be- 
jpn comes inappreciable, and the receding 
= og uy P, breaking-front soon becomes *ndistinguish- 
c 
Yo / ne able from that particular reflected wave 


Nt at which p” = p, - p, and travels with this 


yy ie 


wave at the speed of sound. Equation [4] 
then gives yn = O behind the front. 


peere aa ee The particle velocity v, ahead 
e Case in which Bu 
Cavitation occurs in the Water of the front becomes that of the reflected 


wave or v,, = - (p, - p,)/pc; hence by 
Equation [3], in which V, = c and the signs of v,, and v,, must be changed to 
allow for the difference in the direction chosen for a positive velocity, the 
Particle velocity behind the front is - (p. - p,)/pe. Thus the part of the 
reflected wave from 2p, to p, travels on, with a discontinuity at its rear 
face, leaving the pressure uniformly equal to p, and the velocity uniformly 
equal to - (p, - p, )/pe behind it. Only a limited region of cavitation is 
formed near the plate. 

The process by which the plate, after being returned by other 

forces such as air pressure, destroys the cavitation again, can be followed 
by numerical integration in any particular case that may arise. 
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EFFECT OF CAVITATION ON PRESSURE 

The action of an exponen- 
tial wave upon a plate is illus- 
trated in Figures 10 and 11, which 
are drawn to represent very rough- 
ly the action of the shock wave 
from 300 pounds of TNT upon a plate 
of steel 1 inch thick, or from 1 
ounce of TNT upon a plate 1/17 inch 
thick. ; 

Figure 10 shows the ex- 
cess pressure on the plate itself, 
above hydrostatic pressure, plotted 


a 
Pressure on the 


no w os o 
fo) [e) {e) [e) 
(o} fo} {e) Oo 
{e) fe) (e) {e) 


Pressure in pounds per square inch 
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Time in milliseconds 


Figure 10 - Pressure on a Plate, in the 
Absence of Cavitation, plotted 
on a Time Base 


Pressure in pounds per square inch 


Distance from Plate in feet 


Figure 11 - Distributions of Pressure behind a Plate at Successive 
Instants of Time, in the Absence of Cavitation 


The incident wave approaches from the left, hence distance from the plate is plotted in that direction. 


on a basis of time. The time scale is labeled to correspond to 300 pounds of 
TNT; for 1 ounce the times would be 1/17 as great. One curve shows the inci- 
dent pressure, or the pressure that would exist in the water at the location 
of the plate if the plate were absent, as given by Equation [12]. The other 
curve shows the actual pressure on the plate, as given by Equation [14]. 

This may be thought of as made up of the incident pressure p together with a 

component of pressure p” due to a reflected wave that travels back into the 


water. 
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Pressure in pounds per square inch 


14 is 12 i 10 9 8 7 6 5 4 3 2 | (0) 
Distance from Plate in feet 


Figure 11 - Distributions of Pressure behind a Plate at Successive 
Instants of Time, in the Absence of Cavitation 


Figure 11, on the other hand, shows the instantaneous distribution 
of pressure in the water adjacent to the plate, plotted against the distance 
from the plate. The distances shown in the figure correspond to 300 pcunds 
of TNT; for 1 ounce they would be 1/17 as great. The curves are calculated 
by Equation [19] where t + x/c is positive, and by Equation [12] elsewhere. 
Curve A shows the distribution of pressure at the instant at which the pres- 
sure wave first reaches the plate (t = 0). Curve B shows the distribution 
0.2 millisecond later (t = 0.0002); at this time the reflected wave has ad- 
vanced 1 foot from the plate. Curves C, D, E, F refer similarly to times 
about 0.4, 0.8, 1.6, 2.4 milliseconds after the arrival of the incident wave. 
Curve F serves also to represent the final form of the reflected wave; the 
incident wave has by this time completely disappeared. 

These figures will be modified by the occurrence of cavitation in a 
way that depends upon the laws governing the cavitation. 

Cavitation may occur at the plate. It mey occur as soon as the 
pressure sinks to the hydrostatic pressure p,; this will be at the instant 
marked t, in Figure 10. In this case the plate leaves the water with a ve- 
locity equal to v,,, as given by Equation [17], and the curve for the pres- 
sure on the plate in Figure 10 coincides with the axis of zero pressure from 
the time t, onwards. An alternative pqssibility, however, is that cavitation 
may not begin until a lower pressure p,’ is reached, at a later time such as 
that marked t, in Figure 10. In this case the plate leaves the water at the 
time t, with a velocity less than v,,,. The pressure on the plate after ty, 
will then be the constant cavity pressure p,. If p, = p,’, the curve will 
extend horizontally from the point t,, as shown by the lower of the broken 
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lines, instead of continuing downward. If, on the other hand, p_ is greater 
than p,', the pressure on the plate will rise suddenly to the value p, at 
the instant t, and will then remain constant, as illustrated by the upper of 
the two broken lines in Figure 10. 

The distributions of pressure in the water, as plotted in Figure 11, 
will be modified in ways to correspond. The part of the reflected wave that 
is reflected from the water surface after the occurrence of cavitation will 
be modified so as to contain higher pressures, since the pressure at the wa- 
ter surface is higher than it would have been if the water had continued in 
contact with the plate. In Figure 11, on each of the later curves there will 
be a point representing the instantaneous position of that part of the re- 
flected wave which was reflected just as cavitation began; such a point is 
indicated by a on Curve E. The pressure to the right of this point contains 
a component that was reflected from the free water surface instead of from 
the plate and hence will lie somewhat higher than it would in the absence of 
cavitation, as is suggested in Figure 11 by the broken line ab. 

As an alternative, cavitation might begin in the water itself. In 
such a case the analysis given in foregoing sections becomes applicable. 
Cavitation will start at a definite position as well as at a definite time. 
It might begin, for example, at Q in Figure 11; this point would then repre- 
sent the position of that plane in the water, parallel to the plate, at which 
the pressure first sinks to the breaking-pressure p,. 

From this initial plane, a plane breaking-front will advance a 
short distance toward the plate, while another one will follow the reflected 
wave toward the left, moving a little more rapidly than this wave so as al- 
ways to be in the position at which the total pressure equals p,. Successive 
positions of the latter breaking-front are indicated in Figure 11 by Q’, Q’, 
Q”. Behind this front, or on the right in the figure, lies the cavitated 
region, in which the pressure equals the cavity pressure p,. The boundary of 
this region on the side toward the plate is not shown in Figure 11, since its 
position can only be inferred from a more detailed study of the motion of the 
water near the plate. The uniform pressure p, behind the breaking-front, on 
the assumption that p. is greater than p,, is illustrated for a certain in- 
stant of time by the broken line behind Q”’. Thus, the part of Curve F to 
the left of Q”, up to 12 feet from the plate, represents the part of the re- 
flected wave that got past Q@ before cavitation began, diminished somewhat 
through being partially overtaken by the breaking-front which moves at first 
at supersonic velocity. The remainder of Curve F is replaced by the uniform 
pressure in the cavitated region or near the plate by an undetermined modi- 
fied pressure. 
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Figure 12 = Growth of a Dome and Plumes from an Underwater Explosion 
The phenomenon is partially obscured by smoke from the ship from which the photographs were taken. 
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More complete figures are scarcely worth constructing until an 
a¢tual known case presents itself for analysis. 


CAVITATION UNDER THE SURFACE OF THE SEA 

When a charge is exploded at a suitable depth in the ocean, a dome 
of white-appearing water is seen to rise somewhat above the surface, breaking 
after a moment into plumes of spray. The eight frames from a motion picture 
film, Figure 12, illustrate this phenomenon. The plumes are supposed to be 
associated with the escape of the explosion gases. The dome, however, has 
been ascribed to the occurrence of cavitation; a layer of water at the sur- 
face and just under it, after being kicked upward by the pressure wave, fails 
to be jerked to rest again by the action of a reflected wave of equal ten- 
sion and continues rising until stopped by gravity and air pressure. This 
explanation will be considered briefly on the basis of the foregoing analysis. 

It is necessary first to fix upon the value to be assumed for the 
breaking-pressure p,. Hilliar (7) found that the dome was absent whenever, 
according to his measurements, the maximum pressure reaching the surface was 
under 0.3 ton or 670 pounds per square inch, and concluded that p, was rough- 
ly of this magnitude. It will be assumed, therefore, for the moment, that 
p, = -600 pounds per square inch. 


To select a specific case 
Water Surface 


for study, suppose that a charge of 0) 
300 pounds of TNT is detonated 50 

feet below the surfaca. Then the 
pressure wave should be reflected 


Af, 


Ye 


from the surface as a wave of equal Z eer aed 
tension, diverging from the mirror ® 50 

image of the charge in the surface 6 

and decreasing in intensity as it e 


progresses. Using Hilliar's data, 
it is easy to map out the lens- 
shaped volume within which the 100 


pressure would sink momentarily Figure 13 - Diagram of Region of Reduced 
Pressure following Reflection of a 
Pressure Wave from the Surface 


at least to -600 pounds per square 
inch if there were no cavitation. 
This volume is outlined roughly by the lower curve in Figure 13. 

Application of the criterion obtained from the analysis for the 
propagation of a breaking-front indicates, on the contrary, that cavitation 
would in reality be confined to a much smaller region, which is shaded in 
Figure 13. To locate this region, it is necessary to estimate the magnitudes 
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of the incident and reflected waves as they become superposed upon each other 
at various points and at various times. The pressure in each wave is assumed 
to decrease in inverse proportion to the distance from its point of origin, 
real or assumed; and allowance must be made for the time of propagation. It 
is unnecessary to give details of the rather tedious calculations, which were 
carried out only roughly. 

By trial, it is found that the total pressure should first reach 
the value of -600 pounds per square inch at a point situated directly over 
the charge and about 1 foot under the surface. Cavitation will begin at this 
point, according to the assumption made here, and from this point a closed 
breaking-front will sweep out, moving at supersonic velocity. The upper side 
of this front must obviously halt almost at once, for a tension of 600 pounds 
per square inch cannot occur close to the surface; but the lower side may de- 
scend to a considerable depth. 

In Figure 14 are shown the estimated distributions of pressure 
along a vertical line through the charge at two different times, distin- 
guished by the numbers 1 and 2. Heavy curves are drawn to represent the ac- 
tual pressures; light curves above the axis represent the component pressures 
due to the incident wave, those below the axis the components due to the re- 
flected wave. 


Pressure 


Position 
d 
below Surface of Surface 


j ao 


- 600 


Figure 14 - Diagram illustrating the Distribution of Pressure below 
the Surface of the Sea, as explained in the Text 
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At the instant 1, a small part of the incident wave has already 
been converted at the surface into the reflected wave, shown by the light 
curve abc; the remainder of the incident wave is represented by the curve 
def. Together these two components make up the total pressure represented 
by the heavy curve 1111. Cavitation is just beginning at Q, where the pres- 
sure has sunk to -600 pounds per square inch. 

From this time onward, the curve of total pressure is clipped off 
at -600 pounds per square inch by the breaking-front. Hence, at the time 2, 
for example, the curve has its minimum at -600 at B, and to the right of this 
point, or toward the surface, lies a cavitated region, in which the pressure 
has the small negative value p,. Just under the surface, however, in un- 
broken water, larger negative pressures will probably occur. The distribu- 
tion of pressure at this instant will thus be as shown by the heavy curve 222. 

The breaking-front will finally cease advancing when V, as given by 
Equation [2] becomes equal to c. In applying this criterion, it is more con- 
venient to transform Equation [2] by substituting, from the theory of sound 
waves, 


Ox Oy Oz pe* ot 


The actual formula employed in making the rough estimate was Equation [46] in 
Reference (2). Using the author's provisional estimate of the later part of 
the pressure curve, as represented on page 15 of Reference (6), it was con- 
cluded in the manner just described that cavitation might ultimately extend 
throughout a volume such as that shaded in Figure 14, or to a horizontal 
radius of nearly 100 feet, but only to a maximum depth in the center of 10 
feet. 

After the boundary of the cavitated region has ceased advancing as 
a breaking-front, it will undoubtedly begin to recede as a closing-front. No 
attempt has been made to follow this process, however, since it seems to be 
possible to infer the gross features of the subsequent motion of the water 
from more general considerations. 

The particle velocity just behind the front may be estimated from 
Equation [3]. Just above the top of the cavitated layer, V4, representing 
the resultant particle velocity due to incident and reflected waves, adds 
numerically to the last term in Equation [3] and gives a total upward par- 
ticle velocity v,, in the cavitated layer of about 49 feet per second. The 
simultaneous value at the surface is twice that in the incident wave or per- 
haps 34 feet per second. Where the descending part of the front halts, how- 
ever, the positive direction for v,, is downward, whereas the actual particle 
velocity is due almost entirely to the reflected wave and is upward. Thus 
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a is here nearly equal to p,/pe, so that v,, just about cancels the last 
term in Equation [3] and v,, is small. It may safely be inferred that the 
particle velocity in the cavitated region will grade from a small value at 
the bottom to about 49 feet per second at the top. 

The whole cavitated layer, 9 feet thick, should therefore rise, 
carrying a thin uncavitated sheet on top of it. This "solid" sheet will in- 
crease in thickness as its lower boundary travels downward in the form of a 
forced closing-front. The numerical values cited indicate that the center 
of gravity of the upper 10 feet of water will start upward with a velocity 
of perhaps 25 feet per second; and there should be a downward acceleration of 
g due to gravity and of (34/10)g due to air pressure on the top, or a total 
of 4.4 g, The center of gravity should rise, therefore, not over s = v*/2q = 
25°/8.8 x 32 = 2.2 feet, during a time v/4g or 0.2 second. The surface of 
the water will rise higher but certainly not more than twice as high or, at 
the utmost, 5 feet. 

Now this picture as inferred from the analysis appears not to agree 
too well with the facts. Hilliar's observations indicate that, in the case 
comsidered, the dome would certainly be less than 60 feet in radius but would 
rise in a second or so to a height of 15 or 20 feet. The analytical estimate 
would be changed considerably if a different breaking-pressure were assumed, 
or if more recent values for the incident pressure were employed, but a large 
disagreement with observation would remain. The large rise that is actually 
observed could be explained only by supposing that the disintegration of the 
water extends up to the surface and serves to admit atmospheric pressure to 
the interior. Cavitation up to the surface might result from the initial 
presence of air bubbles in the upper few feet of water, which would effec- 
tively raise p,, perhaps up to p,. The whiteness observed in all explosions 
of this kind does, in fact, extend to the very edge of the dome in the photo- 
graphs; see Figures 12 and 15. It is not easy to believe, however, that air 
can mix sufficiently rapidly with the cavitated water to relieve the vacuum 
effectively. 

The jaggedness of the edge of the dome, so clearly revealed by the 
photographs, suggests a modified hypothesis. Perhaps the general mass of 
water really does rise only a few feet, as the analysis suggests, and what 
is seen as a white dome of considerable height is only an umbrella of spray 
thrown up from the surface. 

The origin of the spray itself is perhaps to be found in an insta- 
bility of the surface under impulsive pressure. The pressure gradient is 
equivalent to a momentary increase of gravity by a factor of 100 to 1000, 
followed by a reversal to similar values. If there are any small waves on 
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Figure 15 - The Dome, 53 feet ee raised by a Charge of 1900 pounds 


of Amatol, detonated 64 feet below the Surface 
This photograph is from Hilliar, Reference (7), Figure 62. 


the surface, the lesser mass of water under the troughs will be accelerated 
more violently than the greater mass under the crests, but the difference in 
the accelerations will be greater during the pressure phase than during the 
subsequent tension phase because the initial differential motion tends to 
smooth out the waves or even to reverse them. The initial troughs should 
thus tend to be thrown up as spray. 

An indirect method of determining whether or not cavitation occurs 
under the surface is by studying the reflected wave of tension itself. In 
the absence of cavitation, this should be a reversed replica of the incident 
wave, reduced somewhat by the greater distance of travel. If, however, cav- 
itation occurs, only the very short initial part of the tension wave as pro- 
duced at the surface, containing the rapid drop to the breaking-pressure Py» 
will continue traveling below the level at which the breaking-front halts. 
It is readily seen that the lower boundary of the cavitated region should 
stand still thereafter as a stationary boundary, as described on page 5. 
For, as noted on page 8, 2p’ = p. + pev, when the breaking-front halts, where 
o' is the positive pressure in the incident wave, and thereafter 2p'< p+ pev, 
as p' decreases, so that the condition for a stationary boundary as stated 
on page 7 is met. The tail of the incident wave will be reflected from this 
boundary as a tension wave in which the pressure is p” = p, - p’. Thus the 
total reflected wave as it occurs below the region of cavitation will be 
qualitatively as sketched at C in Figure 14. 

This conclusion is in general harmony with a series of piezoelec- 
tric observations reported in 1924 (8). Only relatively small tensions were 
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found. Presumably an initial jab of high tension such as ce in Figure 14 
would have little effect on the gage. The observed tensions would represent, 
therefore, merely the reflection of the tail of the incident wave from the 
bottom of the cavitated region, as is stated in the report. 

The value of the breaking pressure may be inferred most easily from 
the minimum depth at which the reflected tension appears in full strength, 
indicating no cavitation. One of the observations mentioned points toward a 
relatively high value of jee e\ charge of 2 1/4 pounds of guncotton 60 feet 
below the surface gave a maximum pressure of 910 pounds per square inch on a 
gage placed 15 feet away and on the same level. Without cavitation, there- 
fore, the maximum reflected tension should be about 910 x 15/120 = 115 pounds; 
but only 15 pounds was observed. Yet the maximum pressure at the surface 
would be only 910 x 15/60 = 230 pounds per square inch. If the gage was cap- 
able of measuring tensions effectively, the conclusion is justified that in 
this case the water must have cavitated at a tension scarcely exceeding 200 
pounds. 

It must be recognized, however, that cavitation at the gage might 
alter the conclusions materially. If cavitation over the gage occurs at 
higher pressures than it does in the water itself, then the tensions indi- 
cated by the gage set only a lower limit to the magnitude of the tension oc- 
curring in the water itself. The piezoelectric observations would be 
consistent with the assumption that no cavitation at all occurs in the midst 
of the sea. 

A few remarks may be added concerning the similarity laws for sur- 
face phenomena. On page 9 it has been seen that the change to model scale, 
as it is commonly made in dealing with underwater explosions, is possible 
only so long as gravity effects can be neglected. In this change all linear 
dimensions and all times are changed in one and the same ratio’ the pressures 
and velocities at corresponding points remain unchanged. It follows that the 
effects of air pressure upon surface phenomena will be relatively the same 
upon all scales. Insofar as these phenomena are influenced by gravity, how- 
ever, similar motions on different scales are impossible. Similar motions 
would be possible only if the strength cf gravity were changed in inverse 
ratio to the linear dimensions, so as to preserve the value of the quantity 
gL/v? or, since v? is unchanged, of gL itself; L is here any convenient 
linear dimension and v is the particle velocity. Small-scale phenomena thus 
correspond to large-scale ones occurring in a proportionately weaker gravi- 
tational field. 

This conclusion is surprising, for it appears to mean that spray 
should be thrown to the same height by charges of all sizes. This would be 
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in conflict with the suggestion that the dome over large charges may consist 
chiefly of spray, for a charge of an ounce throws spray to a height of a few 
feet at most. The explanation of the difference may possibly lie in an in- 
fluence of surface tension upon spray formation. Since the pressure under a 
curved surface is p = 27/r in terms of the surface tension T and the radius 
r, the relative effect of surface tension, when the pressures are unchanged, 
will be the same only if T is changed in the ratio of the linear dimensions. 
Thus surface tension, being actually constant, will have a much larger effect 
upon small-scale than upon large-scale phenomena. 

On the other hand, as we have seen, a dome of superficially solid 
water is limited chiefly by air pressure, hence it should follow the usual 
linear scale. The absence of a noticeable dome over small charges is thus 
consistent with the estimate of possible dome heights as made in the forego- 
ing, and in turn constitutes evidence against the supposition that the dome 
over large charges consists largely of moderately disintegrated water. 

It must be recognized, however, that other causes are possible for 
the difference in the surface phenomena on large and small scales. For one 
reason or another, cavitation might occur more easily in the salt water of 
the sea than in the fresh water in the laboratory. Or it might be that water 
can stand higher tension for the shorter times involved in the action of 
smaller charges. More evidence on these points is needed. 
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Summary. 


An account is given of the present position of the theory of the motion of a steel plate 
when subjected to an explosion pulse. Two approximations are in use, the infinite plate, and the 
piston in riyid wall. The former Is considered to be a better approximation to a ship, the latter 
to a box model or diaphragm—jauge. Ships’ plates of the tnicknesses and strengths used in practice 
behave (towards explosion pulses) very much like free surfaces and negative pressures are consequently 
set up in the water. In certain circumstances cavitation occurs in the water, and some of the 
energy of the explosion pulse is transformed into kinetic energy of this water, which eventually 
collides with the plate. The plate thus receives energy wnich would be radiated away as a tension 
pulse if water were able to stand tension. Only a fraction of this kinetic energy is avallable to 
Cause damage, nevertheless the investigation shows that the effect makes an important contribution 
to damage even if the plate is several inches thick. The theory is in qualitative agreement with 
experiment, and the modifications which will be necessary in order to take account of the effect 
of clampea edges or stiffeners ars briefly discussed. Two effects which will have to be considered 
are diffraction of positive pressure from the immobile parts of the plate and impact of non-cavitated 
water with the plate after the disappearance of cavitation. Both of these effects, nowever, vanish 
for an infinite plate, which is the only case considered in the present report. 


List of Symbols. 


(ye te maximum pressure of incident pulse.. 

@ = time constant of incident pulse. 

C = velocity of sound. 

x = distance from origin of co-ordinates (also thickness of reconstituted layer of water) 
y = deflection of plate. 

P = density of plate. 

a = thickness of plate. 


fy = density of water. 


¢ (t- 2) = pressure pulse reflected from plate. 

eas ee Sra: 
Pp © 6 

fel = ba log @) = Taylor cavitation time. 
il-a 

Yo = velocity of water at instant of cavitation. 

Ey = Taylor energy. 

ey ‘ ; 

E definea in sub. paragraph “Energy Consideration" 

c 
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Gg, 


@® = 27x plastic pseudo-frequency of plate = [3 


@. 2 yield stress of plate, 
R 2 radius of plate. 
Ss = wf a? = ratio of time constant of pulse to that of plate. 


N means that the special nonm—dimensional units defined in sub. paragraph 5(b) 
must be used. 


Yay ty Xn = values of y, t and x when plate comes to rest. 


Introduction. 


The behaviour of a steel plate when subjected to an underwater explosion pulse has been 
treated theoretically by quite a number of workers, Butterworth summarised the earlier work on the 
subject and considered both an infinite plate backed by a spring and a piston moving in a circular 
aperture in 4 rigid wall. Taylor(1) considers the former model and shows that one gets Increased 
damage if one supposes that the plate leaves the water as soon as the pressure in the water touching 
the plate falls below zero. He also sugyests(2) that, in this case, the plate may gain stil} more 
energy if cavitation spreads outwards from the plate into the water. The resulting spray will be 
projected towards the plate and must eventually catch up and bombard it. This suggestion was partly 
explored by Fox and Rollo, who showed that such cavitation and follow-up of water would imply that, 
for a thin plate, virtually all the incident energy was trapped in the neighbourhood of the plate, 
and might conceivably contribute to damage. An actual mechanism of reloading has been considered 
by Kirkvpod(3) who concludes that, in practical cases, almost all the energy expended in producing 
cavitation in water eventually contributes to damage. Unfortunately, only an abstract of this work 
is at present available. The general theory of the propagation of cavitation in water has been 
given by Kennard(4) who has applied it to a discussion of the effect on structures(5), and has given 
an account of the present position of the theory of the distortion of a plate by an explosion(6). 

It is the purpose of this report to obtain a definite numerical assessment of the extra energy 
communicated to an infinite plite by this process of cavitation and subsequent “follow—up" or 
bombardment with spray. work is now proceeding on the similar problem for the piston in rigid wall, 
in order to assess the effect of the finite size of the plate, the importance of which Is fully 
realised. It is hoped to deal with this in detail in a later report, but, in the meantime, a short 
discussion of the rela®ion between the two types of theory seems appropriate. 


it is probable that the infinite plate on a spring is a reasonable representation of the 
behaviour of a ship, provided that one may assume that the effect of stiffeners, etc., is spread 
evenly al) over the plates. If, however, the stiffeners are strong, it is necessary to know how 
the theory must be modified to allow for the fact that the parts of the plate near the stiffeners are 
practically immobile. This problem has been considered by Friedlander, who has obtained an estimate 
of the effect of stiffeners in delaying the onset of cavitation, and also of the effect of a slight 
curvature of an infinite plate on the time of onset of cavitation. Information on the efféct of 
clamped edyes is also wanted for the discussion of box models or diaphragm jauges, particularly when 
a baffle is fitted. For such cases the “piston in rigid wall" seems a definitely better 
approximation than the infinite plate. 


Let us suppose, for the moment, that water is capable of standing tension. For ships’ plates 
of the thicknesses used in practice, the reflected wave set up when they are acted upon by an 
explosion is almost entirely one of tension for a large plate so that the pressure at the plate quickly 
drops to zero and then to negative values. However, the pressure at the immobile wall remains 
positive, and a diffracted wave travels towards the centre of the plate, and thus enhances the damage. 
It is, in fact, shown by Butterworth that the effect of the diffracted wave may in a typical case be 
so great as to prevent the occurrence of tension at all, and that even when tenslon does occur, the 
diffracted wave eventually wipes it out, and uryes the plate forwards again. In the infinite plate 
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case discussed by Taylor(1), this diffracted wave is absent, and tension, having once set in, persists 
indefinitely. It is clear that such a theory underestimates damage, and this cAn easily be seen 
to be true even If we assume that the plate leaves the water as soon as tension sets In. 


(f water cannot stand tension, then tne plate will leave the water as soon as the pressure 
drops to zero, furthermore the water will cavitate as the tension-pulse set up by reflection at the 
plate travels outwards. Initially, the cavitated water will all be moving slower than the plate, 
but as the plate is brought to rest by the action of elastic and plastic stresses the water eventually 
catches up. For a very large plate it is clear that damage will be enhanced by this effect, and 
this is the case which is discussed below. Fox and Rollo have pointed out that, If cavitation occurs 
at a finite tension, the contribution to damage will vanish discontinuously if distance and weight 
of charge are changed continuously and bring the peak explosion pressure below a certain value. 

For a finite plate conditions will jump discontinuously from the “cavitation and follow-up" to the 
"diffracted wave" regimes in the same sort of way, and in such a case it is at present an open 
question which mechanism will be the more damaging. In any case, it seems clear that diffraction 
will predominate for 4 small plate, and cavitation for a large one, but it may be a matter of some 
difficulty to deal with the intermediate case, where both mechanisms are probably occurring tcjether, 
cavitation at the centre, and diffraction near the edges, 


Experimental evidence. 


It is perhaps appropriate to mention at this point that the existence of cavitation in the 
water under such conditions has been established photographically beyond all possible doubt by 
Wright, Campbell and Senior in this country. U.S. Reports U.£. 18 and 19 are also relevant. In 
the latter papers it is also shown that cavitation is just prevented from occurring if conditions are 
such that the diffraction wave can reacn the centre of the plate at the moment when the tota) pressure 
would otherwise have dropped to zero. Work on the motion of plates due to an explosion which also 
gives evidence that cavitation occurs is in hand at Road Research Laboratory(8), at the Taylor Model 
Basin(9) and at Admiralty Undex Works. This work is in qualitative agreement with theory, but until 
a method of allowing for edye effects has been worked out a quantitative comparison is not possible. 


Little or no experimental evidence on the behaviour of sea-water under high rates of change 
of tension seems to be available. It Is probably quite different from that of air—free water, which 
is what is usuatly studied in the laboratory. Even the static tension which pure water will stand 
does not seem to be known with any certainty. 


Theory for an infinite Plate. 


(1) Assumptions made. 


As stated above, we shall be dealing with an infinite plate, and we shall also consider the 
case of a plane wave at normal incidence, so that conditions become effectively one-dimensional, We 
also assume that:- 


(a) The water cavitates at, or soon after, the instant at which the pressure drops 
to zero. 
(b) When the water catches up the plate after cavitation, it is Drought to rest 


(relative to the plate) and does not rebound, so that a layer of “reconst/ tuted" 
water gradually builds up on the plate. This water is treated as If it were 
incompressible. 


Regarding assumption (a), there is considerable conflict of evidence on what the facts really 
are, and it is suspected that more than one parameter may in fact be involved. for example, it may 
well be that the rate of change of tension is important, as wel) as the tension itself. 


Regarding assumption (b), the occurrences at the plate are probably very complex. Air—bubbles 
May persist so that cavitation docs not disappear at once and pressure waves may be set up in the 
"reconstituted" water as the thickness of the layer grows. As the layer of "reconstituted" water 
turns out to be quite thin, any waves in this layer would probably soon be averaged out by reflection 
at the plate and at the surface. Very recently(9), some of tne observed "kinks" in the deflection- 
time curves of Jiapsragms have been attributed to these waves, 
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(2) Taylor's theory. 


The first stage of the motion has already been treated in detail by Taylor(1), so that 
a brief summary of his work is all that is needed, and we take up the problem at the point at 


which he leaves it. 


Let y be the displacement of the plate in the direction of the incident pulse. 


1 
tet p = pie 8 (t + z) be the incident pulse coming from the positive direction. 
p = @(t- 2) be the reflected pulse (due to the motion of the plate). 
Pp, = mass of plate per unit area. 


a = density of weter. 
@ = the time constant of the pressure pulse (assumed exponential as usual). 
The equation of motion of tne plate is now:— 


2 
= 


qd 
a ae 


t 
Pe Bag (t) (1) 
Continuity at the surface of tne plate requires that:— 


zat 
pact = me” - eit) (2) 


Eliminating ¢, we obtain the result :- 


t 
2 = 
d Ss 
pat hr nck = 25,2 8 (3) 


BS pee Masies an D yee BO") 
dt Py © (1 - a) (4) 
t t 
2p 6 - a 
y= i1-e %_atae @) 
p, © (1 -a) 

ner have writt foreen T v i =i 
where we have writtena fo pyc O* In Taylor's notationa €° 


We assume with Taylor the result that, in any practical amse, the effect of elastic and 
plastic forces on the motion of the plate is negligible during the time while the net pressure 
on the plate is positive. This fortunate circumstance has enabled us to drop the “spring™ term 
in equation (1). In yeneral alsoa is smal) compared with unity. @= 1 would imply a plate 
about a foot thick for a 300 1b. charge, and about 3 inch thick for a 1 oz. charge. The 
expression for the pressure at the plate is:- 


t 
p= pre 9 + ¢ (t) 


2 ss an 
— e F = geo » using equations (2) and (4). (5) 


The expression for the pressure in the water is obtained by taking account of the fact that ¢ 
represents a reflected pulse:- 


See en? t 
pi ome pet ai RO ae vase pi a” MRE (-a+de _cat& | (6) 
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For a given value of x, this vanishes if:— 


Crate ; x x 
a — - Jog | sinh [=| + acosh |— (7) 
c va [ees 6c ac 
Note that positive x and positive y are in opposite directions. 
For x = 0 equation (7) gives us t = ee lo3 (4) for the time at which cavitation starts. 


it is called the cavitation time by Kirkwood and others, and the compliance time by Kennard, We 
denote it by OC. The velocity of the water at cavitation is the sum of the velocities due to 
the incident and reflected pulses, that is simply twice the velocity due to the incident pulse 
(since the pressures are equal and opposite at this instant), so that we have:— 


Lid ate 4 GS x (2a) 
ede ea meg aoe ah [os fa + sinh el e FC (ia (8) 


this velocity being towards the plate. 


By differentiating equation (7) we obtain tne velocity of the propagation of cavitation:— 


x 
ine (oh cotn {3} 
Foor ei C 
dt E a 

The cavitation front is thus always supersonic, a particular case of a result found by Kennard(4). 


(3) Energy considerations. 


Equations (7) and (8) are all that we require for setting up a theory of the second phase 
of the motion, after cavitation occurs, but before we do this we sml1] compute an upper limit to 
the extra energy that may be yiven to the plate by this mechanism, If we put t = OC in equation 
(4) we obtain:— 


2 & 2p @ 6 = 
[| = sw ah, Te = a eltee | (10) 
st), Ae Pe ° 


The kinetic energy of the plate, per unit area, is given by:— 


ee 
Epil eazaneren =i aeaaE ee so 
Py ¢ py ¢ 


This energy will certainly appear as damage, whether or not any more is absorbed from the cavitated 
water. Taylor leaves the theory at this stage. 


In Figure 1 rough pictures of the state of affairs at the time the plate leaves the water, 
and at a slightly later time are given. it will be seen that, when the cavitation front reaches 
infinity, it will also have “eaten up* the part AC 8 of the reflected pulse, and the whole of the 
incident pulse, but that the part C D E of the reflected pulse always remains ahead of the 
cavitation front, and is thus lost. The total available energy thus consists of three parts:— 


(a) The Taylor energy already given in equation (11). 
(b) The energy in the incident pulse from t = GC to infinity. 
(c) The energy in the negative portion A C B of the reflected pulse, at t = OC, 
6 2 2t 
. . . . eran . 
(b) is easily computed. It is simply Po pt e C cdt, the factor 3 being 
‘ ac 
omitted because we want potential plus kinetic energye Thus we have:— 
2 Le8 
p@ 
gS rng e (12) 
2p, ° 
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(a) Calculation of expression (C). 
2 
We require the quantity = integrated, at the Taylor cavitation time, between x = 0, 
2) 


Q . 
and x = x,» where x, is the distance at which @ (t - 2) vanishes at t = a. l.e. the co-ordinate 
of C at this time. 


X, is determined by the equat ion:— 
‘ 6. x mec x 
20° VW: (uaa) e fe C9 (13) 


Using the expression for ¢ obtaineY from equations (2) and (4). Performing the above 
integration, and using the above equation for Xoe We obtain for E. the value: 


2 @ 3 eal 20. 
recs [ 2a 2a -(2a+})| ara (14) 
S Py © (14a) [(1 +a) 


The total available energy is thus equal to E + & + Eos which gives us:= 


ita 


2 ra 
2 p, 0 (1 +a) as) 


Avallable energy = A 
Py © (r= a) 


This agrees with the results given by Fox and Rollo but differs slightly from that used by Kirkwood 
which is equivalent to:—- 


2 Py 8 eat 
Available energy = th (a + q) 


(16) 
° 


obtained by adding together Ey and Ene but neglecting Eos 
The total energy that falls on unit area of plate is given by integrating the energy in the 
incident wave. It is simply:- 
2 
paar: 
Total energy = (17) 
2 pc 
° 


Thus, the ratios of total energy to energy initially given to plate as kinetic energy, and 
to energy converted into kinetic energy of cavitated water or spray, can be expressed as functions 
of the single quantitya. The relevant information is given in Table 1. 


TABLE 1, 


Available damaging energy, as a fraction of the total 
(dene! energy, according to various assumptions. 


Taylor Energy (E;) 


Available Energy 
(Ey + Ey) (Kirkwood) 


Total availaDle energy 


i 
(Ete PEs) 935 | .927 
SE ee Se ee nL eS —1—__ 


We are interested principally in the region of small a, and it is just here that we get 
the biggest gap between the Taylor energy, and the total available energy. The extra energy is in 
the form of kinetic energy of the cavitated water. When this water collides with the plate anda 


Vayer secs. 
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layer of water Is built up upon It, it by no means follows that all this energy is available to 
cause plastic damage, In fact, this will only occur If the velocities of water and plate are nearly 
equal at the moment of collision, during the whole motion, whtch is not probable. 


(a) Tne second phase of the motion, 


In order to throw some light on this point, we must investigate the motion of plate and water 
after cavitation. Attempts were first made to do this by an application of Kennard's(4) theory of 
the propagation and disappearance of cavitation, but they proved Ineffectual for two reasons. 

First, Kennard(4) uses Eulerian co-ordinates, whereas Lagrangian co-ordinates, which enable one to 
follow the motion of each particle of water, are much more appropriate to this problem, Secandly, 
it is not always possible to assume that the volume of “cavity* is everywhere small compared with 
the volume of water, and thls Invalidates some of Kennard’s formulae. 


Let us fix our attention on a particle of water, which, at the instant of cavitation, was at 
a distance x from the origin. Cavitation wil) occur here at a time given by equation (7) and the 
particle will start towards the plate with a velocity given by equation (8). The particle will 
travel effectively in a vacuum with undiminished velocity until it collides with particles ahead of 
it. Since the velocity given by equation (8) decreases with increasing x, the particle cannot 
overtake thoge ahead of jt until they have been brought to rest, which can only happen if they collide 
with the plate or with the layer of “reconst|tuted" cavity-free water that is being built up on the 
plate. In other words, when our particle arrives at this layer, the water already in the layer will 
be just that which, befcre cavitation, was between our particle and the origin. Thus, neglecting a 
small correction, due to the compressibility of the water, the thickness of the reconstituted layer 
Is just x. Meanwhile, the plate has moved in a distance y, so that the time at which our particle 
arrives at the "reconstituted" layer Is given by the time the cavitatlon frpnt takes to travel to x, 
plus the time the "bubbly" water or “spray“ takes to travel back a distance y to reach the layer, 
which by this time has grown to just the thickness x, The mechanism may be compared with the 
transfer of a pack of cards, one by one, from hand to hand. The assumption that the same mass of 
water fills the same volume before and after cavitation is justifiable from the compressibility point 
of view If p, << Py & which is the ordinary condition far the applicability of "acoustic theory. 
{t is, however, still possible that bubbles may persist for same time, e.g, if they are due to 
dissolvai air or if they are fairly large so that their period of oscillation is appreciable. If we 
use the “spray” concept, the oscillation of the bubbles would be replaced by the rebound of some of 
the water from the "reconstituted" layer, From the mathematical point of view, it is immaterial 
whether we use the concepts of "spray" or of “bubbly water", and we cannot yet distinguish very 
Clearly between them experimentally, 


(5) The equations of motlon of the plate, 


On the basis of the above discussion, and using equations (7) and (8), we obtain one relation 
between t, x and y, 


kL ee ee Ne x | xz 
Jed eas here sion Gel a. cosh fa es (18) 


where Vv. is given as a function of x by equation (8), The second relation is epreunee Dy momentum 
considerations. The manentum of the plate and reconstituted water is (o, + Py x) & - The rate 
at which momentum is brought up by the “bubbly” water is Py ce Vor We thus haver= 


(Cas azo = Vout pam y = 0 (19) 


@ 

where >, is the pseudo-frequency of the plate under whatever forces are acting upon it, in our case 
presumably plastic forces. For a plate made of material with yleld stress @, ana clamped along a 
circle of radius R, we have for w* the result:- 


8a 
= ) 
of FL (20) 


Equations (18) and (19) are sufficient to determine x and y as functions of t, our initial conditions 


being that at t = bo» x = 0 and y and R are given by equation (4). A complete discussion of the 
problem would require numerical integration of these equations for a set of values of two parameters, 
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one of them is a and the other specifies the strength of the springs The remaining physical 
quantities can be combined into multipliers in various ways by a suitable choice of non-dimensional 
units. One possible choice is given below. 


(a) The case a = 0. 
2x 2x 
2) pe CA fy 
H = - m 2 ive] cf] i oa = ™m e ie) x 
In this case we have v_ pace and equation (18) becomes: y eae (t - 2) 


so that numerical integration can be carried out quite easily. It will be noticed that if 

w = 0 the equations are both satisfied by taking x to be permanently zero, meaning that, if the 
plate is unrestrained, it moves forward uniformly and never cotlects any water on it at all. Any 
restraint on the plate, however small, will eventually result in its collecting all the cavitated 
water, so that there seems to be a definite singularity in the solution of this equation at w= 0. 
This peculiarity persists for al) values of a, and may account for the difficulties experienced in 
obtaining a solution valid for w small, the case we are interested in. For example, one can use 
successive approximations based on the solution y = elie forw= 0, and this leads to a solution 


in ascending powers of #, but it is useless for calculating the maximum value of y because the 
convergence becomes very poor Ifwt™~ i. A number of step-by-step calculations were carried out for 
different values of w. These all suggested that x was nearly proportional to t, and an approximate 
solution based on this was also tried but failed for the same sort of reason. It is like trying to 
calculate us by equating the series for cos @ to zero. 


(b) The casea= 1, 
Equations (18) and (19) simplify somewhat in the apparently singular casea.= 1; many of 


the terms take an undetermined form, but can be evaluated without difficulty. The equations take 
the form: 


- 2 - & 
altaate|enspe teeta sales 
t p 2 

o— 2x ee S 2x Wee 2x 
weet CX ir ss (22) N 


where we have introduced non-dimensional units as follows:— 


Unit of t = @ 
Unit of x = © 


Unit off y = ©2) pe Alp, c 
Unit of pressure = That pressure which acting against the spring under static 
Conditions would produce a deflection y equal to one nom 
dimensional unit. 
poe eae 
p,@ 
s* = aat 6% 


Equations involving such units will be denoted by N. 


(6) Solutions of these equations. 
A complete understanding of the problem would involve a set of solutions of these equations 

over a range of values of the two parameters @ and a, but only the cases a = 0 anda = 1 seem workable 

from a computational point of view (except to experts). For the present, however, it is doubtful 

if expert assistance is needed, as we are Interested practically in small values of a (0.01 to 0.1, say) 

and the solutions for a = 0 should give a fair idea of the behaviour of thin plates. Five cases were 

computed, for values of S ranging from 1 to 1077, S = 1 represents the condition where the time- 

constant of the plate under plastic stresses is comparable with the time-constant of the pressure —pulse. 

This is an extreme case, and would only hold, e.g. for a small diaphragm gauges The theory cannot, 

however, be applied directly to such a gauge, on account of diffraction effect of the edges, which 

would be very important. An idea of the behaviour of thick plates can be >btained by solving the 

equation fora= 1 ina representative case (actuallya = 1, S= 1071). The results obtained are set 

out in Table 2, and the solutions for S = 10-4, a= 0 anda = 1 are plotted in Figures 2 and 3 
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respectively, together with the pressure-time curves in the water at the "reloading front", (the 
surface of the reconstituted layer) and at the surface of the plate. The method of obtaining 
these curves is fairly ae eats ae gee OULSy [25 Nie % represents the rate at which momentum 
is brought up by the water, and Po - st oe x therefore represents the pressure at the reloading 
front (rate of ate ao of momen ay a pressure at the plate is obtained from this simply 
by subtracting x oy ( to correct tor the pressure drop in the column of water of length x which is 


2 
a is negative so that the pressure at the plate is higher than that 


a 


being seco ieratea): Actually 


at the reloading front. Fora : © the pressure at the plate must be nearly equal to the pressure 
of the spring = p, y» Since the plate is stretching plastically, we have to stop the integration 
as soon as y reaches a maximum; thereafter, instead of equation (19) we have y = constant, v. and x 
being still related to t by equations (8) and (18), By equation (8) v. is given as a function of x, 
and by equation (48) t can then be found in terms of x. We can thus calculate the further growth 
of the reloading front and the pressure at it is given by the expression Poy Yc a . After the 
plate comes to rest. the pressure at it and at the reloading front must be equal, so that we get a 
discontinuous drop in the pressure at the plate at the maximum of y. The pressure at the reloading 
front remains continuous but there is a jump in its time-derivative. Such discontinuities are 
common in plastic plate theory, and need not cause any alarm. In ‘this case they have been caused 
by the fact that while at Is zero at the maximum of y, there is a finite jump in oy to zero. 


In any care these discontinuties would be "rounded off" by the elastic recovery Shet always occurs, 


so that oy would change continuously. 


TABLE 2. 


Final deflections of plate, and energy balance, 
for various values of S. 


2316 


Energy absorbed from cavitated 47% 60% 64% 684 
__water oe te 

Energy falling on plate after it 24% 183 15% 163 16% 7 
| _has come to rest 

Energy lost ty collision at reloading] 275 | 22% | 21% 17% 16% 

front before plate comes to rest ' 


Energy carried away by reflected 0 0 0 25% 0 0 
wave, before cavitation ' 


Ym = Maximum deflection of plate. 
Hs Time at which maximum occurs, N 
x, = Thickness of reconstituted layer at this instant. 


(a) Energy balance. 


The fractions of the total energy falling on the plate, that appears as kinetic energy 
and that is reflected away into the water before cavitation follow at once from Taylor's work(1). 
The remaining energy is ccnvcrted into kinetic encrgy of the water. The energy absorbed by the 
plate can be inferred from the step-by-step solution, in non-dimensional units this as a fraction 


of the sess. 


264 ie 

of the total energy falling on the plate, is simply ys? yee (N). When the plate has come to rest 
only the water which, before cavitation, lay between the origin and x = Xn has contributed to damage. 
Since the velocity He is a decreasing function of x, it is clear that, once the plate has come to 
rest, the pressure can never again build up to a value large enough to set it in motion. Thus, the 
kinetic energy of the remining "bubbly" water is 41] wasted. From the expression (8) for the 
velocity, we can write down the kinetic energy and integrate from x to infinity, the results also 
belng entered in Table 2.. Finally, by subtracting all these percentages from 100, we can obtain 
the energy lost by collision at the reloading front while the plate is actually movinge This can 
also be inferred directly from the step-by-step calculations, by a numerical Integration of the 


2 
quantity 4 - Gy = “e} (N) which can easily be shown to represent the rate of loss of energy in this 


way (the total energy being unity). The agreement of these two methods provide a satisfactory 
over-all check on the computations, which appear to be accurate to within 2% at most. Table 3 
below gives an idea of the dissipation of energy ‘expressed as a percentage of the total energy) that 
has occurred up to a given instant. (Time expressed in nonmdimensional units). 


TABLE 3. 


Energy lost by collision up to a given time 
(as percentage of total energy). 


(comes 
to rest) 


| 


The figures for a = 1 are approximate only. 


(7) The third phase of the motion. 


tt seems advisable here to cal) attention to yet another effect that is experimentally known to 
be important for a finite plate, thought it vanishes for an infinite plate. The motion may not be 
complete, even thouyh all the originally "bubbly" water has piled up on to the plate. There is still 
a gap left in the water, as the net result of the processes we have followed so far has been that the 
plat2 has been pushed in, and the cavitated water has all followed it. In any actual case, the 
resulting gap wculd be filled by water that has never cavitated, which would follow immediately after 
the last cf the "bubbly" water, and would be griven inwards by its hydristatic pressure. Now we have 
seen that an infinite plate in general comes to rest long before all the cavitation has disappeared, 
so that there may well be an interval between the second and third phases of the motion, as indeed 
experimental work suggests that there is. (See, for example,(9) T.M.B. feport R.248. Evidence 
Suggesting the same thing is being obtained at Admiralty Undex Works). | Whether or when the "build-up" 
of pressure caused by the filling up of the jap is enough to force the plate forwards again remains a 
matter for detailed investijaticn, but the following rough argument (based on energy considerations) 
shows that the cffect will have to be considered. Consider a plate clamped along a circle of radius R. 


it receives oneruyy of the order of magnitude Pn Y mR, The mean deflection of the plate is given 


by equating this to the plastic energy 477 a eo, Yn 50 that we have:= 


2 as) R? 
Ym ~ Prt Tae, (24) 


= 2 
Yolume Be dish=77 R a and the energy acquired by water at pressure Py entering this volume Is 
Po 7 Re Ym and this is comparable with the energy already acquired by the plate ifs- 


Po pac 6 
oe Bee (2) 
Pry a 
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where p, is the hydrostatic pressure. Insertion of numerical values shows that in the majority of 
cases this effect is one to be reckoned with. (It is prevented from being of importance for the 
infinite plate by the fact that the mass of unft area cf plate and reconstituted water is infinite). 
It is emphasised that this effect is distinct from both the impact of cavitated water that we have 
been studying and also from any effects due t> bubble oscillations, though it is hydrodynamical ly 
akin to both of these. 


Discussion of results. 


The conclusion that cavitation is an important factor in producing damage in thin plates is 
in agreement with Kirkwood's(3) work, and the investigation for a very thick plate has shown that 
cavitation may make an appreciable contribution even in this extreme case. There is, however, a 
serious discrepancy, in that Kirkwood(3) finds that nearly 211 the energy is absorbed by the plate, 
whereas we have arrived at a factor of the order of 5 'f all the energy is to be absorbed, then 
we must have the velocities of the plate ana the velocities of the cavitated water just arriving at 
the reloading front equal, and this is definitely not possible according to the equations we have 
obtained. The cause of the discrepancy may lie in the distinction that Kirkwood(3) draws between 
the over-damped and under—damped cases. This cannot be understood without access to his ful) theory. 
In this report all practical cases start by belng over=damped (owing to the radiation term Po c +) 
but become unjJer—Jamped jirectly cavitation sets in. The present investigation gives reasonable 
grounds for hoping that satisfactory rules for assessing the importance of the effect from an 
engineering point of view will éventually be found without a prohibitive amount of numerical work. 
The next step is clearly to try and work out some methods of assessing the effect uf edges and 
stiffeners, and of oblique incidence of the pressure—pulse. 


Conclusion, 


Kirkwood's general conclusion that cavitation contributes largely to damage of thin plates 
has been substantiated, and application of the theory tc a thick plate indicates that the effect is 
appreciable even here. The conclusion that nearly all the energy that would otherwise bi radiated 
away Can be reabsorted by this cavitation mechanism is not agreed with, as it is believed that a 
certain amount of loss at collision is inevitable. {t is not possible to decide the question 
experimentally, because the effect of tne edges is unknown. 
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* * * * * 8 aE: * 
List of Symbols, 

Pm = maximum pressure of incident pulse. 
Py = pressure in incident pulse. 
Pr = pressure in reflected pulse if plate were stationary. 
Po = pressure due to motion of plate. 
@ = time constant of incident pulse. 
c = velocity of sound in water. 
x = distance from centre of plate along axis. 
y = deflection of plate. 
R = radius of plate, 
r = distance from centre of plate along radius. 
s = distance between two typical points on the plate, 
p = density of plate. 
h = thickness of plate. 
om = yield stress of plate. 
Po = density of water. 
Ghee hep 

Pp, °9 
Te) = 7 R 

2c80 
s = 8o 

Yor 
F = force on plate. 
U = velocity of plate. 
U = maximum velocity of plate. 


N means that an equation is non—dimensional. 


Ww, w@, n, y are defined in the text. 
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Summary. j 
The problem of determining the history of cavitation and follow-up ofwater when an i 

infinite plate is subjected to an exponential underwater explosion pulse has deen cansidered in 

Report "Theoretical Investigation on Cavitation Phenomena cccurring when an Underwater Pressure A 

Pulse is incident on a yielding surface — |." referred to as |. In the present report a start is 


made on the problem of taking into account the modifications introduced if the plate is clamped 

at the edges and surrounded by an infinite rigid baffle. Tne consequences of the customary 
assumption of "proportional motion" are worked out in two specific cases, the “rigid piston" and 
the "paraboloid" approximations, and it is concluded that, in both, the cavitation time, as 
determined by vanishing pressure at the central point, is shortened, as comp2red with the infinite 
plate, due to the effect of the diffracted wave from the edge. It is founa that the conditions 
at which cavitation just fails to occur also mark approximately the upper limit for the validity 
of incompresstble theory and correcting terms are worked out for sucn a case. 


The assumption of “proportional motion" is criticised on the ground that it is probably 
not valid during the early motion of the plate, and a more natural assumption is found to lead 
exactly to the criterion for cavitation at a finite plate suggested by Kirkwood (6), which is 
known to give good agreement with the experiments so far carried out. The criteria established 
for the occurrence of cavitation and for the failure of incompressible theory are applied to 
various types of diaphragm gauge. It is found that gauges of tne “box model" type are so far 
removed from the critical region that the theory of | is probably valid, and that it should be 
fair to apply incompressible theory to gauges of the crusher type and to the smaller sizes of 
diaphragm gauye. The 6 inch copper diaphragm gauge appears to be a vDorderline case, where readings 
will be hard to interpret in terms of absolute values, though a corrected version of incompressible 
theory may prove satisfactory. Some suggestions for further work are outlined. 


Introduction. 


In a previous report (1) referred to hereafter as |, an account has been given of the 
present position of the theory of the motion of a clamped plate when subjected to an explosion pulse. 
It is there shown that a plate whose dimensions are larae compared with the distance sound travels 
in the characteristic time of the assumed exponential pressure will behave very like a free surface, 
and, in particular, that finite tensions will first occur in the water near the plate, and will 
spread out into the water behind the reflected pulse. Taylor (2) solved the problem of the motion 
of such a plate, first on the assumption that water can stand tension everywhere, secondly on the 
assumption that water can stand tension, but that the interface between water and plate cannot, so 
that the plate leaves the water as soon as tension sets in, and acquires no further energy from it. 
In 1, the same problem was solved, in some representative cases, on the assumption that water cannot 
stand tension at all, so that cavitation sets in wherever the pressure in the water drops to zero. 
The laws cf the propagation of the cavitation front, and of the distribution of velocity in the 
cavitation zone, can easily be written down, and the equations governing the motion of the plate 
when bombarded by the cavitated water, accompanied by the disappearance o- the cavitation, can also 
be formulated, but have to be solved numerically. It was found that the effect of the cavitated 
water colliding with the plate, thus communicating extra energy to it, may be very important for 
plates of thicknesses usual in ship construction, even though an appreciable percentage (of the 
order of 30%) of the kinetic energy of the cavitated water is lost on collision with the plate. 


The modifications required by the fact that a plate may be clamped at the edges, as ina 
diaphragm gauge, and that the clamped edges may be surrounded by a practically rigid baffle, as in 
the box model, or again by the fact that a plate may be backed by stiffeners, as in a ship, were 
discussed qualitatively in |. To a first approximation, the effect of a baffle can be taken into 
account if we regard the plate as a piston moving in an aperture in a rigid wall. The relationship 
between this medel and the infinite plate theory has been discussed by Butterworth and Wigglesworth 
(3), who showed that, provided cavitation does not occur, the motion of the piston could, ina 
typical case, have been represented by incompressible theory to a good approximation. It is the 
purpose of this report to examine this relationship a little more closely, and to try and set upa 
criterion to cetermine whether tension will occur or not. (f tension does not occur, then one can 
be confident of the absence of cavitation, but if one is near the critical region it may be that 
some correction to the result given by incompressible theory is needed. If tension does occur, 
then one would expect the investigation given in t for an infinite plate to give satisfactory 
results provided that one were well away from the critical region, but near it one would have to 
take account simultaneously of diffraction and cavitation which would be very difficult. In this 
report we shall not attempt either of these last two problems. 
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The Equation of Motion of the Plate. 


Tne investigation is based on an equation obtained by Butterworth and Wigglesworth. hd 
the piston is at rest, it forms, in conjunction with the baffle, a rigid surface, and the pressure 
at it is just double that due to the incident wave above, If the piston is moving with a velocity 


u(t), there is a relief pressure due to this motion, which tends to decelerate the piston. By 
integrating the usual expression for the retarded potential over the surface of the piston, one 
gets the relief pressure at any point on the piston, and a second such integration gives the total 
force on the piston due to the relief pressure. It is (if U=0 for t < 0) 


4 
F = -p, er | (ee cy Car aaa vee) a | (1) 


where R is the radius of the piston, and Py and C are the density of and velocity of sound in water. 
For t > a, the integration stops at a . Cor a reason that will appear later, we shall not be 
concerned with times greater than g For times up to this limit, the factor 


C4 anes 
(: - —— ) is never less than /2 + and since U is positive at any stage of the motion with 


which we shall be concerned, it follows that the error in taking this factor equal to unity cannot 
possibly exceed 14% even in the very worst possible case (and in all ordinary cases it will be very 
much less than this). We may therefore assert with some confidence that the equation of motion 
obtained by Butterworth and Wigglesworth 


2 
2 ie. (6 t 
g + Uh See Ph) ara 2 
ina Po Fr grees P, PO (2) 


is a good approximation for t < i In this equation, y is the displacement of the piston, 
p its density and h its thickness, also Prn is the maximum pressure in the incident pulse and 
@ its time-constant. We introduce Boredinens lane units as in |. 


@ = non-dimensional thickness of plate = 2h 
Po co 
B = nonmdimensional radius of plate =) eek 
2cé@ 
. 
‘ 2.64 
Unit of displacement = m 
py ¢ 
Unit of time = @ 


As in |, equations involving those units wil) be marked N. Equation (2) becomes 


2 
Beye dveeatiys tack “ 
ee ze 2 p (3) 


For a large plate, the term oi: becomes negligible, and the theory reduces to Taylor's (2) case. 


As in Taylor's work, the energy expended in stretching the plate has a negligible effect on the 
early part of the motion. The solution of equation (3), for which y = XY = 0 at t=0 is to 
the first order in + 
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Comparison with Rayleigh's Work. 


It is interesting to compare equation (1) with the apparently different equation obtained 
by Rayleigh (4) (see, for example, Theory of Sound, Volume I!, paragraph 302) for the reaction 
pressure on a piston vibrating in an aperture ina rigid wall with a frequency w/27 and maximum 
Velocity Uo: The expression is 


FP = emt Re uppree p, fy et sje (5) 


where k = e » and J, and Hy are respectively Besse) and Struve functions of order unity. Since 
any motion, periodic or not, can be represented by a Fourier integral, it is to be expected that 
equation (5) is equivalent to the more general form of equation (1) when U(P) is not zeroe This 
is in fact so, but the formal proof is rather long and is given in the Appendix. Equation (5) 
takes especially simple forms when kR is very large or very smatl. 


2 
5 “ Cc 
2 iat 2i Po 
kR_ large: Rear Re Ce (6) 
a Se o 3 (+. 7 @WR 


The first of these terms is the radiation damping term, corresponding to the second term on the 
L.H.S. of equation (2), while the second term (corresponding to the third term on the L.H.S. of 
equation (2)) measures the effect of diffraction on to the piston of the pressure-charges at the 
immobile walls. We thus conclude that equation (2) is likely to be a better approximation for a 
finite plate than Taylor's (2) infinite plate theory, which takes only the radiation damping term 
into account. This would have been sufficient justification for investigating the solutions of 
equation (2), but the argument in paragraph 2 is more precise, and enables us to set an upper 
limit to the error. 


2 
. @kR 
(b) kR small: EB“ mrRe au, eo Rgeaiags ~* 5 16) Pp. iaR (7) 
ae 2 37 o 


The second of these terms is proportional to the acceleration, and, in fact, arises from the “virtual 
mass" of the water moving with the piston that is obtained from incompressible theory. The first 
term is proportional to the differential coefficient of the acceleration, and also to e and is 
therefore a correcting term, absent in incompressible theory. This suggests that we try the 
following equation as a correction to incompressible theory (expressed in non-dimensional units). 


282 & 16 (Be) en 46 
aes (se Oe) as : oe 


Equation (8) (without the first term) is what would be obtained using Incanpressible theory. 
The correcting term tends to make the deflection smaller. A discussion of the effect of this 
correction on the final deflections is reserved for another report. 


Regions of Validity of Equations (3) and (8). 


The position is now as follows. The crude argument that the main contribution to the 
Fourier integral representing the motion of the plate will be from frequencies corresponding roughly 
to the inverse time-constant of the explosion, leads us to equation (3) for large plates and 
equation (8) for smell ones, but gives no indication of the errors to be expected from their use. 
The more precise argument of paragraph 2 indicates that equation (3) will be best for short times 
and enables us to estimate the error. An argument due to Kennard (5) shows that the total impulse 
due to relief pressure plus diffraction from the edges vanishes for long times so that incompressible 
theory (or the improved version of it given by equation (8)) should be best for long time, provided 
that cavitation does not occur. His argument is based on the fact that the total pressure due 
to the motion of the plate is given by an integral involving the acceleration of the plate, so that 
the integral of this pressure between zero time and the time at which the plate comes to rest must 
vanish. We therefore use equation (3) in order to determine our cavitation criterion. Equation (8) 
could have been obtained directly from equation (1) by expansion of the second term in powers of 
s integrating twice by parts. 
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Pressure along the Axis of the Plate. 


If we take the motion of the plate as given, we may calculate the pressure due to this 
motion at points along the axis, and in particular at the centre of the plate, without approximation. 
If u(t) represents the velocity of the plate, x the distance along the axis, and r the distance 
from this point to a typical point on the plate, then we have, by the usual formula, 


t 4 
p (x? + R?) 2n 2 2 
a ee ah f ‘@ ) aeagt! Sp, Se aks | (9) 
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which is rigorously correct along the axis. In our case U vanishes for negative times, so the 
two terms in equation (9) vanish for negative values of the argument. In addition to this, we 


have the pressure due to the incident pulse, and the pressure duc to the pulse reflected by the 
rigid wall, expression (9) giving the modification to the latter due to part of the wall being 
movable. We thus have for the total pressure the complete expression 


by 
oe x = et fiat EX 2 R2 
ep + ppb, = Reo tip Bw z) a a 


(10) 


By means of this expression, we can discuss the complete history of pressure variations at points 
along the axis. The condition for cavitation is that expression (10) must be zero or negative. 
By the approximation used in optical diffraction theory (that the plate may be taken as a portion 
of a sphere with the point in question as centre), one can also calculate the variation of pressure 
at points whose distance from the axis is small compared with x, but a complete expression for the 
pressure history at an arbitrary point does not seem to be possible, except as a definite integral 
or a series, even if we assume U to be given 


The Onset of Cavitation. 


If we use equation (3), or its approximate solution (4), in conjunction with equation (10), 
and put x = 0, we get the condition for the occurrence of zero pressure at the central point in 
the form 


t anes 
pt (1-a8) - eee) p*B + Os Alero an ta Be 0 N (11) 
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which reduces to Taylor's cavitation condition (2) for & very Jarge. 


This transcendental equation has been solved for various values of a and 3, and the results 
are plotted in Figure 1, It will be seen that for G> 10 the plate may be effectively regarded 
as infinite, but that for smaller values the cavitation time begins to shorten appreciably. We 
now have to consider what happens for values of the non-dimensional time greater than 29 8° that 
the final term in equation (10) becomes nomzero. This term always contributes a positive pressure, 
so tending to prevent cavitation. It can, in fact, be shown that if the pressure at the centre 
just vanishes at the critical time t = t When the diffraction wave has just arrived at the centre, 
the time derivative of the pressure will be positive. This confirms Kirkwood's (6) suggested 
criterion for cavitation, that it occurs either before t = : , or not at all. Equation (10) shows, 
without difficulty, that cavitation is more likely to occur at the centre than at any other point 
on the axis, It also follows that the centre is more favourable than other points on the plate, 
because the diffraction wave arrives at any other point before it does at the centre. (It can 
be verified rigorously that for points near the centre the term =p CU is unaffected, but that 
the second term in equation (9) has to be modified to allow for the edge being nearer). 

Insertion of the value 2p for the non-dimensional time in equation (11) gives us a 
critical curve relating toa and @, The following values have been worked out, and compared 
with what one gets if one uses Taylor's expression (2) t = eloge (i) for the cavitation 
time, i.e. neglects the effect of finite B. 


Table 1 sees. 
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TABLE 1. 


Values of a and (2 for which cavitation is just prevented. 


a (from equation 12) Ho solution 


a (neglecting effect of finite /) 


Thus, it will be seen that the effect of the diffraction at the edges, in "hurrying on" 
the onset of cavitation, may make cavitation possible at distinctly larger thicknesses of plate 
than we should deduce from infinite plate theory. 


Propagation of Cavitation along the Axis. 


Equation (1¢) can also be applied for non-zero values of x. One gets a transcendental 
equation slightly more complicated than equation (11), and can then obtain an idea of the extent 
of the cavitation zone by solving this equation for various values of x. The limit to the 
cavitation zone is set by the point at which the diffraction wave from the edge (represented by 
the fourth term in equation (10)) arrives at the instant when the pressure would otherwise drop 
to zero. The corresponding value of x should measure the length of the “beard” of bubbles that 
photographs show near the plates. Unfortunately, it seems that, in practical cases, the 
length of the "beard" is very sensitive to the other parameters, becoming very long compared with 
the radius of the plate even when one is not far off the critical conditions for the occurrence 
of cavitation at the centre of the plate. The reason for this is as follows. The position of 
the tip of the “beard” is determined by the diffraction wave, travelling a distance (x? + R*) 
withe velocity of sound overtaking the cavitation front, which travels a distance x, slightly 
faster than sound but is slightly handicapped by the fact that cavitation does not begin until a 
finite time after the arrival of the incident pulse, whereas the diffraction wave starts off at 
this instant. Ifa is small, cavitation begins almost immediately so the handicap is small, 
and the cavitation front spreads a great distance into the water before the diffraction wave can 
overtake it. Since we are concerned, in practice, with small values of a, we should expect the 
theoretical length of the “beard” to be sensitive toa and hence to the time-constant of the 
pulse, and some specimen calculat ions showed that this was so. Attempts were made to compare 
the theory with the experimental results on the appearance of cavitation quoted in various U.S. 
reports (7), but the fact that the experimental knowledge of the time-constants of smal) charges 
is rather uncertain made it impossible to do more than verify that the theory gives results of 
the right order of magnitude. 


The "Paraboloid"” Approximation. 


An objection to the “piston” approximation is tnat it does not allow for any bending of 
the plate. Since we should allow for the effect of immobilisation of the edges of a clamped 
plate, it would be better if we assumed the velocity to be distributed over the plate in such a 
Way that the edge is at rest, The simplest assumption of this kind that one can make is that 
the velocity is distributed according to a parabolic law u = 2U ae f(t), Althaugh the 

oO TVR 
observed final forms of dished plates are often not unlike this shape, it does not follow that 
the velocity of a given point is always the same fraction of the central velocity. Indeed, 
experimental work on the motion of various parts of a circular diaphragm and theoretical work on 
the mechanism of a “wave of fixity" travelling from edge to centre by which the diaphragm is 
Drought tc rest both make it likely that the approximation is only rough. Its Consequences can, 
however, be investigated without much trouble, and it seems a more natural approximation than the 


*piston® one. Rayleigh's method for a piston vibrating with frequency © can be modified fairly 
} : 4 27 
easily, or we could derive an equation analogous to equation (1), 
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The Equation of motion of the plate according to this Approximation. 


We take as our expression for the velocity of the plate 
Mote Re ars) 
Re 


us 2u,p (12) 


where r is the distance from the centre. 


As the plate is not moving as a rigid body, it would not be correct to integrate up the 
pressure over the plate and then write down the equation of motion directly from this, as we did 
for the piston. We must first multiply the pressure at each point of the plate by the velocity 
at that point, and then integrate over the surface of the plate. This gives us the rate of 
doing work on the plate, which we can equate to the rate of change of kinetic energy of the plate 
to give the equation of motion. In equation (12) we have chosen the factor 2 in order that Uy 
may represent the velocity of the "equivalent piston", ise. the piston moving with a velocity 
Uy would sweep out the same volume as‘the plate. The total kinetic energy of the plate is given 


by 


. an OR 2 2 3 
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The relief pressure due to the motion of the plate is given at a point distant r from the centre, 
by 


iat 
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where the integration is taken over the whole plate, ands is the distance between the point in 
question and a typical point on the plate. The rate of doing work on the plate is obtained by 
multiplying this integral by expression (12), and then again by 277 rdr and integrating from 0 
to R. The multiple integral thus obtained can be evaluated by the method used by Rayleigh (4), 
the result for the rate at which the relief pressure does work being 
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The forms which expression (14) takes for kR large and kR small are respectively 


2 
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These expressions, together with expression (14), suggest the following equation in place of 
equation (2). 
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where y represents the central deflection and S = a being a measure of the energy 
Pp 


required to stretcn the plate plastically, % being the yield stress. (In the "piston® 
approximation we cannot fix this coefficient unambiguously). 


Comparison with the "Piston" Approximation. 


Equation (18) is very similar to equation (8), differing from it only in the numerical 
coefficients. Ina later report it is hoped to examine a case where the corrections to 
incompressible theory are not negligible, but where cavitation probably does not occur. 

Equation (17) differs from equation (2) both in the numerical coefficients and also in the fact 
that the first arder correcting term is proportiora! to the time integra? of y instead of to y 
itself. The reason for the latter difference is that the edge of the plate is being kept at 
rest, so that the effect of the diffraction wave is less abrupt, and therefore less important 

in the very early stages of the motion, than it is when the velocity jumps discontinuously to 
zero at the edge. The former difference means that, for a very large plate where both types 

of correction term are negligible, cavitation will set in according to the “piston" approximation 
at precisely the time given by Taylor's (2) simple theory, but according to the "paraboloid" 
approximation at an earlier time The physical reason for this is that, in the latter case, 

the velocity of the central point (and therefore also the relief pressure at the centre) is 

14 times larger (relative to the incident pressure) than in the former. As we decrease the 
radius of the plate the effect of the correction due to diffraction (tending to speed up the 
motion of the plate and thus to hasten cavitation) will presumably become important in the 
"piston" approximation before it does in the "paraboloid", so that it may be that the curves 
cross. Whether they do or not cannot be settled without a detailed calculation. This brings 
us to an Important criticism of both models, which renders such a calculation rather superfluous. 


Criticism of the Assumption of "Proportional Motion”. 


In both the models discussed above we have made a fundamental assumption, namely, that 
the law of distribution of velocity over the surface of the plate is the same for alil times. 
For this reason we get the paradoxical result that an increase in the pressure near the edges 
tends to increase the velccity of the central point and thus to reduce the pressure there. In 
the very carly stages of the motion when the deformation of the plate is elastic, such a mechanism 
Cannot be ruled out, as elastic stresses can be propagated from the edge to the centre of the 
plate faster than can the diffraction wave in the water. In general, however, any lateral 
effects propagated elastically at such rates should be very small unless the plate is so thick 
that shear deflection is important. The situation is even more definite if one assumes that 
practically the whole of the plate is stretched plastically (as seems likely if it is left with 
appreciable permanent deformation) since in this case lateral effects will be propagated along 


the plate at the comparatively slow velocity fe which is only of the order of 10% of the 
Pp 


velocity of sound in water. It is thus doubtful whether any apprecicable effect on lateral 
motion can be propagated through the plate from edge to centre as fast as the diffraction wave 
through the water. If this is a true representation of the situation, then it can only mean 
that the central portion of the plate will move according to Taylor's (2) original equation 

and that, apart from small elastic effects in the early stages of the motion, it will only “know" 
that it is part of a finite plate when the diffraction wave arrives, Although we cannot yet 
prove it rigorously, as we can in the rigid piston case, it seems fair to deduce that the same 
criterion for the occurrence of negative pressures will apply, iee. that cavitation must occur 
either before the arrival of the diffraction wave at the central point or 2lse not at all. 

On this assumption, we would deduce that Kirkwood's (6) cavitation criterion (that the Taylor 
cavitation time must be less than i should be rigorously correct and not merely an approximation. 


Experimental Evidence. 


As these "plastic" and “proportional motion" assumptions lead in general to quite 
different results (see Table 1) for the critical thickness of plate at which cavitation occurs, 
and for the cavitation times, it should be possible to decide between them experimentally, A 
little evidence of this type is already available (7), similar charges being fired against 
various thicknesses of plate and the resulting cavitation photographed. So far, it appears 
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to point definitely towards the second assumption, in that, to obtain agreement we have to 

use the Taylor cavitation time instead of the shorter time predicted for a rigid piston, 

but more work will be needed before this conclusion can be said to be finally established. 

In the meantime it is fair to point out that the fact that plastic waves cannot travel as 

fast as sound waves in water is one that is physically established, whereas the assumption of 
“proportional motion" was a purely artificial one, introduced in order to simplify the 
mathematics. This assumption is probably quite good enough for the purpose of determining the 
final deflection of the plate with reasonable accuracy, but the motion of the central point 
during the early motion will not be given correctly, and requires more elaborate investigation. 


Criteria for the validity of Incompressible Theory, and for the occurrence 
of Cavitation, applied to various Gauges. 


The situation is now as follows. Inspection of equations (8) and (18) indicates that 
incompressible theory is likely to bcome a poor approximation if the non-dimensional quantity 
B is of the order of unity or greater. The assumption that the plate moves like a rigid 
piston suggests that cavitation is likely to set in ifa is of the order of magnitude of B 
or less. The alternative and physically more plausible assumption introduced suggests that 


cavitation will set in if t = te log {24} or greater, that is 2B = Eee . It is 
a 


important to examine how nearly these criteria are satisfied for gauges and models used In 
practice. We have three variables, size of charge, unsupported area of plate (expressed by 
means of the radius of a circle of equal area) and thickness of plate, 


TABLE 2 


Criterion = 1) for failure of incompressible theory, assuming no cavitation. 


Description of Gauge {| Effective Critical Value Approximate Typical Charges Used 
Radius of 8 Size of 


O.N.C. Box Model { BZ 83 milliseconds } 200 tos. | 


Charge 


1" Diaphragm Gauge 
Modugno Gauge 


Thus, it is clear that, quite apart from any question of cavitati n, we could not hope 
to interpret the deflections of gauges of the box model type by means of incompressible theory, 
though it should be quite satisfactory for the smaller sizes of diaphragm gauge, and even more 
so for gauges of the "crusher" type, where the exposed area of piston is very small. Border~ 
line cases are the 12 inches and 6 inches diaphragm gauges, where B would not be small compared 
with unity for the smaller charges. (it is proposed to apply the corrected form of 
Seon a theory to the 6 inches diaphragm gauge, in order to examine this point more 
Closely). 


Table 3a....6 
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TABLE 3a. 


Criterion (a = 2) for appearance of cavitation according to “rigid piston" 


assumption. 


Oescription of Gauge Effective Material Density | Thickness Typical Thickness 
Radius of Plate of ; of Plate used 
ae 


O.N.C. Box Model 
R.R.L- Box Model 
U.S. Drum Model 
12" Diaphragm Gauge 
6" Diaphragm Gauge 
3". Diaphragm Gauge 


1" Diaphragm Gauge 


Modugno Gauge 


Extreme cases are geuges of the crusher type, in which the thickness of the piston is 
comparable with or greater than the radius. It will be quite safe to apply incompressible theory 
to such cases, but the smaller sizes of diaphragm gauge seem to be in or near the critical region. 
For the box models one can deduce that extensive cavitation will occur, and the same is likely 
to be true of ships" plates unless they are very much subdivided by stiffeners. 


TABLE 3b. 


Kirkwood's Criterion G = 3 go log a for appearance of cavitation according 


to assumptions. 


Description of Gauge Thickness of Weight of | Typical Critical Actual 
Typical Plate Typical Value Radius Radius 
Charge ofa of Plate 


iiaiid oo ees Lee a eae = as 


hike Drum Model Ate 

12" Diaphragm Gauge Le 
; 6" Diaphragm Gauge aa carom slewianraae 
Modugno Gauge es 5 lbs. 
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This criterion gives larger values for the critical radius than would the criterion of 
Table 3a, so the smaller sizes of diaphragm gauye are probably safe from cavitatlon. The 
6 inches diaphragm gauge appears to be a borderline case according to al) three criteria, and a 
theoretical interpretation of the results is therefore likely to be difficult. 


The Tables are set out in slightly different ways because :— 


The criterion 2 = 1 is independent of thickness of plate, but depends or radius of 
plate and size of charge. 


The criterion B= a is independent of size of charge, but depends on radius and 
thickness of plate. 

The criterion B = = 98 a depends on radius and thickness of plate, and also 
logarithmically on size of charge. 


It will be noticed that none of the criteria depend on the maximum pressure. This would 
only come in if cavitation occurred at a finite tension. 


Discussion. 


We may therefore be confident that cavitation will occur with atl the gauges of box model 
type, and probably also with ship's plates, and with the 12 inches copper diaphragm gauge. It 
should be safe to apply incompressible theory to gauges of the “crusher" type and to the smaller 
types of diaphragm gauge, but the 6 inches type appears to be a borderline case from the point of 
view Doth of failure of incompressible theory and of possible cavitation. There seems to be no 
a priori reason why one should get such a result as this, as the occurence of negative pressures 
(leading to cavitation) and the loss of energy by radiation (leading to the failure of incompressible 
theory) are physically quite distinct phenomena. 


It will probably be safe to neglect the possibility of a smail amount of cavitation at the 
centre when discussing the 6 inches diaphragm gauge, but it is very difficult to see how to deal 
with a case In which cavitation is occurring at the centre and over an appreciable fraction of 
the plate, while diffraction occurs at the edge. A perhaps easier problem, now under 
investigation, is to determine at what stage the theory of | applicable to infinite plates breaks 
down for finite plates. Cavitation and follow-up will now be the main effects, the diffraction 
wave at the edges necessitating a correction, the order of magnitude of which will have to be 
worked out. 


The results we have obtained should be compared with those of Friedlander (8), who 
considered an infinite plate divided up into a “chess—board" by immobile stiffeners, each "square" 
of the chess-board being constrained to move according to the parabolic law. Now, in our first 
two models, we found that relative tu the infinite plate cavitation effect was hastened at the 
central point, whereas Friedlander (8) found that cavitation, reckoned as the instant at which 
the mean pressure over the plate dropped to zero, was later for his model than for the infinite 
plate. If we had based our own criteria on mean pressure rather than on pressure at the central 
point, we should, from equations (z) and (17), have deduced exactly the Taylor cavitation time 
for both "piston" and "paraboloid" models, subject to the correction for the effect of the 
aiffraction wave, which can only be in the direction of increasing mean pressure and so postponing 
the time at which it drops to zero. There is therefcre no conflict with Friedlander's work. 

We have already pointed out that the effect of the diffraction wave in hastening cavitation at 
the centre is a consequence of the artificial assumption of "praportional motion", which probably 
does not represent the facts. The problem of finding a more representative model is now under 
investigation. 


Conclusions and action recommended, 


(a) The best criterion for deciding whether or not cavitation occurs at a finite plate is 
probably that of Kirkwood (the Taylor cavitation time must be equal to 8.) 


(b) veneers 
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(b) If conditions are reasonably far removed from the critical region, one can probably 
regard the plate as infinite and apply the theory of |. It is proposed to investigate 
how far away conditions must be for this to be possible. 


(c} It happens that this cavitation criterion is not very different from the criterion for 
the validity of incompressible theory, though this result could not have been predicted 
in advance. 

(d) The only type of diaphragm gauge in common use that is in this critical region appears 


to be the 6 inches type. It is likely to be difficult to use this gauge as an 
absolute instrument, though it should be quite satisfactory for comparison purposes. 
The design of the smaller types of gauge might well be recansidered, in order to remove 
them further from the critical region. 


(e) The assumption of “proportional motion", while probably satisfactory for predicting 
final deflections, is likely to give misleading results for cavitation times, and for 
the early motion. {It is proposed to look for a better model, 

(t) The pressure-time history of the central point of a plate cannot be taken as typical 


of the whole plate. 
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APPENDIX 
Proof that equations (1) and (5) in the text are equivalent. 


We assume that the velocity U(t) is such that it can be expanded as a sum or integral of 
decreasing eke ial functions of the time. We apply to equation (5) the operator 


n iat 
ss ip oe _— = Sa which ‘as the effect of changing p 


Value zero for t < 0 and jot for t > 0. This result follows by completing the contour bya 
semicircle below the real axis for t < 0 and above the real axis, for t > 0. In either case, 

the integral round the semicircle vanishes as w—~ % by Jordan's Lemma and the result follows. 

The pressure on the piston due to a velocity U, which can be expanded as a sum or integral if such 
functions in the formU=> A pa mie is given by applying the same operator to the right hand side 
of equation (5). The incre that result are very similar to those considered by Gallop (see 
Watson's Bessel Functions page 421) and are best evaluated by expression of the Bessel Functions 
as integrals of Poisson's type and reversing the order of integration. Equation (5) thus gives 
us, for the reaction force due to such a velocity U, the expression:— 


into the function which takes the 
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For t < 0 the Contour integrals both vanish. For t > 0 the first term becomes as before 

= 2s Cr Re ay “oe Ee while for the second term we must noe contour above the origin only for 
ccivaitesiat Gatopiuniciice > 2 keveas Owizeut oe 2 os 8 Hence we have, if @' is the 
critical value, 


2n_R co 
= -p, oR U+t pom RA pu ph sin? 6 6 Ct d@ A(2) 


Changing the variable so that t' = z cos @, it follows that aA(2) is ee iibenleip. to equation (1) 


in the text. For t > x the integral in equation A(2) is from 0 to 3 and that in equation (1) 
tromo to # . 


The more general form of equation (1), when U is not zero for t < 0, is 


2 ach ct'\ /au ‘ 
Fo='=o. C7 R a) ee dt 
BON Te Ls ae AB) 
where ak 1-1 (sinzy + 2y) 
R T 


where siny = Le 


Substituting U= Up in equation A(3), it can be verified that the equation reduces to 
Rayleigh's expression (5). Thus the equivalence of the two methods is established. 
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Summary. 


In two previous reports, referred to as !(1) and 11(2) the problem of damage to a plate 
with clamped edges and a baffle is considered on the alternative assumptions that water can or 
cannot stand tension, the plate being subjected to a normally incident exponential pulse. In 
the present report, some of this work is extended to oblique incidence, and, in addition, the 
effect of the plate being supported by stiffeners as wel) as at the edges, is being considered. 
For cases in which the radius of the plate is small compared with the "wave-length" of the pulse, 
it has already been shown in II that regions of tension in the water do not occur to any extent, 
so that the damage will be the same wnether water can stand tension or not, It is therefore 
only necessary to consider cases in which the radius is comparable with or large compared with 
the "wave-length". The discussion shows that for radii large compared with the "wave-length" 
cavitation should incregse damage, and that for a structure like a ship's bottom or apanel of 
plating divided up by stiffeners this showla de true for practically all cases for which 
cavitation is important at all. For a structure like the box-model, on the other hand, there 
seems to be an appreciable region of values cf the variables in which cavitation reduces damage, 
and this region seems to cover mcst of the cases occurring in practice. This last conclusion is 
only valid if it is possible to neglect the effect of diffraction if extensive cavitation occurs. 
Qualitative reasons for thinking this are given. 


List of Svmbols.. 


ne Maximum pressure of incident pulse. 

yw = Angle of incidence of pressure-pulse. (Acute angle between wave-front 
and plate). 

@ = Time constant of incident pulse. 

c = Velocity of sound in water. 

Py =  Oensity of water. 

x = Distance from centre of plate along axis of plate. (Also thickness of 
layer of water on plate) 

y = Deflection of plate. 

z = distance measured parallel to plate and in plane of propagation of pressure 
pulse, 

R = Radius of plate. 

ne = Number of sub-panels into which plate is divided by stiffeners. 

p = Density of plate. 

h = Thickness of plate. 

Cm ts Yield stress of plate. 
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Co} 
W = Weight of charge. 


0 = Distance from charge. 


g St) = 1-3 (sin zy + 2y) 


= ct" 
Dae oy 
t = Time variable. 
t’ = A variable of integration. 
37h 
r = SRE my 
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Introduction. 


In two previous reports, referred to as 1(1) and 11(2) we have considered some of the 
modifications that have to be made in the theory of the motion of a clamped plate when subjected 
to an underwater explosion pulse, if we assume that water is incapable of standing any finite 
tension. Taylor (3) made a start on this problem for an infinite plate, considered as a mass 
backed by a spring, (the spring representing the elastic and plastic forces in the structure), He 
calculated the energy that was imparted to the plate up to the instant at which the pressure 
dropped to zero at the plate. In | we obtained explicit formulae governing the propagation of 
cavitation into the water subsequent to this instant, and formulatec the equations governing the 
subsequent motion of the plate, as it is gradually Drought to rest by the spring, but is subjected 
to the impact of the cavitated water which is thus given an opportunity to catch up. Solution 
of these equations showed that, for thin plates, the major portion of the damage would be caused 
by this "follow-up" mechanism, tt2 final damage corresponding to about two-thirds of the energy 


brought up by the explosion pulse, the remaining third being partly reflected away before cavitation, 


and partly lost in the collision between water and plate. In 11 we investigated some of the 
modifications that would be needed for a finite plate. In particular, we found that Kirkwood’s (4) 
suggested criterion for the occurrence cf cavitation was probably correct, and also that it did not 
differ very much from the criterion that, in the absence of cavitation, incompressible theory 

would be a valid approximation for determining damage. 


We have so far not attempted two of our main problems: 


(a) To determine whether damage is greater if cavitation occurs at zero pressure than it 
would be if water could stand tension. 


(b) The effect of a pressure-pulse at oblique incidence. 

In this report, we shall attempt both of these problems for a large plate. For small plates 
Neither question arises, because we have shown in || that, e.g. for diaphragm gauges, cavitation 
probably does not occur and that incompressible theory is probably a fair approximation. Further 


if incompressible theory does apply, the damage would be practically independent of the angle of 
incidence, (2s is, in fact, observed experimentally for diaphragm gauges). 


The Effect of Oblique incidence, if Cavitation occurs. 


Taylor (3) was able to generalise his work to oblique incidence on the following two 
assumptions: 


(a) Conditions are not too near those of glancing incidence. 


(b) The motion of each element of the plate is independent of that of neighbouring elements, 


i.e. effects propagated through the plate may be neglected in comparison with effects 
propagated through the water. 


Assumption sss 
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Assumption (a) is equivalent to the statement that diffraction effects due to the arrival 
of the pulse at the edge of the plate die away very quickly. The motion of the plate then becomes 
quasi-steady, every element of the plate having the same equation of motion, counting as zero the 
time at which the incident pulse arrives at the element. Since the incident pulse sweeps over 
the plate with a velocity C/sinwW, where W is the angle of incidence (defined as the acute angle 
between wave-front and plate),thts means that once we have calculated the motion of any element 
we can Calculate tnat of any other element by “post dating" the time-scale by the appropriate 
values of zisiniy) , where the z~axis lies in the plate and in a plane parallel to the direction 
of propagation of the wave-front. ” 


Assumption (b) is similar to that introduced in 11 in support of which both theoretical 
and experimental evidence was given. It is slightly less drastic in that in J! it was applied to 
the diffraction wave, moving with precisely the velocity C, whereas here the pulse is sweeping 
over each element of the plate in turn with a velocity effectively greater than C (due to the tilt 
of the wave-front) and therefore the plastic and elastic forces will have still less chance of 
propagating themselves ahead of the incident wave-front than they have of propagating ahead of the 
diffraction wave. 


If we make these two assumptions, the two boundary conditions at the plate can be 
satisfied, as Taylor (3) shows, by assuming that the effect of the plate can be represented as a 
simple reflected wave, the angle of reflection being equal to the angle of incidence. Besides 
the "post-dating" of the time-scale for elements of the plate with different z co-ordinates, the 
only other changes that have to be made in order to convert the theory for direct incidence into 
the theory for oblique incidence are, first that we must replace the quantity Pm by Pm cos W and 
p (the density of the plate) by 9 cos When we come to consider thé propagation of the 
cavitation front, the theory proceeds exactly as in |, except that we have x cos W in all the 
equations instead of x, (x being the co-ordinate whose axis is perpendicutar to the plate). 

The fact tnat we have replaced p by p cos W necessitates our also replacing a by a cos Ww The 

discussion of the various energies involved can also be taken over if we replace a vy a cosh 

and Pm 6 by Pm 8 cos Ww. This latter change is the same as replacing p. by p_ cos W because 
LL ae ri 

E. contains the factor fa. For &, E. and the total energy one of the factors cos W is removed 

when we integrate over the whole pulse. 


It is a little more difficult to see what modifications have to be made to the theory of 
the "follow-up" stage of the motion. Since the angles of incidence and reflection are equal, it 
follows that the particles will have no velocity in the z-direction at the instant when the pressure 
drops to zero, and therefore that the velocity of the cavitated water will also be perpendicular 
to the plate. We can take over the argument of {,but here we leave x unchanged and do not replace 
it by x cosy. We thus obtain, instead of equations (18) and (8) of 1, the following relations 
between t, x, y, and uc, vc being the velocity of the water at cavitation). 


to sinw = Gasosy | se = (nage) 
afc 


c 1-acosy ac 


(1) 
+ a cos W cosh (<=")} | +2 
vc 
ve = 2 Pm cos I: cos W cosh (Cae + sin R x cos p ae cos W 
Pp © 6c 6c 1-a cos 
2 


_™*cosw (2 -a cos w) 
@ OC (i - a cos W) 


Since equation (19) in | is derived purely by momentum considerations, it cannot involve the 
quantity cos W directly. Also the thickness of the "reconstituted" layer of water on the plate 
is just x for when particles that were originally at a distance x from the origin are just 
arriving at the layer. In other words, equation (19) is exactly the same as in |, that is: 


d J 
S| tron) 2] - 0% ve + mty = 0 (3) 


Examination ..... 
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Examination of these equations reveals the remarkable result that the corresponding equations of | 
can be made identical with them, if we make the very same Changes in the variables that we have 
already introduced when discussing the motion of the plats up to cavitation, and the propagation 
of the cavitation front, For convenience, we recapitulate these changes here. 


todbetones tren Zeslau 


c 
pm becomes p, cos Ww 
P becomes P cos p 
a becomes a cos W 


‘ 2 
The other variables remaining unaltered, except that, consequent on the cnange in a, S“ becomes 
s* cos Ww. The corresponding changes in the non-dimensional units introduced in | are:- 


Unit of x becomes C 6 sec w instead of CO 


Unit of y becomes aL Ne cos W instead of 2 Pn 9 
Bs © (x, 


the units of time and pressure being unaltered. 


When we make the modifications ina and S, we can take over the information in Tables 1 
and 2 of | without having to repeat the numerical work. The main result of this work is that 
for a thin plate about 5 of the total energy falling on the plate appears as damage. The work 
in 1 shows that this figure is not very sensitive to S, and for a small it almost certainly only 
varies slowly with a, so we conclude that it is probably not very sensitive to w either. We 
thus conclude that, for a large plate, when cavitation occurs, the final damage corresponds to 

. . 1 Pa 2 
Plastic energy of approximately 5 are cos W per unit area of plate which, If we assume Pm to 
(o} 
to by and @ to be proportional to 5 where W is charge weight and D is distance, leads toa 


formula of the type 


2 
Central Deflection © (cos ¥) (u) 


The Effect of Cavitation on Damage. 


We now examine various models of a structure undergoing damage to see what valid 
comparisons can be made between the consequences of the assumption that water can stand no tension 
at all, and of the assumption that water can stand unlimited tension. At first sight one would 
think that the answer is obvious, and that if a plate is free to leave the water when the pressure 
drops to zero it must always suffer more damage than if tensions can occur. Fora sufficiently 
large plate this is certainly true, furtnermore the work of | shows that if cavitation occurs, 

a further contribution to damage is made by impact of cavitated water with the plate. Fora 
finite plate, however, one has to consider the effect of diffraction from the edges. For a 
very small plate, the effect of diffraction is to prevent tension occurring at all, and there 
will be no difference between the consequences of the two assumptions. (Criteria for this 

are worked out in I1). For a somewhat larger plate tension sets in before the arrival of the 
diffraction wave from the edges, and the pressure alternates in time between positive and negative 
values. !t will be shown later that positive values predominate, so that the effect of 
diffraction is always to increase damage. For a sufficiently small plate this contribution 

is considerable, and it may well be that the effect of cavitation in preventing the diffraction 
wave from acting all over the plate more than bdalances the gains in damage due to the nom 
existence of tension at the plate and the effect of "followup". 


(h) iectctorete 
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(1) The effect of cavitation on diffraction. 


Owing to the simultaneous occurrence of cavitation and diffraction, it has, up to the 
present, been impossible to extend the work of | to a finite plate, but one can bring forward 
qualitative arguments which suggest that, for a sufficiently large plate, cavitation probably 
interferes seriously with the contribution to damage due to diffraction. Although the complete 
mapping out of the cavitation region would be a difficult matter, one can deduce enough about 
it for present purposes. In 11 we concluded that the cavitation time is probably independent 
of the radius of the plate, so that criterion for cavitation is simply that this time must be 
less than the time tc for the diffraction wave to arrive at ths centre of the plate. By an 
extension of the arguments that led to this conclusion we deduce that cavitation occurs, at tne 
Taylor cavitation time, over just that portion of the plate which the diffraction wave has not 
reached by then. In 1l we also deduced that the position of the tip of the cavitation zone is 
sensitive to the thickness of the plate, so that even if the plate was a little below the 
critical thickness, the length of the "beard" would be several times the radius of the plate. 

We may therefore regard the cavitation zone as being, roughly, a cylinder, The diffraction 
waves incident on the surface of this zone will be reflected as at a free surface. Since we 

are assuming that water cannot stand any tension the effect will be to cause further cavitation 
and throw drops of water inwards at riyht angles to the surface. Since this surface is nearly 

a cylinder, the drops will only have a small velocity component towards tne plate, and will 
contribute little or nothing to damage. We have also to consider the effect of diffraction on 
the outside portion of the plate, where cavitation does not occur. The breadth of this portion 
is equal to the velocity of sound multipliea by the cavitation time, and its area therefore 
becomes a steadily sinaller fraction of the total area of the plate, as its radius increases. 

It remains to consider whether diffraction would have any effect after cavitation has disappeared. 
In | we found that the plate came to rest (with any reasonable assumption about the strength of 
tne sprina) only at a time several times greater than the characteristic time @ of the explosion 
pulse, and tnat even then the layer of water built up on the plate is only about half the “wave— 
length" C @ of the pulse. Reference to the theory of diffraction at a rigid piston shows that 
the main contribution of diffraction occurs within a time of the order of c so that if 
diffraction is to make any appreciadle contribution after cavitation has disappeared R must be 
several times as dig as CG. We shall show later that, if this is so, the effects of cavitation 
and "followup" (without any assistance from diffraction) are by themselves sufficient to make 
damage greater In the case when cavitation occurs. 


Since we are trying to assess the effect of cavitation on damage for large plates it 
seems fair to compare the case treated in | (large rigid piston with cavitation occurring over the 
whole area) with the case partially treated in I! {rigid piston moving in an aperture in a rigid 
wall, water being able to stand tension) as both these cases can be treated rigorously. A 
comparison of the behaviour of these two models as the radius becomes large should give a Fair 
idea of the critical conditions for the increase or decrease of damage due to the occurrence of 
cavitation. The complete neglect of diffraction in the cavitational case is, for the reasons 
just given, probably justified as 2 first approximation. 


(2) The "spring" approximation. 


When we .re considering large plates the introduction and choice of a spring to replace 
the plastic forces in the plate needs some care. We shall consider two types of case. In the 
first we shall suppose the plate clamped at the edges only and surrounded by a rigid baffle. 
This will be referred to as the “box-model" set of assumptions. In the second we shall suppose 
the plate to be supported at intervals by stiffeners, clamped at the edges, and surrounded by 
water on all sides. This latter case corresponds closely to the case of an actual ship's 
bottom, so will te referred to as the “ship” set of assumptions. It is customary to take 
account of the difference between "baffle" and "no baffle" simply by dropping the factor 2 
representing the doubling in pressure in cases where aiffraction is important but actually the 
point seems to merit a more careful investigation. 


A second point that requires examination, if we are using the "box model" assumptions, 
is that the plate is actually oOrought to rest by phstic waves travelling in from the edges. 
For it to be possible to replace these by a spring one must first be certain not only that the 
ratio between deflection and energy for the spring is the same as that for the plate, but also 


that sviee 
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that, during the time of movement of the piston and spring representing th plate, plastic waves 
from the edge have time to reach the centre of the plate. If this is not so, it is clear that 
the model is not fully representative, so the point must be checked for cach model that we use. 
The test will be more stringent for the "box moce)" case where the only clamping is at the edges 
than for the "ship" case where the plastic waves have only to travel from the stiffeners to the 
centre of each panel. 


(3) Comparison of various models for plates of large radius. 


We shall carry out all the actual calculations with the "ship" mode}, which will be a 
panel of equivalent radius R divided up by stiffeners into n2 panels each of equivalent radius te 
We shall suppose that each of these sub=-panels can be represented as a piston on a spring. It 
would be a better approximation to regard each sub-panel as deforming into a parabolic shape, as 
we could then regard the stiffeners as being at rest, but this leads to difficulties when we 
are considering the models in which cavitation occurs. Our experience in the past has Deen that 
changing over from “piston” to "paraboloid" approximations does not alter the order of’ magnitude 
of the results (See 11). In this report we are only trying to find approximate criteria for the 
effect of cavitation on damage, and the "piston" approximation should be satisfactory for this. 


We need an expression for the strength of the spring per unit area of plate. A circular 
plate of radius : when deformed into a cup of a sphere or paraboloid so that the mean deflection 
is y increases in area by 477 y-. This corresponds to a total plastic energy o 4ooh T y’, where 
oy is the yield stress and h the thickness of the plate, corresponding to an energy of 4 ann? y2 


2 
R 
per unit area of plate. Thus, to represent the plastic forces we need a spring of strength 


2 
Aon ( per unit mean deflection per unit area. We shal) use this in all sudsequent calculations. 
To go over to the “box-model" we simply put N = 1 and allow for the effect of the baffle as well 
as we can. 


(3.1) Incompressidle Theory. 


The investigation given in 11 has shown us that incompressiole theory is probably a good 
approximation for small plates, so it is of interest to see what results it gives for large R. 
Tne equation of motion, y in all cases representing mean deflection, is:- 


2 
2 BN ° oh 
8 d = 
fay oS R cy ‘$35 pens = 8 (5) 
( ? 3 © ) at Re y Pn O 


where pe is the maximum pressure in the explosion pulse, @ its time-constant, pP the density of 
the plate and Po the density of the water. Since the plates are all movingas pistons, the 
"virtual mass" term 377 Po R will be the same as that for one large piston. For large R we may 
neglect Ph compared with this term. The solution of equation (5) is 


2 | . 
ye 27 oy po + sindXt _cosdt | where d? = ; 
8 p,R (1 +X*@*) rE ! 
6 
3 70,n Ne Gl 
fe) Fe) 
fo) 


we suppose R and N to become large in such a way that 3 remains fixed, corresponding to a fixed 
size of sub-panel. A then becomes small, and the middle term in the bracket large compared with 
the other two. The maximum deflection is given by:— 


t + ie] 
R' p F 
AG (gn re a er a (ship) (7a) 
N Py 7% Hh 
thus tending to zero for large R. lf, however, we take the "box-model" assumptions A again becomes 


small for large R when we put N = 1 and the maximum deflection is now given by: 
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nm 2 === F Serie (box-mode1) (7) 


which becomes large for laroe R, In both these cases it can be verified that the spring 
appreximation is satisfactory because the time to reach maximum deflection is proportional to 
3/ 
5 2 : - : . R 
, that is to st , Whereas the time of travel of the plastic waves is proportional only to -. 
N N 


> pe 


(3.2) Motion of plate assuming cavitation. 


It is shown in | that up to the time of cavitation the plate acquires a kinetic eneray 
ADI afr i+a m 
f cotimi_: ara gg Wienetays el 
Parc Po° 9 
either from "followup" or diffraction, then tne final deflection is given simply by equating this 
to the plastic energy 4O_NN 


per unit areao If the plate acquires no further energy 


yu. We then have: 


R 
sifo) Gg 
= PLAS eal #1 eines (sni 8 
ym aa a nee ae (snip) (8a) 


The transition to the Dox-model fs made simply by putting N= 1. The doubling of the 
pressure is here retained in both models because for a large plate diffraction plays no part in the 
motion of the plate up to cavitation. We have tnercfore: 


ane (box-mode? ) (8b) 


\f we make the alternative assumption that followup occurs but there is still no significant 
contridution from diffraction, (see section 2 for a discussion of this) then we have just the case 
treated in |. There we found that a rough rule was that about two-thirds of the incident energy 
was eventually converted into plastic work. The energy absorbed per unit area is now 


2 i+a 
PO and the factor a 22-4) jp equations (4a and b) is replaced b a) . We now have 
305 c 2 12 
to examine the validity of the “spring” assumption. Equations (8a and b) are based strictly on 
energy considerations and it is immaterial whether the energy communicated to the plate is absorbed 
by a spring or by plastic waves. The theory of |, however, assumes a uniform spring and a failure 


of this assumption might modify the factor of Z . From the theory of | we find that the time to 
3 
reach maximum deflection is of the order of magni tude % where S is given by 


6a v2 ph ; 
, ast a 3 (it should be notea that in | we use a for thickness of plate while in 
pr v pcé 


{1 and this report we use h. We have also introduced the factor n2 to allow for subdivision of the 
panel). The time for the plastic wave to reach tne centre of the sub-panel is i divided by the 


velocity Ps of plastic waves. We thus see that, for the "spring" approximation to be valid we 
p 


must have 8a less than unity. Since a is not usually greater than 0.1 in practical cases and is 
often less, it appears that the spring assumption probably does not lead to serious error in this 
case, though the error does not diminish with increasing R as it does in the incompressible model. 


(3.3) Motion of plate assuming that water can stand tension. 


In 11 (Appendix, equation A.3) it was shown that for a piston moving in a rigid wall, the 
rigorous expression for the force on the unit area of plate due to the hydrodynamic forces is 


defined ..... 
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; F Fi = Wee = F 
defined as the function 1 == (sin 2y+ 2y). siny= Sa The equation of motion of the 
piston is therefore: ; 
2 
2 2R é 2 BN“ o hy mat 
psy + pe fe wfst\( ey dt! + ——2— = 2,68 (9) 
dt Onto R Gt) eee R 


where we have used the same "spring" term as before. N becomes unity for a plate clamped at the 
edges only. For some purposes it is desirable to integrate the middle term once by parts, and we 
obtain: (cf Il equation (1)). 


2 s 
2 By tee aie Pro 
oh = + pc ayaa de as ffs ye oes dy dt! 
dt ONdt TARE eso 4R Bia Pe a0 
ane ny ait (10) 
mf; Shane - 2 p. P is) 


It is possible to obtain the solution of either form of this equation in integral form by use of the 
Fourier transform,but the resulting inteural is intractable. We can, however, deduce enough about 
the behaviour of the solution for tne purposes of this report by simpler means. 


We wish, first of’all, to establish whether for large R, there is any case where diffraction 
can be neglected. For such a case one coula, according to the discussion of section 3, deduce at 
once that cavitation will increase damage. If we assume that the effect of diffraction is 
negligible, we neglect the integral term in equation (10) and obtain the case of an infinite plate 
Without cavitation treated by Taylor (3). The approximate solution of this equation is: 


P 2p ace 5S eet 
Oy rg eee mone p43 -p & ); t>o (11) 
dt P.£ (1 -a) 
which leads to the following result for the final deflection: 
2p,0 
vm = te (12) 
Py © 


It can be shown that for any reasonable size and thickness cf plate the effect of the spring term 
only introduces a smal) correction into expression (12), To assess the effect of diffraction we 
substitute the solution (11) into the integral termof equation (10). Since the expression (11) is 
always positive we can obtain an upper limit for the effect of diffraction by replacing the factor 


ACSA ‘ a ks aie 
Ls ee by unity, and a lower limit by reptacing it oy 1 —- sear - For large R these 


two quantities are nearly equal. The value of the integral is thus given in order of magnitude 
by:- 


t aa 
_4ce Pn ee -at+a @ : +, <iek (13) 
mR (1-a) | | C 
AES IO ES ST a sa 
7 R (1-a) fe (? . a) ae ab (a5 c 


Tables of the basic integral have deen prepared. Tnus for equation (11) to ce a satisfactory 
solution,of equation (10), tnese two expressions must be small compared with the applied pressure 
2 Pn O @. This requires in the first place that =z should de snail, i.e. R must be large 
compared with the "wavelength" C @ of the pulse, which is, in general well satisfied for a ship, 
and fairly well for tne box-model. This criterion is, however, not sufficient, because, if it 
is satisfied, it implies that expression (13) contains an approximately constant term cf order of 
magnitude — picts and it is necessary to verify that the steady deflection such a pressure 


would cause acainst the spring is less than expression (11), for solution (10) not to de invalidated. 
The condition for this is: 


2 
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(14) 
i.e. Po Coir < uN? ooh 
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This result indicates a difference between the "ship" case and the "box—model" case. 'f we put 

N= 1, it is impossible to satisfy the criterion (14) except if the thickness of the plate is 
several times its radius. The only practical case of this is a pistonmtype gauge, (such as the 
Hilliar copper crusher). In such a case = is not small, and the investigation of I1 then shows 
that cavitation cannot occur. It follows therefore that diffraction must always be considered in 
the box-model case, criterion (14) showing that solution (11) cannot be the correct Vimiting form 
for large R. The physical reasons for the two criteria are fairly obvious. Equation (11) implies 
that the plate is brought to rest by tension in the water rather than by the plastic forces. For 
tension to occur at all, we must have R at least comparable with C @, as was shown in 1/1, Criterion 
(14) implies that when the plate is brought to rest by tension, the plastic forces corresponding 

to this deflection are sufficient to prevent any further movement of the plate due to diffraction. 
We have seen that this implies that there must be considerable sub-division of the panel of plating. 
If we fix the size of the sub-panel, this implfes fixing 4 and criterion (14) is then satisfied 

in the limiting case of large R. 1f We take _ as one foot, corresponding roughly to a destroyer, 
and h = & inch, N comes out at about 20 - 30, correspondiny to damage extending over an area of 

the order of 1500 square feet of the bottom. This is a not unreasonable value, but the criterion 
becomes increasingly difficult to satisfy for a ship with larger frame-spacing. 


It mignt appear that we need another criterion in addition to (14). If we replace the 
spring by plastic waves, it is necessary for (11) to be a satisfactory approximation, that the 
plastic waves should have been able to reach every part of the ptating by the time the diffraction 
wave has reached the centre. For a simple plate (N = 1) this is obviously impossible, because 
the plastic waves only travel at a spec fo » Which is about 10% of t the velocity of sound in 


water. Thus again, we deduce that N must be of the order of 20 and the criterion is practially 
the same for plastic waves as it is for the equivalent spring. 


A failure of criterion (14) implies that the time for the plate to come to rest under 
plastic forces is greater than TC Then if @ is small compared with tT we may deduce that 


2 2 
a will not change much ina time of the order of 2 and we can take = outside the integral in 
dt dt 


equation (9) and neglect the difference between t and t-t'. The integral can now be evaluated 
and the equation of motion is just that given bysincompressible theory, equation (5). The 
solution of this equation is given by equation (6), which for large R reduces to one term. To 
estimate the error caused by assuming incompressible theory we substitute this solution in 

equation (9) or (10) the integral term involving Bessel and Struve functions of order unity of 

the variable Za . Reference to tables of these functions shows that for an = 1 the error 
is of the order of 10%. For incompressible theory to Be a reasonable approximation in the absence 
of cavitation for a large plate (R > C @) we therefore have the approximate criterion ae Suk or 


p, oR > 12m v2 


o,h 

This criterion is not the exact reverse of (14) which means that there is an intermediate region 
where neither incompressible theory nor equation (11) are satisfactory approximations. Actually 
the two theorles give very much the same results in this region (they agree when Po ey SO Kon), 


which indicates that diffraction is probably not very important unless criterion (15) is satisfied. 


It must be pointed out that the criterion (15) has nothing whatever to do with the criterion 
for the validity of incompressible theory established in 1! for smal) plates, as the latter applies 
when @ is large compared with tr but criterion (15) is not applicable, unless, in addition, @ is 
small compared with 7 so that it is possible to regard the vetocity as conmunicated impulsively. 
These are both particular cases of Kennards "principle of reduction" (5). 


(3.4) Circumstances in which cavitation reduces damaye. 
By comparison of the various models it is now a simple matter to decide the effect of 


cavitation on damage if we assume that diffraction does not contribute significantly to damage 
when cavitation occurs. we may list the various possibilities as follows:— 


(a) rebar 
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(b) 


Ove 


For R<C@ tne question falls to the ground, because cavitation either does not 
occur at all, or only over a small extent of the plate, and therefore probably does 
not affect damage. 

For R> C@, we have two possibilities. If O, c2R< umn? gh we may be 
confident that the effect of diffraction is small, and that cavitation will therefore 
increase damage. This criterion cannot, however, be satisfica in the "box-model " 
case Dut only in the “ship” case, with N of the order of 10 or more. If 

Po ce R> aud n2 oh diffraction becomes important, but incompressible theory 

remains a bad approximation until R becomes somewhat laryer. We may then compare 
the results of sections (3.1) and (3.2) to find the effect of cavitation. It 

seems best to assume complete "follow-up", as it is hard to imagine a mechanism 

by which the plate can leave the water when tne pressure drops to zero, and 

receive no further damage either from cavitation or viffraction. On this basis 

we conclude that cavitation will increase damag2 if the following criteria are 
satisfied:- 


; g# 
am? ® ny ee < al “ R an) + (shi p) 
8 N (2,0, ®) 12 N (2,0, © h) 
pee Pa) 4 » O* 
(37)" Re -—i—__, jee R -—t_--., (box mode} ) 
4 (2, 7, h) 12 (0,7, © n) 
which reduce simply to the following:— 
R > 976 (ship) (16a) 
Cc 16 
R > 978 (box mode?) (16b) 
c 4 


The difference of a factor of 4 being due to the absence of the baffle. 


Discussion. 


baffle, 


For structures such as a ship"s bottom, or panel backed by stiffeners and without any 
it will be seen that it needs a rather exceptional set of circumstances for cavitation to 


make any appreciable reduction in damage. R must be comparable with C @ for cavitation to be 
extensive, and yet criterion (16a) must not be satisfied. This fixes R within fairly narrow 


limits. 


In addition N must be small enough for criterion (14) not to be satisfied, which 


restricts N to fairly small values, 


For structures such as the box-model, although it is undoubtedly true that for sufficiently 


large R cavitation will increase damage, yet (16b) shows that for a baffled plate there is 
probably quite an extensive range of values of R for which extensive cavitation occurs and yet 
reduces damage. Further, With N = 1, (no sub-division of plating) criterion (14) is never 
satisfied for any practical size of plate. The range of values of R for which cavitation may be 
expected to diminish damage seems to include all types of box-mode? target in common use. 


Conclusion. 


almost certainly increase damage to such a target as a ship's bottom or plate sub-divided by 
stiffeners, but that it would, in general, reduce damage to targets of the "box-model" type 


The conclusion, on evidence at present available, appears to be that cavitation would 


consisting of a single plate and a baffle, 
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Summary. 


Bubble damage in box model experiments has indicated that energy is diffracted from the rigid 
flange on to the target plate. In this note, the effect of diffraction in a simplified system under 
conditions similar to those in box model tests is calculated approximately. 


The system considered is that of a circular spring 1oaded piston moving in a finite fixed 
rigid circular baffle under the action of a plane bubble wave. The velocity of the water outside the 
baffle has been assumed equal to the particle velocity in the incident wave, An approximate solution 
of the equation of motion including the effect of compressibility is obtained and, in a representative 
numerical example, the deflection of the piston calculated from this solution is compared with the 
deflections for an infinite plate and for both finite and infinite baffles on non-compressive theory. 
The ptston is assumed initially undeflected. It is found that the ratio of tne maximum energy 
absorbed by the piston to that incident on it for the finite piston is of the same order of magnitude 
as that observed in box mode) experiments, which is not the case for the infinite plate or infinite 
baffle, It is also found that the maximum deflections for the finite baffle are about the same with 
the compressive and non—compressive approximation, though the deflection time-curves show that the 
deflection is greater at carlier times in the former case. 


The calculations are then extended to the case of the piston deflected initially ina finite 
baffle for both the compressive and non-compressive cases. The ratio of maximum energy absorbed to 
incident energy is evaluated numerically for conditions similar to those in R.R.L. box model experiments. 
It is found that the energy ratio for the compressive approximation is in fair agreement with observation 
and is better than the non-compressive case, 


It is concluded from the calculations that the observed extra energy absorbed by the plate 
above that directly incident on it in the bubble wave can be largely ascribed to diffraction effects 
from the flange. 


Introduction. 


In a recent series of box model experiments it was found that the energy absorbed by the target 
plate under the action of the bubole wave was more than twice that directly incident on it. It seems 
likely that most of this 2neray absorbed by the plate is due to diffraction from the rigid flange round 
the target plate. The present note is an attempt to determine approximately the effects of diffraction 
in a simplified systen consisting of a piston moving in a baffle and is essentially an extension to 
bubble waves of Butterworth's analysis for shock waves (1). 


Assumptions. 


The system considered is a circular rigid spring loaded piston moving in a plane fixed rigid 
circular baffle of finite extent. The distribution of normal velocity over the plane of the piston 
amd baffle is assumed to be v over the piston, zero over the baffle and equal to the particle velocity 
in the incident wave outside the baffle, The assumed velocity outside the baffle is thus too smell 
at points near the baffle and will lead to an overestimate of the energy absorbed by the piston. The 
incident wave is assumed to be plane. \t is also assumed that the piston spring is ‘plastic’. 


Average ween. 
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Average Pressure on the Piston. 


Let p(t) be the incident wave at any time t 
v(t) be the velocity of the piston at any time t away from the water 
Ry be the radius of the piston 


R be the radius of the baffle 


2 
fe be the acoustic impedance of water 


Then the average pressure on the piston is 


Pp = 2 p(t) - pev(t) + 


f RtR Ne oy of. Sa (r 242 R2) 2 


“ a R se Wer a 


For an infinite piston, i.e. putting R, = R, and letting R, ~ ™, (1) reduces to the Taylor 
expression for an infinite plate provided the displacement of the piston and impulse remain finite: 


nol 
" 


p(t) - pc v(t) (2) 
For an infinite bafflc, i.c. R, 7 © (1) reduces to 


Butterworth's expression 


- 2 pc 2R r 2 
pre Wee boli ace aeey 5% up AG, ) dr (3) 


povided p (- ©) is zero. 


If it is assumed that the velocity of the piston in the interval) t - 2Ry to t is a linear 


function of time, (1) reduces to c 
BOR, , 2 VA r7+R i eG 
pean tp (t= geht (it) Se ee f Raat t-z) Seer (4) 
am Te Rae os aye ~ (ar ay) 2 


The non-compressive approximation, in which time retardations are assumed negligibly small, is 
obtained by etting c ~© in (1) and gives 


= BPR, . a 
p = p(t) v(t) for the finite baffle (5) 
Bin 
s , BPR, , 
and P = 2 p(t) - v(t) for the infinite baffle (6) 
37 


It is seen that the terms due to the motion of the piston in (1) reduce to the same factor in 
(4) as in (5) and (6). 


Deflection of the Piston. 
The equation of motion of the piston is 
my + ky = 9D (7) ( 


where y is the deflection of the piston 
m is the mass/unit area of the piston 


k is the stiffness of the spring/unit area of the piston. 


Putting «p00. 


& sto 
BR, . 
Putting p = f(t) - 1 y(t) 
(7) becomes 8 OR 
m + seine y ky = f(t) 
37 
from which 
y = 8 f(u) sin q(t-u) du 
Mq 
for the conditions y = yol= voW sat t = -@® 
where 
a@ oR 
M li) 45 i 
377 
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Application to Bubble Faves. 


The bubble wave from 1 oz. Charges may be represented approximately by 


p(t) = p, exp (-¢) 
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(8) 


(9) 


(10) 


(11) 


Numerical evaluation of the last term in equation (4) using equation (11) far conditions 
typical of R.R.L. box model tests showed that its value was about the same as the equivalent term for 


ie 
c 


the pressure at the centre point; viz. p 


The solutions of (10) are: 


for finite baffle, equation (4), taking centre point value for the last term in 


—nR 
= {2 mate ( =} exp(nt) 
n° + q@ 
joy + 


for-%<t<o 


sin qt 


2 exp(-nt) - exp o( 


foro<t< 
c 


) 


2 


2:9 


(: - exp "2 \exp(-nt) 


Sener lh a rae 
c 


+q 


for finite baffle, equation (5) 


M exp(nt) 
- - for -%<t<o 
Po n“+q 
= exp(-nt) , 2n sin gt PaO to 
2 
neq? q(n*+q*) 


(4) 


(13) 


for the infinite baffle, equation (6), the deflection is twice that in equation (13). 


Piston ,.... 


(12) 
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Piston Deflected Initially. 


In box model experiments, the target plate is already dished by the shockwave before the 
arrival of the bubble wave. It is necessary therefore to consider the case of the piston deflected 


initially. 
Let y, be the initial deflection. 
Then the equation of motion of the piston ($) becomes 
My + ky = f(t) - Kg (14) 
where y is the additional deflection above % and no deflection occurs until f(t) > KY os 
The solutions of (14) for the finite baffle are: 


from equation (4) and taking the centre point value for the last term in (4) 


2 = exp(nR,) 
M 2 R 
= = SS exp(-nt) + 2n : (2 sin qt - sin q(t - <4) 
9 n2 + qe q(n° + q°) 
a exp (—nR.) R 
= Gh exp(—nt,) {1 + sin@ sin (qt + qt, - 0)} for 2<t<o (15) 
a c 
q@ 
0 
where tan @ = 


and ky, = (° - a p, exe(—nt,) 
c 


from equation (5) 


My exp(—nt) 2n sin qt exp(=nt_) 
— ye tO os + sin @ sin (qt + at, - OI} 
P n“+q q(n“+q°) q g 


foro<t (16) 
where ky. = p_ exp(-nt_) 
° ° ° 


Evaluation of y, 


The initial deflection Vn is assumed due to the shock wave. In general, the distance of the 
charge from the target and the distance of the bubble minimum are not the sam. 


Let a, be the distance of the charge from the piston. 
d be the distance of the bubble minimum from the piston. 


cs be the maximum Dubble wave pressure at unit distance, the corresponding valve at 
any distance r being assumed to be Por. 


Then, assuming the total energy in the shock wave to be five times that in the bubble wave 
at the same distance, the total shock wave energy per unit area 


2 


5 P i 
AS, ara = 
pe 4, n 


it is now assumed, as observed experimentally, that the static energy absorbed in producing 


an initial deflection Me is equal to the total shock wave energy incident on the target. For the piston 


this condition is that 


2 K seeee 
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Energy Absorption for Piston Deflected Initially. 


If he is the maximum additional deflection above Yor the energy absorbed by the piston per 
unit area is 

1 2 1 2 
a Stel See 


Putting y =Tany, y = 


then the ratio 


Energy absorbed by piston 


1 1 
- = = 3 penk ee Winns rye) (18) 
Energy incident on piston 


Numerical Values. 
Piston not deflected initially 
Figure 1 shows the form of the deflection-time curves of the piston for the infinite plate, 


for the finite baffle as given by equations (12) and (13) and for the infinite baffle, for the following 
Conditions typical of R.R.L. box model tests:— 


ye bork 107 ‘dynes/sq.cm. 

n = 3.03x193 secs? 

pe = 1.46 x10° gm/sec. sq.cm. 

m = 1.31 gm/sq.cm. 

k = 8,122x10° dynes/sq.cm./cm. 
qua 6.507x10" sec + 

Ry = 21,06 cm. 

Roe ake 


The values of — from equations (2), (4) and (5) are given in Figure 2, and the maximum 
deflections and ratios of maximum energy absorbed to energy incident on the piston are given in 
Table 1. 


TABLE 1. 


; Max imum Energy absorbed 
deflection cms. Energy incident 


Infinite plate 


Finite baffle equation (12) 


Finite baffle equation (13) 


Infinite baffle 


It: DSicvcsiee 
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It is seen from Figure 1 that the effect of a baffle is ta increase the deflection very 
considerably above that of the infinite ptate which, as Figure 2 shows, is due to the increased net 
pressure on the piston due to diffraction. For the finite baffle, the non-compressive approximation 
results in an averaging out of the effects of diffraction from the baffle and region beyond. When 
compressibility is allowed for as in equation (4), the first effects of diffraction on the piston are 
due only to the baffle which results in larger deflections in the earlier stages than in the non— 
compressive case. Table 1 shows that the energy ratios for the finite baffle are of the same order 
of magnitude as observed in box mode) experiments, which is not the case for either the infinite plate 
or infinite baffle. The form of the net pressures in Figure 2 indicates that cavitation is unlikely 
to occur at box model plates for bubble waves even when the plate is not deflected initially. 


Piston Deflected Initially. 


Using equations (15), (16), (17) and (18), the ratios of energy absorbed to energy incident on 
the piston have been calculated for numerical values of the constants listed in the previous section. 
It has also been assumed that the movement of the bubble towards the target is the same as the 
calculated value for a 1 oz. charge towards a rigid disc. The results are shown in Figure 3, the 
energy ratio being plotted as = function of the distance of the charge from the piston. 


It is seen that the non-compressive case leads to lower values of the ratio than equation (15). 
This is because neglect of compressibility results in lower pressures on the piston in the earlier 
stages of its motion. 

The magnitude of the energy ratio is in reasonable agreement with observation in view of the 


approximations involved. It may be concluded that the observed encrgy ratio is due to the diffraction 
effects arising from the presence of the flange round the target plate. 


Reference. 


(1) Notes on the motion of a finite plate due to an underwater explosion. 
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Infinite baffle 
(non compressive case) 


Finite bottle equation (I2) 


DEFLECTION — Cm 


Finite battle, equation (!3) 
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Intinite plate 
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Fig.l. OEFLECTION OF PISTON BY "BUBBLE WAVE AS FUNCTION OF 
TIME FOR VARIOUS CONDITIONS OF BAFFLE 
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THEORY OF THi PLASTIC DEFORMATION OF THIN PLAT&S 
BY UNDERWATER EXPLOSIONS 


By John M, Richardson? and John G. Kirkwood> 


ABSTRACT 


The theory of a plastic deformation of thin plates is worked out 
for the case of axial symmetry. It is assumed that the stress-strain rela- 
tions in the material are described by (a) vanishing strain for stresses 
too small to satisfy the von Mises plasticity condition and (b) for stresses 
satisfying the von Mises condition by incompressibility, and by the similar- 
ity of Mohr circles. 

The linearized equations for the plate deformations are applied to 
a problem of damage by underwater explosions. In Parts II to V, inclusive, 
we consider in detail the deformation of circularly clamped plates without 
cavitation in the water and we make comparisons with experiment. In Part VI 
we consider the deformation of infinite plates with cavitation, and we at- 


tempt to extend the results to the problem of contact explosions. 


Physical chemist, Explosives Branch, Bureau of Mines, U. S. Depart- 
ment of the Interior. 

b/ Professor of Chemistry, California Institute of Technology, Pasadena, 

California. 
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I. GENERAL THEORY OF THE AXIALLY SYMMETRIC DEFORMATION OF THIN PLAT#S 


1. Introduction 

The purpose of this part is the general formulation of the theory 
of the axially symmetric deformation of plates for the dynamic as well as 
static case. The treatment is limited to ductile materials whose stress- 
strain relations may be adequately described by incompressibility, a some- 
what modified von Mises plasticity condition, and the principle of the 
Similarity of Mohr circles for any nonvanishing strain. This description 
neglects the elastic domain of strain and hence corresponds to infinite 
elastic constants with a finite yield stress. Since terms proportional 
to powers of the thickness higher than the first are neglected, the theory 
is strictly applicable only to parts of the plate where the radii of curva- 
ture are much larger than the thickness. In the specific cases to be con- 
sidered dater the regions of inapplicability will be of negligible extent. 

By the use of a parameter development of the nonlinear equations 
resulting from the above assumptions, relatively tractable equations are 
obtained as a first approximation. These equations are quite adequate for 
cases in which the angles between elements of plate in the initial and 


deformed states are not too large, 


2. Model and Basic Assumptions 


For the description of the deformation process cylindrical coordi- 
nates ( ic %, z ) are used with an orientation such that the middle surface 
of the plate is initially coincident with vr, -plane (see figure 1). Since 
axial symmetry is preserved, the coordinate > is redundant. Overly specific 


statements about the boundary conditions are avoided as much as possible in 
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LEGEND 


ro Initial radius 


: Bae nett Position of the plate at time t 


(1,2) 


z Vertical displacement 
U Radial displacement 
ag _ Initial thickness 

a Thickness at time t 


FIGURE 1 - Initial position and a later position of a 


section of the plate. 
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order not to limit unnecessarily the range of applicability of the theory, 
The equations of the theory and the assumptions on which they are 
based are presented in the following paragraphs. 
(a) Equations and assumptions. — (1) Equations governing axially 
symmetric motion of a plate, The equations governing the axially symmetric 


motion of a plate, derived in Appendix A for the case of small thickness, are 


gz 
ais 2z\> G_ - a 2 ee Ty aes : 
FS Se) 2 or fia 2) P (1) 


= 2 
pais (Sy a, - +3, (eHa) + GA oo, (2) 


where GQ, and Q@, are the vertical and meridional accelerations, respectively, 
z ' 


iven b 
g y de 
z 2 or 2 
Aas Dz + Beis D°w, (3) 
av 
Qe rz Ozn\> 
- ir a r a 
eae ee Sam (4) 
or. US Dr 
where 
P) ou 
Poe bacneta pene + (5) &. (5) 
ae* 2 Qu arot > Be} ar™ 


In these equations r and z are the radial and vertical coordinates, respec- 
tively, of a point on the neutral surface of the plate (see figure 1), and w 


is the radial displacement of that point from its initial position to its 
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position (r,z) at time t 3 p is the density of the plate material and 4 
is the actual thickness of the plate at the point (r,z) and at time Tt ; 
p is the pressure acting on the lower side of the plate at the radius r 
and at time T ; aT and o, are the principal stresses in the meridional 
and circumferential directions, respectively. Equations (1) and (2), ex- 
pressed with a briefer but less explicit notation, have been derived in 
OSRD=4200. 

(2) The modified von Mises plasticity condition. The biaxial 


reduced engineering stresses, 


So io 
r PP 
and (6) 
6. = 2S 
2 ages 


are assumed to satisfy the von Mises condition in the plane-stress approxi- 


mation, which in these terms may be written, 


Sua Ste Gee is (7) 


Here @,is the initial thickness of the plate and ow is the yield stress, 
Equation (7) is assumed to hold in the limit of vanishing strains implying 
ignoration of the elastic domain of strain, 

(3) Incompressibility of material. The material is incompressi- 
ble, or, in other words, Poisson's ratio equals 1/2. Incompressibility im- 
poses the following relation on the ratio of the actual thickness 2 to the 


initial thickness 4,: 


a 1 G-*)-% 


= —— 


a5.) Gin ee ©). | e (ahi : (8) 
ov 
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where t, end €, are the meridional and circumferential strains, respec— 


re (=)> rv 


tively, given by 


24 wv 
€,= a Ou ba (9) 
ee 
\ 
oie a (10) 
r 


(4) Similarity of Mohr circles. A further relation is imposed on 
the stresses and strains by the principle of the similarity of Mohr circles!/ 


which, for the case treated here, may be expressed in the forn, 


c- aN = S,- = 55 Ey (11) 
—- +9, S.- +53, €, : 


(b) Discussion of assumptions. -- The equations of motion, Eqs. 
(1) and (2), as has been stated before, arerigorously true in the limit of 
vanishing thickness. If the stresses were linearly related to the strains 
as in the elastic case, neglected bending terms would be proportional to 
aa However, in the plastic stress-strain relationship as expressed by 
assumptions (2), (3), and (4), the bending terms are iia. conse= 
quently Eqs. (1) and (2) hold over a wider range of thickness than in the 
elas*ic case, 

The von Mises condition as expressed in assumption (2) can be 
correlated only with biaxial tensile tests with plagesee/s It implies a 


1/ Plasticity, by Nadai (McGraw-Hill, 1931). 


2/ The condition as written implies isotropy only with respect to di- 
rections tangent to the plate making specialization to the linear 
tensile test illegitimate. 
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biaxial stress-strain relation in which the effect of strain hardening is 
exactly compensated by the effect of decreasing thickness, resulting in a 
somewhat closer fit to experimental results and a simplification of the 
higher approximations. As stated before, it also implies ignoration of the 
elastic domain of strain, an apparently justifiable approximation in the 
case of ductile materials such as steel and copper in which plastic flow can 
occur over relatively large domains of strain. In a rapid deformation 
process going well into the plastic domain of stress, the ignoration of 
the elastic domain is further justified by the fact that only the inertial 
terms of the equations of motion are important [at least in Eq. (1)7 when 
the strains are small. 

The application of von Mises condition to all parts of the plate 
is valid only if the rate of strains keeps the same sign at each part. If 
the rate of strain changes sign anywhere, the equations of motion are tremen- 
dously complicated by unloading and hysteresis effects, 

The experimental stress-strain curves deviate, of course, rather 
widely from the idealized oe implied here. Moreover, the experimental 
curves are found to depend upon the rate of strain; however, these effects 
are manifested in a relatively small range of strain beyond the proportional 
limit. The yield stress 9, may be regarded as a parameter adjusted to give 
the best agreement between the ideal and experimental curves, Hence it is 
easy to see that the ultimate tensile strength is a better value for 0% 
than the stress at which yielding begins. 

The principle of the similarity of the Mohr circles of stress and 


strain is usually assumed to hold only for stationary plastic flow. In the 
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absence of better information, it is assumed here to hold also for nonsta- _ 
tionary flow. 

The coincidence of the directions of principal stresses and strain, 
usually included among the rules describing plastic behavior, has not been 
stipulated here because it is automatically secured by the axial symmetry. 

Before attempting a solution, it is desirable to recast Eqs. (1) 
to (11) in a more workable form, Using the reduced engineering stresses S, 


and 5, exclusively, and combining some of the foregoing equations we get 


oz 
rS 
(Ve (- B)a,- te (Tet) e | ay 


Co ae 


(mI. Ba, - LRH) + 28, 20, 


(13) 
where 
<= Vos/p 
Sy Tecoma se) - o=)* (14) 
$.-+5, Cie CS 1 
6.4 G2 =+9,S= = |, (15) 


where @, and Qa, are given by Eqs. (3) and (4). With the above equations 


should be included Eqs. (9) and (10) giving the strains, 
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3. Expansion in Terms of an Auxiliary Parameter and a Method of Suc- 
cessive Approximation 


Since there is little hope of solving exactly the equations pre- 
sented in assumptions (1) to (4), the desirability of a method of successive 
approximation is apparent. Following the introduction of a parameter & into 
the initial conditions and external forces in such a way that the dependent 
variables are analytic in &, the dependent variables in each equation are 
expanded in terms of A, and coefficients of the powers of & are collected. 
A method of successive approximation is immediately obtained by setting 
equal to zero the coefficient of each power of A . 


The parameter @& is introduced as follows. 
p(ry,t)= @ Bere) + 03 pF) (r,t) + O(aF) 
z(no)= 0, 
Beloeds ai, aw 
uCfjo)= CO, 
BY (yo) ark), 
Now the independent variables Z, u, S » and S, are functions of o% and 


furthermore they are analytic in o&. Consequently, they canbe expanded in 


_ power series in @ with a radius of convergence hoped to be sufficiently large. 


It is apparent that changing the sign of e& is equivalent to a reflection 
through the r+, =plane, and that consequently Z must be odd in q@ and 


u, S,, and S, must be even in &,. Both z and uw vanish with a, 


_ whereas 5, and om approach a finite limit according to the idealized stress— 


_ strainrelationship assumed in this treatment. In view of these considera- 


<< 


tions, the expansions take the form, 
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z (r,t,0)2 22" Cr,6) 40724) + OCa®), 
uCr,€,a)2 dune atu(ne) +O(ae), 
S, (r,t,.a) = Bact ie en (17) 
5, (yn ta)= St "tlrarSe (nt) rOCe4), 


The expansions given by Eqs. (17) are then introduced into Kas. 
(12), (13), (14), and (15). A method of successive approximation can be 
obtained if the coefficient of each power of & is set equal to zero. The 


method thus obtained goes as follows. 


(a) First approximation. -- The first approximation is 


2-(+ Se yrs ore = 6; (18) 
(Sf)*+ (sey" rs Ho aaa \, (19) 
O42 * 2 oe (0) dz° p 
att = or (+s, Jel ) P ; (20) 
(o) (0) (e) 4 loryf a cane ax% 
(5(h of) 22° (se see (EJ 20, cay 


In this approximation the strains are given by 


co [5s BEN) 


Cy = a? ut) 


—_ ’ 


r 


(22) 
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(b) Higher approximations. -- The nth approximation is obtained 


by setting equal to zero the coefficient of art 


py el (5 eo Sl 
Eq. (13), a in Eq. (14), and a*™* in Eq. (15). Here the strains are, 
of course, given by the first n tems in Eqs. (9) and (10). 


The reader will observe that in the nth approximation (except for 


5. (an-1) (an-2) 


n=\) the dependent variables, ; eh 7 Ss » and 


S (an-2) 


% » occur linearly and that no variables with a higher superscript 


appear. Consequently, there will be no difficulties associated with nonlin- 
earity except possibly in the first approximation. The solutions of all n-s 
approximations are to be fitted to the appropriate boundary and initia con- 
ditions before substitution in the nth approximation. 

The foregoing method of successive approximation is applicable 
only to problems in which the initial conditions are expressible in the 
manner of Eq. (16) and the boundary conditions are expansible in & in 
such a manner that the vanishing of e& corresponds to no motion of the plate. 
In order to use the initial and boundary conditions in the scheme of suc- 
cessive approximation, the coefficients of each power of & are set equal to 
zero thereby obtaining conditions corresponding to each approximation, 

The boundary conditions may take varied forms. Boundary condi- 
tions for the first approximation are considered in more detail in the next 
section. It is well to consider them separately for each anticipated special 
application of the general theory presented here. The parameter « will 
usually be assigned a physical meaning (that is, in the case of damage to 
infinite thin plates by projectiles, q@ is the ratio of the initial projec- 


tile velocity to the velocity of plastic waves), thus establishing a 
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connection between physical parameters and the error in the first approxi- 
mation. 


4, Thin~-Plate Equations in the First Approximation 


In obtaining the solution in the first approximation the first 


28 (o) (o) 
step is to solve Egs. (18) and (19) for ’ in terms of S, “ with 
Tr 
the result: 
») 
Py) . co) , (0) ya 
_ = aa “5S + Ju- 20S ele (23) 


Also 


So. . Oem Capa (24) 


(o) 
and See both positive is the only case of 


is obtained, Since having a 
interest here, only the positive sign in front of the radicals will be re- 
tained henceforth. It can be shown that 28," /ar possesses a saddle- 
point singularity at the point.(0,1) in the r, So! -plane and that the 
orientation of the singularity is such that no integral curves except 
S. = 1 cross the ©) axis. It immediately follows from Eq. (18) that 
o¢ 5 a/J3 . The actual solution of Eq. (23) (using the plus sign) 
is 

tyr « Bhs taf afer - 4 5(] acs aceo, 


with the limiting case, 
(o) 


She ewe (26) 


Solutions (25) amd (26) satisfy the qualitative restrictions already stated, 
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In figure 2 the solutions are plotted in the r, 3‘ -plane for several 
fixed values of C(t), 

Let the symbol D denote the range of r in which the basic equa— 
tions describe the behavior of the plate. If the boundary conditions are 
such that D includes the point r=0 , then, as one can easily see from 
figure 2, the stress distribution must be given by the contour Sn) to 


(Co) 


¢ 
which corresponds also the contour so ah eit” S&S 2, So” at any 


Co) 
2 


point in D , then s,” = § at every point in D even though D 
may not include the point r=oO . The condition for the similarity of 
Mohr circles in conjunction with the last statement implies (in the first 
approximation, of course) that if the principal strains , €, and €, 5 ane 
equal anywhere in D , then they are equal everywhere in D, even though 
again D may not include r=o . If the boundary conditions are such that 
D dces not include ro, and such that €,9%¢ €, or 5% 5°) for 
any r in 1), the stress distribution will be given by one of the other 
contours of figure 2 corresponding to the general solution of Eq. (25) with 
Ce) finite. 

The prospective applications of the present theory are fortunately 
characterized by boundary conditions allowing the range D to include r=o, 
in which case the stress distribution is 67x cue? = 1 « In view of 
the simplicity and wide range of applicability of the uniform stress distri- 
bution 6° Sauce } , the solution of the first approximation will be 
resumed oy kee basis. 


Setting and §,°) equal to unity in Eas, (20) and (21) gives 


321 


Pao ? (27) 


(28) 


It is now apparent that in the first approximation the constant C= Voo/P 
is the velocity of transverse plastic waves, 
If the solution of Eq. (27) be known, the solution of Eq. (2%) 


can be given in terms of it as follows: 


cal 
r*(t) 
ul? a Qz%\* ay! (29) 
wee teak “or foe? : 
r Ter’ 


where r*(t¢) is a nonzero value of r at which the radial displacement van- 
ishes, In the case of an infinite plate r*(¢)= eo . The first approxima-— 


tion to the strains is given as an immediate corollary of Eq. (29) by 


te 
r™ (¢) 
2 - Pa az 9 dr’ 
&2 e 2 £ \ (22 eee (30) 


Since the integrand of Eq. (30) is always positive for every real solution 
of Eq. (27), the strains must always be greatest at rzo, the center. 

It should be noted that in this approximation the time enters ex- 
plicitly only into Eq. (27), giving the profile z‘” . This fact means that 
the membrane at a given instant of time © has the same radial-displacement 
distribution as a membrane statically constrained to the profile zr, t), 
with no tangential traction. An equivalent statement would be that tangen- 


tial propagation effects occur with essentially infinite velocity. 


12 
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It is instructive to compare the meridional strain &,> given 
by Eq. (30), with that obtained on the basis of normal motion to the same 
degree of approximation. If ze, t) is expressible in the form 
T(é)R(r) , and if R(r) is of the parabolic forn A+ Gr* , the two 
assumptions give identical values for the meridional strain, 2/ However, 
if Rr) is not of the above parabolic form, the quantity aR tL aR 

dar? r “dr 
gives a measure of the deviations to be expected to occur between the two 
calculations of the meridional strain. 

The plastic deformation of an infinite thin plate under various 
types of loading al p(r,¢) os O(a?) » of which the anticipated special 


applications can be considered special cases, reduces to the solution of 


d*z™ .r—D (.2=). pr, +) 


ae (re ake (31) 
and subsequently to the evaluation of 
€.¢ €,* at dary ar’ (32) 
“Or Then r/ 


to give the distribution of strains, The conditions for rupture are obtained 
by setting the time maximum of the central strain, €, (o, t.) » equal to 


the critical rupture strain £. 


Te z= +t) RCr) , the assumption of normal motion gives for 
the meridional strain ¢€, (in the first suntan aa 


(1) (49) “8 
€,=-&* ‘i oz" fe a a 
’ io oe dé = “pe & ? 
and the assumption of Pe of re led Eee Eq. (30) / gives 
a gtr (2 ‘ 
€,= & oz La sv a 
xX S or ae ye <1 r(ER-+4 r dr af ar, 


r 
If the two results are to agree forr Baeeatl eras 


are 


or RzA+ Br, 
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II. HYDRODYNAMICS OF THE LOADING OF THE PLATE 
BY AN UNDERWATER EXPLOSION WAVE 


1. General Theory 
In the last part we have treated the axially symmetric motion of 


a thin plate under an arbitrary axially symmetric pressure p(r, t). We 
are ultimately interested in the behavior of an initially plane plate at- 
tacked on the lower side by a plane underwater shock wave traveling in the 
positive z-direction and backed by air (treated as vacuum here) on the upper 
side, Here we seek the relation between the actual incident pressure P (r,6) 
and the free-field pressure pp C€) of the shock wave. 

Let this treatment be limited to the approximation corresponding 
to coefficient of first power of & , p’(r, &), in the w-expansion of 
p(r,t) (Eq. (16) of Part I). It is then appropriate that we use linear- 
ized hydrodynamics and, in considering the instantaneous geometry of the 
system, neglect the deviations of the shell from its initial plane configu- 
ration. The added approximation of treating the water as an inviscid fluid 
allows us to use ordinary linear acoustical theory. In this theory we can 
define a velocity potential a related to the pressure p and particle veloc- 


ity W as follows, 


w=-VYW , p= foot , Cy 


and satisfying the wave equation 


vey- + a VV ae. (2) 


e' “at 
In theseequations, fe and ¢, are the density in and sound velocity of water 


at zero pressure. If the notation of Part I were followed, the quantities 
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y » P » and tw should bear the superscript (1), indicating that they 
are coefficients of a in the « -expansions. We shall omit the super- 
scripts here, 

It should be mentioned at this point that the theory of this 
section is worked out on the assumption that cavitation does not occur. 
Mathematically speaking, this means that Eqs. (1) and (2) are assumed to 
hold everywhere in the fluid. Cavitation is discussed briefly and quali- 
tatively in Section 2 of this Part. To avoid cavitation it will be shown 
there that it is necessary (but not sufficient) to confine ourselves to the 
case of circularly clamped shells, 

Getting back to the main current of the argument, it is known!/ 
the solution of (2) at a point in a volume (at every point of which (2) 
is satisfied) can be expressed as the sum of the retarded potentials due 
to distributions of siinple and double sources on the surface of the volume, 
Consider two semi-infinite volumes above and below the ry-plane (in which 
the plate and other diffracting objects, if any, lie). Moreover, consider 
the velocity potential y in each semi-infinite volume to vanish at infinity, 
and consider the W in one volume to be given by the reflection through the 
> - plane of the y in the other volume. Under these conditions it fol- 


lows that the Y at a point TY below or on the r,¢-plane can be expressed 


in the form 


—>/ 


wires de Qie-e ye ese*) ak, (3) 
t* = t - \F-PN\/c, , ee 


17 Kirchhoff "Zur Theorie der Lichtstrahlen,” Berl. Ber. 1882, p..64l 


fGes. Abh. ii 22/7. 
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where the integration extends over the entire rd - plane, and dh is a 
vector element of area pointing in the negative z-direction. Henceforth 
our attention will be devoted exclusively to the case of ¥” on the r,- 


plane. 
In the case of interest,we wish to consider the actual VW, P >» 


and @ in the water in relation to the corresponding free-field quantities, 
We, Po , and eo that would exist if the diffracting obstacle were ab- 
sent. Let us apply Eq. (3) to the perturbations W-¥Y, and U-@, of the 
free-field quantities Y and ae arising from the diffracting obstacle. 
Differentiating this result with respect to time, we obtain 
prpe + 22 (yriery' [28 e*)- Oe (#3 €*)]-IK. (5) 
Suppose the obstacle* extends over an area A. in the v,@-plane. 


Let the remainder of the ¥ $ - plane be denoted by A, e in the area Aso let 


=) 
us use the relation p,2%e «2-97 Po ° Hae (5) then goes into the form 
ot 


Er Po ay eae: ads Cv’ p Ces “IA 
(6) 


* Here, we use the term "obstacle" in a somewhat generalized sense. It 
is meant to include all parts of a plane underwater structure offering 
resistance to the underwater explosion wave (e.g., plate and baffle). 
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Since we are interested only in pressures near the center of the obstacle, 
the contribution of the third integral in (6) (involving the difference 
v -@, in the area A, outside the obstacle) will be quite small for most 
cases since this term represents the diffraction of the scattered (not the 
primary) wave. This is obviously true when the thickness of the pressure 
wave is small compared with the width of the obstacle. Consequently, we 


shall neglect this term obtaining the result, 
—/ 


pope tte SIR eIT Hees AK 


Now let us specialize the above result to the case of an incident 
plane pressur@ wave and a circular plate of radius R . clamped to a rigid 
baffle whose outside radius is R, « in this case por t)« po(t-2z/c,) ’ 
thus 7 po(F, t)= -7, Po (t)/e, for ¥ on the ‘r,@-plane. Also let T_? 
=f’ *, and let P* = y* (ZT, cage * + a, oun pb ). (It should be 
emphasized that we are limiting % and ¥’ to the r-plane.) Finally, 
let z denote the displacement of the plate in the z-direction. With these 


assumptions end definitions, Eq. (7) becomes (r 4 R, ) 


p (r,t) = Apo ct) - 4. fag Po (€- R* cw ) 


_ (8) 
_ pe ft R 7" 
aT Sag* J ar* a. (r4 t- r¥eg) , 
where 
yr’ = (¥95 ef? 4 dee ea g™ (9) 
and 


Ay 
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(10) 


In some instances it may be more convenient to express the second integral 


of (&) in the form 


is Seah ot, ms Kah Baoiin t (11) 
an 3 $ a dr es t- rhe), 
where 
r*ez (r*4 r-rel tga! )*, (12) 


For use in subsequent applications, we list several special forms 


of (8). For r=0 , we get 
Re 
p (0, € )= 2polé)- Po (t-R, ko) - fo), ar! OE Cb he), (13) 


Suppose @ is a characteristic time for the deformation process. If 


Get. >> R, » we obtain to a good approximation, 


. . 28 , Ro — 
p(r,t)= pe (t)- fe (ag det 24 (5 €). ad 
If Ro«Kqgrt «KR, » we get 
2 Ro ’ 2 r 
port)= aplt)- Ro fag’) det, 2S (ee), (15) 


2. Cavitation 

In the initial stages of the impact between the plate and the 
explosion wave, large negative pressures may under some circumstances 
develop at the surface of the plate due to the reflected rarefaction wave, 


Since water, especially dirty water, cannot support a tension of great 
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magnitude, it has been proposed that cavitation will occur when the pres- 
sure in the wave becomes negative. This is assumed by G. I. Taylor’/ in 
his theory of plastic damage. The hydrodynamic theory developed in the 
last section as applied to thin circular plates in Parts III, IV, and V 
fails when cavitation is well-developed. Consequently, it is imperative 
that the results of this part be amended by a reliable cavitation criterion. 
During the initial stages of its motion, the central part of the 
circularly clamped plate will behave as a free plate since it will take a 
finite time R,/e, for a pressure wave in the water starting from the 
periphery of the plate to perturb the pressure distribution near the cen- 
ter. Furthermore, it will take a considerably longer time R,/e for a 
plastic wave in the plate to travel from the periphery to the center (see.., 
Part IV, See.4JIt has been shown by Kennard2/ that for a pressure wave of 
the form p, (t)= Bn et = impinging upon a free plate of thickness a, 
and density f » the pressure will drop to zero in a time 
oo. 
Ser wisneap td) 1B: (16) 
= Pac/Poteo : 
If this time is reached before the arrival of the pressgre wave from the 
periphery a negative pressure will certainly be developed and we assume 
that caviation will occur. Thus we propose the following criterion: 
Role, > Sc = cavitation Ga 
Rojeg < Oe - no cavitation 


If this criterion is in error, it probably underestimates the critical value 


of R, [“e above which cavitation occurs, 


2/ Private communication. 
3/ E. H. Kennard, David Taylor Model Basin Report, No. 480 (1941). 
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III. APPROXIMATE THEORY OF CIRCULARLY CLAMPED PLATES 
CONSTRAINED TO A PARABOLIC PROFILE 
1. Introduction 

Since experiments on the plastic deflection of clamped plates 
(Modugno gauges, etc.) by underwater explosion waves show the final pro- 
file to be very nearly parabolic in most cases, it seems likely that a 
simple theory using a parabolic constraint should give satisfactory re- 
sults, This supposition has been well-—confirmed experimentally, as will 
be shown in Part V. 

Since in this treatment: it is possible to confine our attention 
to the center of the plate (r=), a more rigorous treatment of the water 
loading including retardation effects is tractable. In Fart IV, where the 
plate deformation is treated without constraints on the profile, a compara- 
bly rigorous treatment of the water loading would be excessively difficult . 
and consequently only the incompressive approximation is considered there. 

Since a constrained mechanical system behaves as though it were 
stiffer and more massive, one willexpect the treatment of this Part to 
give smaller deflections and longer deflection times than the otherwise 
equivalent unconstrained treatment. 

2. quations of Motion 


If we substitute the expression for a parabolic profile 


Ze tie wet) = (efi) ) 5 (1) 


where Zp» (¢) is the central deflection and R, the radius of the plate, into 


Eq. (27) of Part I (with «=1, and consequently z=z°) ana pe p™, 
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neglecting terms of the order of &*) we obtain 


2 


dz 
Tee to Xe= pa, > (2) 


Wer21/0,e, » O,e Pae/peto , Op = Pe Re /4ae05, 


where for convenience in the subsequent discussion, the plastic frequency 

has been factored into two times, a damping time ©, and a plastic time @,. 
When the parabolic profile, Eq. (1) jis substituted in Eq. (13) 

of Part II and one lets R,? @corresponding to a very large baffle, one ob- 


tains for the pressure at the center of the plate, 
t 
P= >Polt) - focal Ste + J, Zolt-e,)-4,{ z,Ce4¢’ ] 
ig (3) 
®,= Ro/eo 4 


When t is less than @, , the time required for the diffracted wave to travel 


from the edge to the center of the plate, Eq. (3) reduces approximately to 


P =a po Ct) — fote dee (4) 


? 


based upon geometrical acoustics. When t is greater than ©, and the third 


and higher time derivatives of z,can be neglected, a Taylor's expansion in 


6, of the right amt side of Eq. (3) yields the "incompressive" approxima- 
tion, 
p= 2p.(t) - 2fotoOr Q*zo , (5) 
3 dt? 


Unfortunately, neither of the two limiting cases represented by Eqs. (4) and 
(5) is entirely adequate to represent the facts in cases of practical inter- 


est. Roughly, one may say that Eq. (4) holds in the initial phase of the 
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motion and Eq. (5) is approached in the latter phase. A theory based upon 
Eq. (4) will give final deflections which in general are too small, since 
the damping term 9, dz,/dt fades away for times greater than @, and 
the secondtern of Hq. (5), by increasing the effective inertia of the 
plate, retards its deceleration in the later phase of the motion. 

The camplete deflection e quation, obtained by substituting 


Eo. (3) into Eq. (2), has the form 


d*z, ‘ =z a fe aes Z_2z (t-e 
oe+ ter als oni ¢ ») 


= (6) 
oa Seed ~ eee 
ae Pato 


This is an integro-differential difference equation, which can be solved 
by the method of Laplace transforms. The initial condition subject to which 
Eq. (6) is tobe solved is z,(t)z20 for tao. 
3. Deflection of Circular Diaphragm by an Exponential Wave. 

It has been found that the initial pressure pulse imnediately fol- 
lowing the shock front of an underwater explosion wave has a pressure-time 


curve which is closely approximated by the exponential formula 
p. it) = pie / ; (7) 


where p, is the peak pressure, It is therefore a matter of interest to in- 
vestigate the solution of Eq. (6) for an exponential wave. In discussing 
the solution of Eq. (6), we shall neglect the change in phase of the ex- 
plosion wave due to the plate deflection. We will first consider the case 


of an infinite baffle. 
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We shall employ the Laplace transform L(w) of 2, dt), defined 


as 


« 
Llw)= J zee tar, (8) 


After taking the Laplace transform of both sides of Eq. (6) and integrating 


by parts, one obtains 


aes 2pm ae eee 
Lo) P50 (wW+/e)Flw) » 


F(w) « w3+ oe Cos 2. } Be (i+w 6,) ea w6, (9) 
wt 
Z,(€) = Pm Oe as 8 
Peg ) wepa, i Ga yelreo ee 3 


where ¢ is the imaginary unit \-1 , andC is any real constant greater than 


the least value of w for which the transform L(w) exists. If one deter- 


mines the zeros W. , with vanishing or negative real parts, of Flw), 


Flu, )=o (10) 


one may evaluate the integral of Eq. (9) by the theory of residues to obtain 


z,Ct)= ec 


6(t)= 2. = fee e-t/e 


a sol 
nw 140,60 9, F (wx) ©,67FCi/e) > oo 
‘ 

w = %, AWn ‘ _ 2w ~~, O 

mG ade 30,~4 ae + 66, at e 


The permanent deflection of the plate, with possible neglect of a small 
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elastic recovery, is given by 


= 2pP.e 
a Foto eats 
(12) 
oa Gt, ) > 
Sl.) =o 5 


where the time €,_ of deflection is determined by the condition that the 
derivative G’(¢..) of G vanish. 


if (/F (wo ) of Eq. (9) is expanded in powers of e792 and Ss 


is chosen greater than the greatest real part of the roots w, of 


F, (Cw, )= 0 
que) ches (13) 
2 
F s w r+ oe + 2 = ee pes 
° (w y 8, 6,8 e, @2 > 
it may be shown that for ¢ < 6,, the deflection =,(¢ ) is given by Eq. (11), 
except that the sum extends over the zeros of F, (w) rather than over those 


of F(w) e 


If, on the other hand, e~@%2 is expanded in powers of we, 


and terms of the order w” are neglected, F(w)is approximated by the ex= 


pression 


Flw)= © men aS ws rae - 


o > (14) 
hme e= ( 405 Nes 
¢ p RS (1+20,/36,)/ ° 

Eq. (14) represents the incompressive approximation to F (a>) » in which the 


apparent plastic frequency we differs from that of the free plate due to 


the loading effect of the water. When wy 6, is small relative to unity, 
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it may be verified that % coe closely approximate two of the zeros of 
the exact F(w) of Eq. (9). With the neglect of other zeros of Fw) , we 


obtain the complete incompressive solution from Zq. (11)? 


* 
Ww, 
Zo (t)= 2PmS Ye Be — | si ot t +wre(e 7 -waws t (15 

Polo 1+ WF 6% z Cie et)). : 
Using Eq. (12), we finally obtain for the maximum deflection and duration 


of deflection 


Zm = 2PeS wke, ona , 


Soo 
=e/woe , (16) 
e-0/“Fe 


“ly ate ee 

Pabtis Evite) = (1400267) % 

When wxo is small relative to unity, @ is approximated by w/a 5 
the deflection is proportional to the momentum of the incident wave, and the 
duration t, equal to one-fourth the plastic period aw) of the loaded plate. 
When we is large relative to unity, om 3 is approximated by 1/u3*e c 
the deflection becomes proportional to the peak pressure, and the duration 
equal to the half-period. Thus a diaphragm gauge which measures momentum 
for small charges might well measure peak pressure for very large charges. 

It is of interest to put Eqs. (16) in a more convenient form for 
numerical use. We denote by I the impulse Pu © of the incident wave in 
psi-miliiseconds, and we express the yield stress oS in psi, and the densi- 


ties p, and g of water and plate in grams/em?. With these units, Eqs. (16) 
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become 


01084 (Ro 
Ga > eens wre yA 


ches , 


vf. ; ag 
Cue 7.68 (3 R.(£) Cia 2 poR./3 pao) * millisec,, (17) 


Va =, 
we. 2:20 ce ) . ei 
(.) PR, . iS (\+ 2PoR />pao) ’ 


where It; » the radius of the plate is expressed in inches and @ , the dura- 
tion parameter of the wave, in milliseconds. In Table 1 @ and an are 


presented for several values of ore ° 


TABLE I 

wie e@ am 
0.0 LA SH/ 1,00 
55 2502 290 
1.0 2.28 AG 
2.0 2055 056 
3.0 2.68 A5 
5.0 2.82 aghl 


If the plate is supported in one end of a long cylinder of radius 
R, with axis parallel to the direction of propagation of the incident wave, 
an approximate treatment of the diffracted wave can be given, since the 
walls of the cylinder co not diffract the primary wave, but only diffract 
the scattered wave from the end of the cylinder. Thus in first approxima— 
tion, we can neglect the influence of the walls. This case is of interest 
since it corresponds roughly to the experinental arrangement of the diaphragm 
gauges employed in the Explosives Research Laboratories at Bruceton and 


Woods Hole. 
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The plane in whicn the plate is supported is now finite and thus 


we use Eq. (13) of Fart II with R, finite a we reveat here: 


p= = P5(t)= Po (t- eS) = ce dv! Os (n/, t-r/eo), 


(18) 
Ri/<o ’ 
The deflection Z, (t) for a parabolic profile becomes 
Zelt)= 2] | 2 C(e)-G(e-65) 1. (19) 
Peo 
In the incompressive approximation corresponding to Ea. (16), one gets 
eos BEE ate, 9(0), 
g(e= am 0 - = eee (p- we, ) 9 
(20) 


C. S @ fo* 2 
(2- ¢ O2/8 ) 0-0 /2e"B 


un Eitaete et) = —————————— Ss 
se {i+ wh*0* Mit 9 en 7*WFG3/2 )) A, 


ea LC weg? )* ai. wd" Os 
P 2- en we, + wire aww; 
When @, is small relative to @ , a deflection z, equal to one-half that 


oa = ws, 


of a plate supported in an infinite wall is approached. when ©, is greater 
than the time of deflection calculated by Hq. (16), the result for the in- 
finite wall is obtained, since G(¢-0, ) and its derivatives vanish for 
t-6, less than zero. 

On general grounds, we may surmise that Z, will approach propor- 
tionality with the impulse I of the incident wave when @, is large compared 
with ®@ , while it will approach proportionality with the peak pressure Pw 


when t,, is small compared with @ . In the incompressive ap »roximation, 
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Eq. (16), we find that the first case is realized when W.*@ is small rela- 
tive to unity, and the second case when wr @ is large relative to unity. 

In other words, impulse or peak pressure is the decisive damage factor, ac— 
cording to whether the plastic period of the plate is large or small relative 
to the duration parameter 9 of the incident wave. 


IV. TH PLASTIC DEFORMATION OF A THIN, CIRCULAR 
PLATE WITH AN UNCONSTRAINED PROFILE 


1. Introduction 

In Part III an analysis of the plastic deformation of a thin cir- 
cular plate by an underwater explosion wave was presented for the case of the 
profile constrained to a parabolic shape. Here, a more exact solution is ob- 
tained without artificial constraints by expanding the deflection in a series 
of Bessel functions. By this means, proper account is taken of the frequency 
shifts and interaction of the deflection modes arising from the water load- 
ing. Because of the excessive difficulty in treating the retardation effects 
in the water loading for this case only the incompressive approximation is 
considered, 

Detailed calculations are made for the case in which the first two 
terms of the Bessel function series are retained, corresponding to the funda- 
mental mode and one overtone, The final deflections so obtained do not differ 
greatly from those calculated with the parabolic profile. The times of de- 
flection are about 20% lower than in the parabolic treatment (with incompres- 
sive water loading). The maximum central deflection is about 25% higher for 
impulsive loading and not significantly different for loading by a wave of 


duration long compared with the period of the fundamental mode, 
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2. Equation of Motion 
We consider a circular plate of radius St, and thickness do, 


composed of material of yield stress 6 and density p . The edge of the 
plate is assumed to be clamped to a rigid supporting structure extending 


a negligible distance beyond the edge of the plate. It is also assumed to 


be backed by air on the upper aoc and to be in contact with water of 

density 9, on the lower side. The explosive wave advancing in the positive 

z-direction is assumed to be of acoustical intensity and to be of exponen- 

tial form p= pe779. | 
We will use the linearized equation of motion derived in Part I 

for the vertical deflection z. For convenience, we repeat this equation 

(Eq. (27) Part I) here with the expansion parameter & set equal to unity 

and with the dropping of the superscripts referring to the first approxima- 


tion: 


(1) 


Here, we treat the water loading in the incompressive approxima— 
tion, thereby neglecting retardation effects. In this case it is appropriate 


to use Eq. (14) of Part II: 


ar CR 
o ’ o*z i; 
ps bo- 22 Sab) ar Seals 4), 


(2) 


r® = (ee ewe ' 


This result corresponds to a small or nonexistent baffle; for an infinite 


baffle, the term Po must be multiplied by 2. 
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The elimination of p between Eqs. (1) and (2) with the introduc- 


tion of the dimensionless variable x=v/ Ro yields the result 


i Ox _ Wo D(x 2= po (+) 
(OU Sa eee oa) caer (3) 


where 
W,7 = <?/R2 = os/pR> >» A= Ro po /aop 
and © is an integral operator defined by 


ar 
OFCa,t) = a (al dx’e! (xt an" arex'eenh F(x} 2). 

The quantity w, is equal to the reciprocal of the time required for a 

transverse plastic wave to travel the radius of the plate. The parameter 

determines the magnitude of the inertial effect of the surrounding water. 
Eq. (3) is an integro-differential equation whose solution is sub- 

ject to the following initial and boundary conditions: 

z20, S=o , ©€£0, 08x41 5 () 
zz04 620 ,xXF1, 
In solving Eq. (3) under the conditions (4), it is convenient to 


expand z in a series of Bessel functions 
i=») 


=(x,¢) = = ziC¢) J, (ke x), (5) 
where J,(u) is the zero order Bessel function of u and k is the i-th zero 
of J(u) . The details of the solution are given in Appendix B, The solu- 
tion in the case of ane xponential wave 

Pee. Pil eK! wok ale 5 (6) 
is 


=x(x,¢)= pro 5 (x,t). (7) 


30 


where 
$(x,t) = oa Eh Cu C..) 49Ct) Ss (kex), (a) 
(Pe) 2 
[- -) Ke A: ( ("3 
ie Seca cee (9) 
j=) Tk) ks A <a) 
-t/e * 
gy(e)< st +ato(et? ~eaaie) (10) 
eee 
in which 
A(e) = \B5. -3§;.\ ; 
(11) 
2 
A (9)= 35 Ale), 
A ;(g) is the cofactor of the ¢) element of (12) 
the determinant A(@) 3 
we 
rr is the £-th root of Ale) , (13) 
£ 
See 
Liat Rss AEN 
3. ke k; ) (14) 
ee i og (25) 
' jze , 
Te(ksx) To Cex!) 
ae p) _ Solkj%) Joke a! 7_ 16 
A je “soa ee c(i x! *4x%-22% cord . 
In Eqs. (7), (8), and (9), w * 4s the 1-th frequency of the water loaded 
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diaphragm and 4, is the i-th frequency of the free diaphragn (all modes of 
vibration are radially symmetric). The matrix B; 3 depends on A only 
(except for zeros of J, ), therefore a, the roots of AV depend only on A , 
and consequently the same for the cosenietente Cee 
It is of particular interest to calculate the maximum central 
deflection 
Zys Zo; 6.0% (17) 


where ©, is the smallest positive value of t satisfying 


Zz(o,t)=0. (18) 


It happens that z,,is given by the relatively simple formula 


aw pu © San 5) as) 


fee Bs Soe Oe ee RIE ae 
> Pte Toa w.> e2 PE AS) 
Doss id 


in which t,. can be obtained by solving Eq. (18) by successive approximation, 
The permanent plastic deflection of the diaphragm, as has been 
previously shown, will differ from z(z,6,.) by a small amount, usually 
less than one percent. It canbe shown that the center point of the dia- 
phragm reaches its maximum deflection first. As the rate of strain changes 
sign at the center an unloading wave travels out toward the center with 
acoustical velocity. The diaphragm passes in a very short time from the 
plastic to the elastic state during the unloading and continues to vibrate 
elastically until the residual kinetic energy is radiated. Since the elas- 


tic recovery is email the diaphragm takes a permanent set in very nearly 
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the position it occupied at the time €,. when the center point reached its 


maximum, 
We remark here that an accurate description of the early stage 


of the motion requires the retention of a large number of terms in the 
series (5). The approximate solution to be used in Sec. 3, in which only 
two terms are retained, while adequate for the later phase of the motion, 
is not very accurate for times less than, say,°.3 of the total time of 


deflection, 


3. Solution of Equation of Motion Using Two Terms in Bessel Function Expan- 
sion of the Deflection. Presentation of Numerical Results 


When the Bessel function series (8) is approximated by the first 


two terms, the deflection of the diaphragm takes the forn, 


z= pre $(x,4) 5) ye 
where xar/Ro , 
and + 
= \ ~ Cy 2 
$(+,t)= ae oe Ja (kx) + = JoCkax)] 9, (€) 
ws rc Cra 
+ STS Bod + Se Tn] 5. €), 


when the free field pressure of the explosion wave is given by 


bo (t)= pre (2) 
Supplementary data concerning Eq. (20) are presented in Appendix ©, The fre- 
quency &, is the i-th frequency of the free diaphragm and wy is the 2 -th 
frequency of the water loaded diaphragm; a.,is the thickness and g is the 


density of the diaphragm. 
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The nondiagonal terms B, j (c#j) in the secular determinantA 
have a small effect on the fundamental frequency and the first overtone. 
This point is discussed in Appendix C, Also C, and C,, are much smaller 

than C,, or C1, . These results mean that the hydrodynamic interac- 

tion between the two principal modes of vibration is small, and that the 
nondiagonal terms 3: ) could have been neglected without large error (at 
least in the two-mode treatment), 

The maximum central deflection Z,. is found by methods described 
at the end of Sec. 2. It is found mathematically that the part of the dia- 
phragm midway between the center and the periphery reaches its maximum at a 
time about 20% greater than U,_, the time of maximum central deflection. 
This is not important because of reasons mentioned in Sec. 2, 

In the presentation of numerical results, appropriate dimensionless 
variables are chosen. Accordingly, in Tables I-A, II-A, III-A, and IV-A, 
Bee, and Pe 1 Sete 


Pu “%6@ Re 
values of A=Rop,/a,p « These tables allow us to find the time of deflec- 


are presented as functions of [4,8 for four 


tion Gis and the maximum central deflection Z.,if the diaphragm parameters, 
Ro » 9,5 7" , andG, , the shock-wave characterishics, p,. and @, and the 
density f, of water are given. 

The diaphragm profiles, Z/ mae we: r/Rp » are given as functions 
of the reduced time t/t,, for several values of 1/050 and A in Tables 
I-B, I-C, I-D, II-B, II-C, II-D, III-B, III-C, III-D, IV-B, IV-C, and IV-D, 
The appropriate values of Z,, and 6, are found by consulting the tables 
mentioned in the previous paragraph. The tables considered thus far are 


grouped according to values of A , the tables having a Roman numeral I 
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corresponding to the smallest value of A , etc. 
In Figures 1, 2, 3, and 4 some of the data from the above tables 
is presented for the special case of the UERL diaphragm gauge. For this 


case we have the 


thickness = 0,078 in. 

radius = 1,675 in. 
yield stress = 50,000 p.sein 
and density = 768 gn./em. 


These specifications of the diaphragm and a value of 1.007 gm./em?. for the 
density of sea water at 20° C. yield a value of 2.75 for A and 4.9% msec.~_ 
for W, . Specimen values of the maximum central deflection Z,, and the time 
of deflection T,. , for typical values of p,, and © , are given in the fol- 
lowing table: 

(msec. ) (peSeie) (in.) (msec. ) 


0.101 4,000 0.49 0.29 
0505 2000 Bo9 6.36 
01 2000 957 939 


In the above tables and graphs the profile for t/e,,, = 1 is rather 
peaked in the case of © small and resembles a circular arc in the case of 
© large (in particular, compare figures 1 and 3). In the case of © small | 
the peaked condition is what one should expect since in the case of impulsive 
loading the diaphragm would tend to be deflected to a conical shape, if the 
water loading were evenly distributed. In the case of 6 large the resem= 
blance of the profile to a circular are is easy to see if one considers the 


fact that the diaphragm under the influence of a static pressure is deflected 


35 


FIGURE 1 - Plate profiles (6 = 0.101 msec.). 
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FIGURE 2 - Plate profiles (9 = 0.505 msec.). 
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FIGURE 3 - Plate profiles (@ = 1.01 msec.). 
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to a spherical shape, The profiles for small values of CHE... are of 
questionable accuracy, since the treatment using two Bessel functions breaks 
down for small values of the time. However, the convexity in these profiles 
may not be entirely fictitious because of the nonuniform distribution of 
water loading. 

In Table V the results of the treatment assuming a parabolic pro- 
file (Part III) are compared with the results of the more exact treatment 
with parameters appropriate to the UERL diaphragm. It is significant that 
the values of z,, are in close agreement except for small values of 6 , the 
more exact treatment giving larger deflections than the parabolic. This 
discrepancy is evidently due to the fact that the profile is more nearly 
conical than parabolic for waves of very short duration jas mentioned above. 
The values of t,. for the more exact treatment are about 20% lower than 
those for the parabolic. A corresponding difference is found in the funda- 


mental frequencies. 
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TABLE I-A, = Maximum central deflection and time of deflection 
as a function of @6 for A = 0.6875 


Units: ©, T. <- msec; WwW, ~ msec); @o 5 Fms Ro — ites Cas 


Pu - PeSoie; Pp — gm.cm-3, 


1 Go 1 80% 
48 WO obn Pm “%9 Roz 
0.2 1.40 0.0932 

ok 1.35 0.165 
g°6 1.32 0.225 

ef 1.28 02275 
1.0 1.26 0.317 
1.2 1.23 0354 
1.4 1.21 0.384 
1.6 1.20 0.411 
1.8 1.18 0.435 
2.0 1.16 Ook55 
202 1.15 0.473 
2.4 1.14 0.489 
2.6 1.13 0.504 
268 Toa 0.517 
3.0 dealal 0.528 
3.2 1.10 0.538 

i ( To) 1/2 
Ww, = 0.1034 Ro ip 


at 


eoeoeoeeeeteee 
OO RIMS WNH-H 


FOOOCOCCCO Oo 


e 


eo) 6 e)- 6). @. @ © “ee 
OO BNIAMVLWD EH 


HPOAOODOCOCOCOCCO 
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TABLE I-B, — Diaphrem profile as a function of time 
A= 0.6875, 1/46 = 2.0 


2/2 
t/ty 

0.64 0.86 1.00 
0.578 0.920 1.00 
0.573 0.905 0.983 
0.567 0.857 0.924 
0.549 0.784 0.837 
0.517 0.689 0.726 
0.468 0. 579 0,601 
0.400 0.461 0.470 
0.34 0.339 0.341 
0.214 0.220 0,218 
0.106 0,106 0.104 
O (0) (0) 


TABLE I-C. - Diaphragm profile as a function of time 
A = 0.6875 1/w, 6 = 0.40 


t/tn 

O. 0.74 1.00 
0.426 0.766 1,00 
0.427 0.756 0.986 
0.428 0.730 0.946 
0.423 0.685 0.880 
0.410 0.622 0.790 
C.380 0.542 0.680 
0.332 O.447 0.554 
C.265 0.340 0.417 
0.153 0.226 0.275 
C091 0.111 0.134 
(0) 6) 0 
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TABLE I-D, — Diaphragm profile as a function of time 
A =0.6875 1/w,e@ =0.20 


2/2 
t 

r/R [try 0.54 0.71 1.00 
0 0.393 0.718 1,00 
O21: 0.394 0.709 0.986 
0.2 6.395 0,687 0.947 
0.3 0393 0.647 0.881 
0.4 0.381 0.590 0.792 
0.5 0.354 0.517 0.684 
0.6 foypes 3 C428 0.558 
0.7 0.249 0.327 0.421 
0.8 0.172 0.218 0.278 
0.9 0,086 0.107 0.135 
0 ) 0 0 
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TABLE III-A, — Maximum central deflection and time of deflection 
as a function of #®o@ for A = 1.375 


Units: © , t, - msec; w, -nsec™/; Bases “opt tes Gos on = P-Sei.j, P- gm. cm. 


=) 
€ 
‘ 


Go 1 @o%m 

@,e Ss Pr @ae Z 
0.2 1.57 0.088h 

AR AL 0.153 
q-é 1.45 0.208 

8 1.41 0.252 
0 1.38 U.289 
1.2 1.35 0.320 
1.4 1.33 0.347 
6 ash 0.370 
1.8 1.29 0-390 
2.0 1,27 0.407 
Zee 1.26 0.423 
24 1.24 0.436 
206 1.23 C447 
2.8 1.22 0.458 
S10) 1.21 0.468 
302 1.20 0.476 
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TABLE II-B, - Diaphragm profile as a function of time 


A = 1.375 1/w,@ = 2.0 
2/ 2am 
t/t, 

r/Ro 0059 0.79 1.00 
9) 0.472 0.825 1,00 
Ost 0.469 0.813 0.983 
0.2 0.472 0.776 0.927 
0.3 0.467 0.718 0.842 
Ok 0.450 0.640 0.734 
0.5 0.417 0.546 0.611 
0.6 0.364 O.AhL 0.481 
0.7 0.290 0.330 0.351 
0.8 0.199 0.216 0.225 
0.9 0.100 0.105 0.108 
1.0 0) ) ) 


TABLE II-C, = Diaphragm profile as a function of time 


A = 1.375 1/we = 0,40 
(ayy 
t 

1/Ro Pes sp 0.66 0.83 1.00 
) 0.330 0.643 0.905 1,00 
Ook 0.330 0.636 0.892 0.987 
Ge2 0.339 0.620 0.855 0.951 
0.3 C343 0.588 C.795 C.891 
Cok 0.340 0.542 Oss 0.807 
C.5 Ge322 0.480 0.413 0,701 
Q.6 6.287 0.401 0.499 0.577 
OAY/ 0.232 0,309 0.375 0.438 
0.8 0.162 0,208 0.247 G.291 
0.9 0,082 0,102 0.121 O42 
1.0 (0) (6) (@) (0) 
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TABLE II-D, - Diaphragm profile as a function of time 


A= 1.375 1/w,@ = 0.20 
z/2Z,, 
t/%., 

r/Ro 0.48 0.64 0.79 1.00 
fo) 0.298 0.589 0.848 1.00 

od. C6298 0.583 0.837 0.987 
O52 0.307 0.570 0.805 0.952 
C.3 C.312 0.544 ery ent 0.891 
Gus 0.310 0.503 0.677 0,808 
C5 04295 0.448 0.585 0.703 
C.6 0.263 0.377 0.479 0.579 
Go7 6.213 0.291 0,362 04439 
0.8 Oelk9 6.196 0,240 (4292 
0.9 0.075 0.097 C.117 0.11 
1.0 0 9) ) fo) 
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TABLE III-A. = Maximum central deflection and time of deflection 
as a function of ® 6 for A= 2.75 
aa ee = 


Units: @ , t, - msec; Wo - msec~; Qos Uns R, - in.; To» Pp 


PeSei.3 Pp - gm. cm-3 


i Cane oo \ 85% 
Woe on Pm oe RZ 
0.2 1.92 0.0795 
O.4 1.77 0.138 
0.6 alte 68 C,181 
0.8 1.62 0.221 
1.0 1.58 Oe252 
1.2 1.54 0.277 
1.4 1.51 0.298 
1.6 1.48 0.316 
1.8 1.46 0.332 
2.0 1.AdL C.345 
2.2 1.42 0.357 
24 Y.A4L 0.367 
226 1.39 0.376 
208 1.38 0.384 
3.0 ALAS HY 0.391 
3.2 1.36 0.397 
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TABLE III-B. - Diaphragm profile as a function of time 


A = 2.75 1/6 = 2,0 
2/2, 
t/ty 

r/Ro 0.52 0.69 1.00 
0 0.337 0.665 1,00 
0.1 0.337 0.657 0.984 
0.2 0.351 0.637 0.929 
0.3 0.361 0.601 0.847 
O04 0.363 0.549 0.728 
05 0.349 0.482 0.619 
0.6 0.214 0.400 0.490 
0.7 0.256 0.307 0.358 
0.8 0.180 0.205 0.231 
0.9 0.091 0.101 0.111 
1.0 0 0) 0 


TABLE III-C. - Diaphragm profile as a function of time 


A = 2.75 1/w,@ =O4 
2/ 
t 

r/R Pi, 5 0.57 0.71 0.85 
f°) 0.217 0.471 0.746 0.937 
0.1 0.218 0.468 0.736 0.924 
O22 0,233 0.465 0.710 0.888 
0.3 0.247 0.452 0.665 0.827 
C.4 0.255 0.428 0.603 0.744 
0.5 0.251 0.390 0.525 0.642 
6.6 0.230 0.335 0.432 0.524 
0.7 0.191 0.264 0.328 0.396 
0.8 0.135 0.180 0.218 0.261 
0.9 0.068 0.090 0.107 0.127 
Af) oO (@) oO (@) 
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TABLE III-D. - Diaphragm profile as a function of time 


A = 2.75 1/we = 0.2 
z/ 
eta 

r/Ro 0.39 0.50 0.65 0.78 
(0) 0.198 0.431 0.694 0.894 
OE 0.199 0.427 0.686 0.882 
0.2 0.213 0.427 0.664 0.850 
0.3 0.225 0.417 0.625 0.795 
O.4 0.233 0.397 0.570 0.719 
0.5 0.230 0.364 0.499 0.624 
0.6 0.211 0.314 0.414 0.512 
0.7 0.174 0.248 0.316 0.388 
0.8 0.123 0.170 0.211 0.257 
0.9 0.063 0.085 0.103 0.126 
1.0 ) ) ) 9) 
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TABLE IV-A. — Maximum central deflection and time of deflection 
as a function of w.o6 for A = 5.5 
SSS eee 


Units: ©, t,, - msec; Wy - msec”; Qos Im» Ro - in; 


o> Py Pe8i.; IP —- gm. cm7>, 


' w t To 1 a2 
Woe eum Ph 8 Ry 
0.2 2698 0.0763 
04 221 0,121 
0.6 2.03 0.158 
0.8 1.94 0.187 
1.0 1.88 0.210 
1.2 1.83 0.229 
1.4 1.79 0. 2h, 
1.6 1.75 0.257 
1.8 1.72 0.268 
2.0 1.70 0.278 
2.2 1.68 0.286 
2.4 1.66 0.293 
2.6 1.64 0.299 
2.8 1.62 0.304, 
3.0 1.61 0.309 
3.2 1.60 0,313 


1/2 


W . = 041034 = ( =) 
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TABLE IV-B. - Diaphragm profile as a function of time 


A = 5.50 fw .e = 2.0 
PR ey Se, 
t/t 

r/R, ™O 44, 0.59 0.74 1.00 
fe) 0.196 0.447 0.738 1,00 
Ont 0.199 0.448 0.728 0.984 
ome) 0.223 0.450 0.697 0.930 
0.3 0.248 O. Add 0.647 0.847 
0.4 0.268 0.427 0.580 0.741 
0.5 0.274 0.395 0.556 0.620 
0.6 0.258 0.344 0.405 0.490 
0.7 0,218 0.274 0.304 0.359 
0.8 0.156 0.188 0,200 0.232 
0.9 0.080 0.094 0.097 0.1 
Abe) (@) (@) O (0) 


TABLE IV-C, - Diaphragm profile as a function of time 


A = 5.50 1/ w of = 0,40 
z/' 

r/R, 0.34 0.45 0.57 1,00 
(@) 0.113 0.283 0.512 1.00 
0.1 0.116 0.283 0.508 0.989 
0.2 0.135 0.294 0.500 0.968 
0.3 0.155 0.301 0.481 0.923 
Ok 0.173 0.301 0.450 0.856 
0.5 0.180 0.289 0.404 0.761 
0.6 0.172 0.259 0.343 0.641 
On7 0.147 0.211 0.268 0.496 
0.8 0.106 0.148 0,182 0.334 
0.9 0.054 0.075 0.090 0.165 
1.0 (@) i¢) (@) (@) 
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TABLE IV-D. - Diaphragm profile as a function of time 


X = 5.50 1/W,@ = 0.20 
Zz 
t/ty 

r/R 0.25 0.34 0.42 1.00 
Oo 0.092 0.235 0.432 1,00 
Oe 0.095 0.235 0.428 0.989 
0.2 Ops 0.245 0.423 0.963 
0.3 0.128 0,252 0.410 0.915 
O4 O.UA 0.255 0.386 0.843 
0.5 0.150 0.246 0.350 0.745 
0.6 O.Ly 0.221 0.299 0,62) 
On, 0.123 0.181 0.234 0.480 
0.8 0.088 0.126 0.159 0,322 
0.9 0.045 0.064 0.079 0.159 
1.0 (@) O (@) 0 
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TABLE V. = Comparison of parabolic treatment with tke two-term 
Bessel—function treatment for a UERL diaphragm gauge 


Units: z, - in.; Py - PeSei. - seco; 0, ty - msec; Se (6), $(@) - 
* * 


& * 
in. (psi. sec.) a Qo» i> 2 - msec. 7}, 


Parabolic profile 


Two term Bessel function profile 
2m = Pm 9 5,(@) 


ln = Pm Coy (0) 


0) we 
0.1 0.1 1.23 0.29 
0.2 0.2 0.90 0.32 
0.3 0.3 0.70 0.34 
OA Ow 0.58 0.35 
O05 0.5 0.50 0.36 
0.6 0.6 O44 0.36 
0.7 0.37 O47 0.7 0.39 0.37 
0.8 0.34 O48 0.8 0.35 0.38 
0.9 0.31 0.48 0.9 0.32 C.38 
1.0 0.28 0.49 1.0 0.29 0.39 


The quantities z, and t, are the maximum central deflection and time 
of deflection respectively of an unbaffled UERL diaphragm of 1.675 in. 
radius, 0.078 in. thickness, 7.8 gm. cm.~ density, and with a yield 
stress of 50,000 p.Seie 
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4. The Initial Phase of the Plastic Deformation of a Thin Plate 
In Sections 2 and 3 of this Part, the equation of motion of a 
thin plate, loaded by an exponential explosion wave, was solved by expansion 
of the deflection in a series of Bessel functions. Since the series does 
not converge very rapidly in the early phase of the motion, mother type of 
solution is presented here, in which the propagation of the transverse mem=- 
brane wave from the edge to the center of the dfephraes] is explicitly treated. 
At the same time, the solution given here is less general than our previous 
one, since it is only possible to carry it through in the approximation of 
uniform water loading at all points on the diaphragn. 
As surmised by Bohnenblust and von Karman, by analogy with the 
case of the string, the center portion of the plate remains flat out to the 
point reached by the incoming transverse plastic wave at the given time. 
For impulsive loading, there is a kink in the profile at this point. For 
loading with a finite duration, the second derivative, but not the first, is 
discontinuous. If the nonuniform distribution of water loading were properly 
taken into account, the center portion would not, of course, be exactly flat. 
The equation of motion of the plate loaded with a shock wave of 
free field pressure p, (t) may, in the incompressive approximation, be written 
(1+20) 2 oz - wr + S (x % = &&) , (22) 


where x = r/R, , 


= Gale Ree > a Rope /aep 


and O is an integral operator defined by 
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rs | 
O F(x,¢)< oe . dd J eax’ (x!*+x*-axx'eng F(x5t). 


The diaphragm has a radius Bos thickness Aa), and is constructed of material 
of density p and yield stress 0, . At time t the diaphragm is deflected an 
amount 2 at a distance r from the center, p, is the density of water. Rw, 
is the velocity of transverse plastic waves in the free (unloaded) plate. 

In solving Eq. (22) we replace the operator O by unity as a first 
approximation. If the diaphragm moves as a piston jthis replacement gives 
the correct water loading at the center, but gives too large a water loading 


some distance from the center. We now have 
= az) = (23) 
(14a) 2H - wort 2- (x 


ana’ aa Bele? ° 
Taking the Laplace transform of both sides we get 


w>(ita)L - wo + a(x 4. i= (24) 
where L = cS z(x,t) ef ae, 


and L, = ~ (GS) eb at, 


The solution of Eq. (24) is 


ley ee A Sere ie ZeCche) ) (25) 
Po (14) w? Jock) 


where k= (140 A w/w. - Inverting the Laplace transform we obtain immedi- 


ately the solution of Eq. (23): 


© ’ 1 : Lp Jolikx)) wt 
Tr panGra). Int j . F saw )e se (— 
-¢tc 


aie 
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Now we wish to obtain an asymptotic expression for Eq. (26) suitable for 
small values of t. To accomplish this, we make an asymptotic development 
of the integrand of the integral in (26) valid for largew, We make use 
of the fact that 


OaCu) ~ wn(u- 7) (27) 


‘ 
Tru 


for large wu. From this we immediately obtain 


Jo léikx) pe -'/2 eo kG-x) (28) 
Jy Cok) 


Substituting (28) into (26) we obtain the result 


Bs aay Lee ee (29) 


eae Sp 2 rae iG=x) 
We , / 
Crtieo i: wt c ct 
and h(t) = = { SS fac’ § dt” p(t"), to, 
Cia ) ° 


0,tsoO. 

On account of the incompressive approximation we must not take T 
too small (i.e. t <R,/ce,, where c, is the velocity of sound) in using Eq. 
(28). On the other hand, the asymptotic development breaks down if we take 
t too large (dees €~ (14a) [wo » which is the time required for a trans- 
verse plastic wave to traverse the radius of the loaded plate). 

The meaning of Eq. (29) is perhaps clearer if we rewrite it in the 


form 
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Wot 


h(t), os zx41- 1GHaUE 


ae Ree eS Ea 
peeve) 


Wot (30) 


: ae 
= paste ay LR(E)- z h(é*)],1- Geb exe 


a 


where 


t* Eee Cita)’ (i-x) 


o 


The first of Eqs. (30) is the equation of motion of a free plate. Thus we 
see that the central area of the diaphragm moves initially as a free plate 
and is consequently flat; however, the flatness is destroyed by a transverse 
wave represented by the second of Eqs. (30) traveling in from the periphery 
with a velocity R,w, (ORE ee ( Rw, is the velocity of transverse plas- 
tic waves in the unloaded diaphragm, the factor G+ay takes account of 
the water loading). 

If p(t) is bounded, it follows that h(t) is continuous and has 
a continuous derivative; consequently,in such a case the deflection z and its 
derivatives with respect to the time ¢ and the reduced radius x 
respectively are continuous. However, suppose that Po (t) is not bounded and 5 


to be more specific, suppose it has a singularity at tC=o0 such that 


‘it 
§, pottdt’ = I>o , t>0, 


i 


fo) ae = One 


Then the time derivative of the deflection is discontinuous at the initial 
instant and the radial derivative and time derivative are both discontinuous 


at 


Keeps: we eGo) 
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FIGURE 5 - Plate profiles during the initial phases 
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FIGURE 6 - Plate profiles during the initial phase. 
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In other words, in the case of impulsive loading the diaphragm profile has 
a kink which is propagated inward with a velocity Rw, Cems 


In the case of an exponential wave of the form 


po(t)= Pur ene » t>oe, 


= Oo , 665 


we have 
h(é)= pwelt- eo (1- ete ie te oe 
(31) 
In the limiting case of impulsive loading, that is, with an infinitesimal 


value of the duration 6, we have 


= zo 
\eCOyi= ey Gre af (32) 
%, On 5 GxOn, 
where 
oe 
ae = (3) Po a t = Qu Pue . 
6—~O0 
In figures 5 and 6 are shown diaphragm profiles for various times, 
-t/8 
i.e. 2/p,0 VS. r/R, for various values of t, calculated with p, = p,e / > 


and with Ry = 14675 in., o-, = 50,000 p.ssd., a, = 0.078 in., P= 7.8 gm./cm.>, 
which correspond to the standard UERL diaphragm gauge. In figure 5, 6 = 0.1 
msec, corresponding to rather impulsive loading, and in figure 6, © = 1 msec. , 
corresponding to much longer duration. It is apparent that the diaphragm bends 
much more sharply at theedge of the flat central portion in figure 5 than in 


figure 6. 
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V. COMPARISON OF TH: THEORIES OF PARTS III AND IV WITH EXPERIMENT 


The ultimate object of experimental and theoretical work on the 
underwater damage to diaphragms is the prediction of damage to ships at- 
tacked by a given explosive under specified conditions. To have engineer-= 
ing significance, certain aspects of the theory must be tested by comparison 
with experiment. In this part, we compare theoretical results with experi- 
mental results obtained at the Underwater Explosion Research Laboratory at 
Woods Hole. 

Here we present comparisons on the basis of both the parabolic 
theory (Part III) and the two-mode Bessel-function theory (Part IV, Sectten 
3) using both empirical and theoretical pressure-time curves for the shock 
wave. The incompressive approximation to the water loading is used in both 
theories and a small baffle is assumed, Consequently, for the parabolic 
theory Eqs. (17) of Part III are used with a factor of 1/2 multiplied into 
the expression for z, to take account of the small (instead of infinite) 
baffle. For the two-mode Bessel-function case the tables of Part IV, Sec- 
tion 2 gre used without modification, 

The agreement between theoretical and experimental values of the 
maximum deflection is very good in most cases. The agreement among the 
various sets of theoretical values themselves is satisfactory but not excel- 
lent. The theoretical values are on the average about 15% higher than the 
experimental values. The values calculated from the two-mode Bessel—function 
theory are on the average about 74 higher than those from the parabolic 


theory, the discrepancy being most conspicuous for small charge weights. 
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The comparisons are made for the UERL gauge using a thin steel 

diaphragm whose specifications are as follows: 

Radius, R, - 1.65 in. 

Thickness, a, — 0.085 in.* 

Yield Stress, ©, - 60,000 DeSeie? 

Density, pP- 7.8 gm. cm.~> 
The diaphragm is mounted on a steel block such that it is backed by air. The 
mounting block weighs about 25 lbs. and is fastened to a large steel ring. 
The face of the block extends only a small distance beyond the edge of the 
diaphragm; consequently the calculations are made on the assumption of a 
small baffle. 

In Table I we compare the calculated and soperimentat/ values of 
the maximum central deflection Z,,of the diaphragm after attack by a shock 
wave from Mark 6 depth charges at a distance R . The charges were loaded 
with a weight W of cast TNT whose density lies between 1.55 and 1.60 gin. Cm. 
Three sets of calculated values are given: (1) calculated from the two-mode 
Besselefunction treatment using theoretical pressure-time curves;2/ (2) cal- 


culated from the two-mode Bessel-function treatment using the following empir- 


ical pressure-time bdrvesto/ R ee eae 
Ph a 20,400 wl/3 


F ( R =ynelk wi/3 
@ = 0.0735 [173 , 


* In the experiments considered "Lot III" plates were used with values of the 
thickness scattered closely about the value given above, The experimental 
values of the maximum deflection are corrected for the deviations of the 
thickness from the value of 0.085 in. 

* Value quoted by the supplier. 

1/ OSRD Report UE-13, p. 10; OSRD Report UE-lh, p. 10. 

2/ OSRD Report 2022 (1943). 

3/ OSRD Repo.. UE-16, p. 9% 
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TABLE I, = Comparison of calculated and experimental damage 
to diaphragms by large charges of cast TNT 


Charge weight | Charge distance Maximum central deflection 2m 
W (lbs, Ritts Calc. (1)*|Calc. (2)*{Calc. (3)*| Expt 


18562 0.50 0.46 0.42 
190.5 0.51 0.47 O44 
" n n 0.43 
289 0.61 0.57 0.55 
290.4 0.61 0.57 0.56 
292 0.61 0.57 0.53 
" " " 0.52 
294 : : 0.55 
n " " 0.54 
295 0.62 . 0.57 
" n " 0.55 
589 He 0.59 0.58 
185.2 0034 0.31 0.29 
190.5 0.34 0.32 n 
289 0.41 0.38 0.36 
29004 OAL 0.38 0.37 
292 2 0.39 0.35 
" " " 0,37 
29k " n " 
295 1" "W " 
185.2 0.28 0.26 0.4 
190.5 W " u 
289 0.34 0.31 0.29 
290.4 0.33 0.32 0.33 
292 0.34 Ks 0.26 
"W " W 0,29 
" n" " 
294 oe 
589 0.45 0.43 0.40 
633 0.46 O44 0.55 
389 0.35 0.33 0.30 


Av. Dev. Av. Dev. Av. Deve 


from from from 
Expt. Expt. Expte 
31% 12% 5.26 


* (1) Two-mode Bessel-function treatment; theoretical pressure-time curves. 
(2) Two-mode Bessel-function treatment; empirical pressure-time curves. 
(3) Parabolic treetment; empirical pressure-time curves. 
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where p, is the peak pressure in PeSei., © the time constant in msec., 

R the distance in feet, and W the charge weight in lbs.; and (3) calcu- 
lated from the parabolic treatment using the empirical pressure-time 
curves above. In figure 1 curves corresponding to the third set of cal- 
culated values in table I are compared with the experimental values. 

In table II we present comparisons of calculated and experi- 
mental values of the maximum diaphragm deflections for the case of small 
charges of loose tetryl, density 0.97 + 0.05. Two sets of calculated 
values are given: (1) calculated from the two-mode Bessel-function treat- 
ment, and (2) calculated from the parabolic treatment. All of the calcu- 
lated values are based upon the theoretical pressure-time curves2/ for 
tetryl, density 1.00. Cases for which cavitation is believed to occur by 
the criterion of Part II, Section 2, are marked by asterisks at the left 
of the table; however, it is believed that cavitation is not well developed 
and that the theories of Parts III and IV may roughly apply. In figure 2 
curves corresponding to the second set of calculated values in table II are 
compared with the experimental values. 

The calculated values of the deflection, except those calculated 
from the parabolic treatment for small tetryl charges, are considerably 
higher than the experimental values. For large charges of case TINT (table 
I and figure 1), the deflections calculated from the two-mode Bessel- func- 
tion treatment using theoretical pressure-time curves are on the average 
31% higher than the experimental deflections, those calculated from the 
same treatment using empirical pressure-time curves are 12% higher, and 
finally those calculated from the parabolic treatment using the same empir- 


ical pressure-time curves are 5.2% higher. For small charges of loose 
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FIGURE 1 - Comparison of calculated and experimental 


damage to thin circular plates by large 


charges of cast TNT. 
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LEGEND 


I 


Parabolic treatment, theoretical 
pressure-time curve 


Experiment, R = 4 feet 


0.2 0.3 04 05 06 0.8 1.0 Was 2:0 2.55310 4.0 


CHARGE WEIGHT W (POUNDS) PXI-/08 
1/ 


FIGURE 2 - Comparison of calculated and experimental 
damage to thin circular plates by small 


charges of loose Tetryl. 
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TABLE II. — Comparison of calculated and experimental damage to 
diaphragms by small charges of loose tetryl 


Charge weight Charge distance Maximum central deflection 
W (abs.9 Rute.) Cale. (1)** Calc. (2)** Expt. 


* 0,331 4 0.258 0.169 0.169 
* 0.552 4 0.341 0.227 0.230 
1.060 uF 0.488 0.335 04343 
1.823 + 0.647 0.457 0.492 
Av. % Dev. Av. % Dev. 
from Expte: from Expt.: 
+10% -3.7% 


* Cavitation. 


%* (1) Two-mode Bessel-function treatment. 
(2) Parabolic treatment. 
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tetryl (table II and figure 2), the deflections calculated from the two- 
mode Bessel function treatment are on the average 40% higher than the ex- 
perimental deflections, and those calculated from the parabolic treatment 
are 3.7% lower, the theoretical pressure-time curves being used in both 
cases. It must be admitted that the excellent agreement between the para- 
bolic theory and experiment for small charges is due to an accidental can- 
cellation of errors, The two-mode Bessel—function treatment is in a sense 
in better agreement with experiment in that it involves errors which are 
rather insensitive to variations of the charge weight, whereas additional 
error of opposite sign which rapidly increases in absolute magnitude as the 
charge weight becomes quite small causing the cancellation mentioned above, 
The nature of the additional error peculiar to the parabolic theory will 
be discussed later, 

The greatest contribution to the discrepancy between theory and 
experiment is probably due to the idealization of the stress-strain curve 
and to the use of the value of the yield stress quoted by the supplier in 
lieu of better information. Another contribution of importance may be due 
to the yielding of the diaphragm mounting which in the calculations was as- 
sumed to be rigid. The theoretical pressure-time curves, of course, cotrib- 
ute error to the cases in which they are used, The rectification of any of 
the above-mentioned errors would be to tend to lower the calculated values 
of the deflection, possibly bringing them nearer to the experimental values. 
There are numerous minor sources of error, among which may be mentioned the 
neglect of the effect of diaphragm curvature on the diffracted wave, the 
neglect of all other nonlinear terms in the deflection, and the incompressive 


approximation in treating the diffracted wave. 
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The reason for the discrepancy between the parabolic and two-mode 
Bessel-function theories is the artificial restraint of a parabolic profile 
in the former, For large charges, producing shock waves of long duration, 
the two theories give values of the maximum deflection only a few percent 
apart; but for very small charges, producing shock waves of very short 
duration, the results are conspicuously divergent. This situation is made 
understandable by the fact that the two-mode Bessel-function treatment 
gives a final profile which is almost parabolic for waves of long duration 
but which is quite peaked with an abnormally raised center for waves of 
short duration. The two theories also give rather different times of de- 
flection, the parabolic theory giving values of this quantity roughly 20% 
higher. The calculated times of deflection have not been compared with ex- 
periment since there xe no data yet available for noncavitating cases. 

In conclusion, the parabolic theory gives deflections which agree 
more closely with experiment than do those given by the more elaborate two- 
mode Bessel~function theory, the better agreement supposedly being due to 
a partial cancellation of errors common to both theories by an error asso- 
ciated with the restraint of a parabolic profile. However, the parabolic 
theory gives results for large charges differing little from the results 
of the more elaborate theory, and is more practical for actual computation 
because of its greater simplicity. Where empirical pressure-time curves 
have been used, the agreement of both theories with experiment is very good 


in view of the numerous possible sources of errors 
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VI. DAMAGE TO INFINITE PLAT#S BY UNDERWATER EXPLOSIONS 


1. Introduction 

The problem of damage to infinite plates--that is, plates having 
linear surface dimensions many times greater than the charge distance-- 
is treated here as an infinite plastic membrane under impulsive loading. 
The behavior of an infinite membrane is qualitatively quite different from 
that of a circularly clamped membrane whose radius is relatively small com- 
pared with the charge distance. In particular, in the case of the infinite 
membrane the maximum central strain calculated on the basis of normal 
motion is about ten times greater than that calculated on the basis of the 
similarity of Mohr circies (leading to the equality of principal strains), 
whereas in the case of the circularly clamped menbrane the calculations on 
the two bases git tek identical results, Consequently, the case 
under consideration is one in which it is imperative to use the correct 
theory of strain (on the basis of the similarity of Mohr circles). 

In Sec. 2, the problem of damage to plates (in the first approx- 
imation) under an arbitrary loading is considered with particular emphasis 
on impulsive loading. In Sec. 3, the more special case of impulsive load- 
ing giving an initial velocity distribution of the form (R2 + r2)-¥ is 
considered and explicit solutions in terms of elementary functions are 
given for the profile and strain distribution in the cases of V= 1/25 
3/2, and 5/2, The variable r is the radius in cylindrical coordinates in 
which the z-axis coincides with the center of symaetry of the system. In 


the case of underwater explosions R is the distance between the middle 
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surface of the plate and the charge center. Because of considerations 
advanced in Sec. 4, the pertinent solutions for y= 3/4 are found by 
interpolation. 

In Sec. 4, an attempt is made to apply the foregoing results 
to damage by underwater explosions. In the absence of a detailed solution 
of the hydrodynamical problem associated with loading, certain rough seni- 
empirical assumptions are made, It is assuned that each element of plate 
absorbs almost instantaneously in the form of kinetic energy a constant 
fraction of the energy incident in the solid angle subtended by that ele- 
ment. This assumption leads imnediately to an initial velocity distribu- 
tion proportional to (R* + r2) 3/4, hence the special emphasis on V= 3/h. 
Since the velocity of sound in water is much greater than the velocity of 
transverse plastic waves in the plate, retardation effects in the explosion 
wave are neglected. A formula is obtained giving the critical weight W of 
a given explosive necessary to cause rupture when exploding in contact with 


a plate of thickness a The results of this formula are compared with the 


°° 
results of rupture experiments ~em@ermmesd at the David Taylor Model Basin. 
Attention is centered on the values of 3f, the fraction of tne total energy 
of explosion delivered to the plate, giving agreement between the theoretical 
and experimental results for rupture by contact explosions. The values of 
_¥ so obtained are scattered in a range of values of reasonable magnitude 
(0.1 to 0.3). The Wvalues apparently depend on the plate thickness in a 
relatively regular fashion, the explanation of which is as yet unclear. 


Although the results do not appear very satisfactory from the standpoint 


of predicting rupture, they may be regarded as fairly conclusive evidence 
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in favor of the strain theory advocated in this report over the alterna- 
tive one based upon normal motion. A theory based upon normal motion 
would give unreasonable values of ¥ about one-tenth as large as those 
obtained here. 

The treatment presented in Secs, 2 and 3 may seem overly elab-— 
orate in relation to the crude use made of it in Sec. 4. However, it is 
hoped that the results presented in Sec. 3 may be used more fully and 
satisfactorily at same future time when a more successful attack is made 
upon the hydrodynamical problen,. 


2. Solution for impulsively loaded infinite plastic membrane 


The equation giving the first approximation to the vertical dis- 


placement of an infinite thin diaphragm under no external forces may be 


written 
92, 2 i (1) 
es — P) = 5 
at ani C a i (1) 
g =ocz(l) 4 O 3), 


where z is the vertical displacement, O€ the expansion parameter, r the 
radial coordinate, t the time, and c/= 65 Pp/ the velocity of trans- 
verse plastic waves in the plate. The initial velocity distribution is 


assumed to be of the form r 


22 (r,0) = xeo(*) ? (2) 


where R is some representative linear dimension of the system. The 
initial displacement is, of course, taken to be zero. 
For convenience, the foregoing equations are put into nondimen- 


iL 
sional form. By introducing the variables x = r/R, y = A ip, and Y= 
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ct/R, Eqs. (1) and (2) may be reduced to 


Cz 12 
at - + 2-(x>) =o (3) 
and 
oy (x,0) = g(x). (4) 


The general solution of Eq. (3) is very simply obtained by the 
use of the Laplace transform and the Hankel transform with respect to 
the variables and x, respectively. Application of the Laplace trans- 
form gives 


1 L 
st \e- 12 (xt). gC), (5) 


where 


L(x,s) = (Gaerne: (6) 
Application of the Hankel transform to Eq. (5) gives 
(s? + k2) H =G, (7) 
where 
) 
H Ck,>) = S L(x,5) Je (hx) x ax (8) 
22 
= a i y &, te“ * Jo(kx)zdxdt , 
and 
Glk) = S500 J, (kDa dx. (9) 
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In using the Hankel transform the boundary conditions that y vanish at 


x = 00 and dy/@x vanish at x = O have been used. 
Solving Eq. (7) for H and inverting the Laplace and Hankel 


transforms, the solution is immediately obtained in the form 


Yrio @ 


’ 
yonrr= se | ( 6G, (cx) ee Haka, 
‘ ° S*+k 
Y-cw 
%>0 
Using the fact that 
¥rcoao 
' ete aS an kt 
awe s*+ k* 2 
Y-co 


Eq. (10) can be simplified to 


y (et) = i G(k) ake Ty (kx) dk, 


= tum SG (x) eeXPSukx ale. 


The existence of a reduced pressure 


(x, d= R p(t) 
Pied Ba 


in addition to the initial impulse, gives a more general solution, 


a0 
y(%x)= J) Gk) on ke Jp (kx)dk 


et -.@ 
+ y ‘€ M (i, =’ Jorn k(r-2)T, (ex)ak de’ 
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(10) 


(11) 


(12) 


(13) 


(14) 
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where 
eo 
M(k, x!) = * pee Ty (kadade » (15) 


This result is obvious if the pressure is regarded as a superposition of 
impulses. 

The first approximations to the meridional and circumferential 
strains, qG and ec. respectively, are given as a function of position and 
time by 


= €, = 2 hG@,2), (16) 


where 


h(yere § (Saye an! (27) 
d x eyes : 


x! 


These are nothing more than Eq.32 of Part I, recast in nondimensicnal form. 
The case of interest here, impulsive loading of the plate by an 
underwater explosion wave, involves an initial velocity distribution of 


the form 


9) (x,0) = — = 9°" Cx), 


crs (14 x3)” (18) 


the particular value of 3/4 for » being of greatest interest. Here, x is 
equal to the radius r divided by the distance R between the plate and the 
center of the explosive charge. In Sec. 4 of this Part the determination 


of the values of o¢and3/on a physical basis will be discussed, In the 
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cases of W= 1/2, 3/2, 5/2, »«e., one is able to obtain the functions 

y(x,‘Y) and h (x, VY) in temas of elementary functions. The solutions 

for these special values of y will be considered in the next section, 

with the ultimate intention of finding the functions y and h for y = 

3/4 by interpolation. 

3. Solutions with initial velocity distributions of the form (1 + x2) 2 
It is the purpose of this section to obtain the furr tions y(x, Y) 

and h(x, Y) in terms of elementary functions when the initial velocity 


distribution is given by 


i) 


— 
(\4202)” 


Ve + 


? rd 


ry 


9°" Cx) rm , (19) 


The entire set of solutions may be obtained from one solution by differ- 
entiation and integration with respect to a parameter 8 introduced into 


Hq. (19) for » = 3/2 as follows 


9) (x,0) = \ i (20) 


The Hankel transforin of iq. (20) is 


eo eye site (21) 
\te 
The solution of Ea. (3) ‘sane 


g(x, ) n ‘- Glo) Cia eres Jo (axddk > 


ba] 
a erg ere NS Coe ee ee 
C i (kx iG copes (22) 


1/7 Bessel functions, by G. N. watson (2nd ed., Cambridge 1944), p. 384 
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It is quite clear that any linear operation with respect to 


£ which transforms By ene ) also transforms “h pl aes Aca 
Consequently, the functions eA 1/2) (x, 7) and Oe ) 0,7) can be derived 
from y 3/2) (x,%, 8) as follows: 


YN G,2) = gM Gyr) = [yOMGz0)edp « com yi de, (23) 


[ia-ée)74x 
ee Cee Jes) Gare a 2 es 
J as 3 [5s plipeeis sai leon (24) 


n 


kite A*4(1-¢e) Hi-it)? 
al [li-ct)*+ xr]A | 


The functions n(2/2) (x, Y) and 9/2) (x, Y’) can in a similar fashion be 


derived from a function 


Qa (% 

no) (2,0, 0,0/) 2 v2 el (x! ne Oe a!) ae an a 

as follows: 
; 00, & 
We (az)e 241) = [SMG ree ec'arde’, (26) 
SPA 

(s/2) (sh) 

eee) = be (x,7,1,1) = 1 _g% 0A) : 
eee As Side fe = (27) 
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The functions y\Y) and ni?) and some of their properties are 
listed in the following for Y= 1/2, 3/2, 5/2. Higher values of 3 will 


not be considered here. 


Case (1). y= 1/2. 


The solution for this case is 


Oe) x a) 2 to! 2 + lt (GAG e tee) 


(28) 


i Wccesee ae. yeu (29) 


Some qualitative aspects of the plate profile for this type of 


loading are implied by the following properties of yu?) (x, Bi: 
y*) (0,%) = Cece ens (30) 
(1/2) ee 
y Go) 2 wets Cec (31) 
aye ae) aa 5 2 «1, K>>15 (32) 
os Aut \ 
ay 2) (x,%) = 2 So gerat SN ON (33) 
4 
The function n(t/2) (x, ) takes the form 
(iA) a ' =I at 1+ x*4ee% €* 
hi (a4) = 2(i42)* |e ti Gece) : Zwer)(EEES Sy 
(34) 


_ 12 te [ C14 t24% “+ eel ; 


2 §2 (1472) 
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where ae is given by Eq. (29). 


The function ns1/2) (x,°Y) has the following properties: 


GA) Fae tN ; -1 t -t> 

Re 6O,c)= Serene Tet tee Cae = =a Leyte) $ , (35) 
(/2) my eT a eo 

ho Gate E ran 2 (36) 


The properties of nt/2) as well as n{3/2) and 1/2) for large ¥ will 
not be considered here because they have little physical significance 
in this range for reasons to be stated near the end of this section. 
This limitation applies also to yW2). yl?) and OD however, the 
behavior of these functions is considered for large 9 because of its 
intrinsic interest. 

The functions yl?) G57) and nt/2) (x, ¥%) are presented 
in Tables I and II, respectively. 


The maximum value of n(2/2) (x,%) occurs at x = 0 and Y= 


% G/2) . 1.10 and has a value n(1/2) = n(t/2) (0, -¢01/2)) = 0.07222. 
m m m 


Case (2), Y= 3/2 


The solution for this case is 
ee ; 2 
where ¢ is given by Eq. (29). Some properties of y0>/ ) (x, Y) are: 


(9/2) z As i 
| (0,%) = 14 th ? (38) 


as?) (ae) Woe xe is 


Aes 
G+ x3)? 
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Table I, - The function pee) (Gees 


x =r/R, v= ct/R 


4.0 


1.178 1.326 
1.177 1.325 
1.172 1.325 
15163 1.323 


1.152 1.321 
1.136 1.318 
1.14 1.315 
1.087 1.311 
1.054 1.306 
1.013 1.300 
0.9666 | 1.293 


27966 | aee7h 
-7034 | 1.248 
-6228 1.210 
55t5 aes 


25016 1.082 
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Table II. The function n(i/2) (ee) 
x=r/R, Tc = ct/R 


0.8 1.2 


0.02886 0.06249 0.07130 

oh 002436 005827 06884 
06 01883 e05048 06456 
08 001358 204132 205854 
1.0 » 00955 203191 005095 
1.2 -00656 202372 204,237 
1.4 | - 00455 001719 003375 
1.6 200315 -01237 -02601 
1.8 20022) 00894 01961 
2.0 -00160 00652 014,60 
30 | 00042 200170 - 00383 
4.0 -00013 - 00060 -00130 


73 


ye Ge eee Ny es (40) 
ag le) (x 2) = eat BE), KI, E91. 
(41) 
The function n(3/2) (x, %) takes the form 
3/2). i Sc \+x2-t* (i4xtet2)"- 4 ys -— 4 2 
1,6 "G@,t)= + lin(- === )- fo (42) 
= 
where $ 4s given by Eq. (29). 
The function n(3/2) (x, ¥) has the following properties 
(43) 


A Gt 2 ty re 
P) 


0?) 0,t)= 
c Fo (etd 


(44) 


An? 
2 TKK 1, 


4.) ; ws 
@ Ele ¥(Ci+x™)4 


The functions y 3/2) (x, %) and n(3/2) (x, T) are presented in 


Tables III and IV, respectively. 
(3/2 
(3/2) (x, Y) occurs at x = O andv= a! ) 


The maximum value of h 
= 0,578 and has a value 3/2) = n(3/2) 0, ¢ 3/2) = 0.1315 


Case (3), = 5/2 


The solution for this case is 
yee tee e (-x ee WE (Fag wee) (45) 
rales 342477) 4+ Gr e2)* T(E (gt1- xr tr) 5 = 


Some properties of y69/2) (Gexara) 


=e 
where as before @ is given by Eq. (29) 
are 
(SA) a4 
Oe RG) =) axles fe) s ue 
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TABER ILI. — The function y'-/—) (x, ¥). 
x = r/R, T= ct/R 


0.2353 
02355 
2361 


02372 
©2387 


20283 


75 


TABLE IV. The function n‘3/2) (x, 7). 
x = r/R, Vv = ct/R 


0.8 


0.09319 0.11452 


- 06886 - 10319 


04248 C8451 


02280 .06128 


201122 03897 


200530 


02214 


00251 -01167 


00120 


200594, 


«00061 200302 


00031 200156 


C0002 00009 


O COOOL 


76 


393 


I 


0.07051 
006927 
206647 
-06105 
205199 
03973 
- 02680 
-01617 
-00904 
- 00487 
-00026 


- 00003 
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4 (e/a) (x,t) 


r 


T<sly5 (47) 


(9/2) Peo z F 
uy CA) (2) = =e Mee ambotaece Ge 
(5/2) pp ak SE le RE 
4} fa (x,t) — 34 (1+ 4 tr u ==) esi, T>>)\ - (49) 
The function h (5/2) (x, takes the form 
(6/2) 14347 ear AL ea 4. 
: ll ale “aes bio $i) ~  4gtt “Fe PASSe Ta abe cr 
195" (ure4 6Tturt— 52 t7w*- ae) (50) 


_ 


u ~%2 a2 | 2 ae! 4 
ogee U2) (ur? - 24 e214 16 *)4 16 T whe Cut wl 


where 


we=1+ x -72; 
and where, again, Gs given by Eq. (29). 


The function n6 5/2) (x, tT) has the following properties: 


pele)e ree 497% a FH*D(i-t?) \ ~ 2Oa527) 


4etr(iet*) = 4 9TA*Cie te)? HCTF =—- FAC t4)4 


(51) 
eta ee Teh 4 3 et 402 14307 %¢1 tF- TIO 
Vg (re e2ZDE 1 (i+e2)8 
gh) pm AS 
canes 2)= 22 Pome ee el: (52) 


2 ; 
The functions y\9/2) (x, v) and nl o/ ) (x,) are presented in 


Tables V and VI, respectively. 
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TABLE V. The function y\°/2) (x,%). 


x=r/RkR, Y= ct/R 
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TABLG VI. - The function nl/ 2) (x,y). 


x=r/R, ~ Y= ct/R 


xO O42 Ook 0.6 0.8 a0 
fe) 0.04154 0.10817 0.12207 0.09100 0.04867 
0.2 C3359 09648 11495 08913 04859 
=i 02204 06755 09361 08227 04821 
6 00888 03691 06281 06805 04.689 
8 00627 .01660 03380 04921 04333 
a0 00273 00689 01219 02754 03592 
Tis? 00162 00302 00622 0121, 02479 
ilyh 00135 00157 .00277 00511 01406 
s6 00080 00096 00133 200221 00661 
1.8 «C0060 200066 200062 00109 200286 
2.0 00045 00057 «C0056 00064, 00129 
3.0 00012 00013 00013 00013 00015 
4.0 00005 00005 00006 00005 00007 
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The maximum value of n(5/2) (x,-v) occurs at x = O and Y= 


\ 
7 (5/2) = 0,513 and has a value n{2/2) = eee >) = 0.1253. 


ieee 


It is perhaps interesting to note that tne function y 
giving the plate profile as a function of time approaches a nonvanishing 
constant value for V= 1/2 as the time becomes infinitey but approaches 
zero for W = 3/2, 5/2. This behavior is presumably related to the fact 
that the velocity distribution given by a a = (1+ wale corresponds 
to an infinite kinetic energy for 2/= 1/2 anc to a finite kinetic energy 
for V>1/2. Also it may be noted that the central part of the plate 
remains concave downward for all time in the case of V= 1/2 whereas it 
becomes convex downward after some time in the case of ¥ = 3/2, 5/2. 
These remarks apply only to a membrane under constant tension and are 
perhaps somewhat academic on that account. A real material is subject 
to stress relief when the rate of strain changes sign; consequently, the 


(Y) 


behavior of the functions y (x, Y’) and ae) (x,y) is significant 


only in the interval O < v<t™) of the reduced tine where (aS) 


is the value of the reduced time at which the rete of strain first changes 
sign at any point on the plate. At asiven point x on the plate, the rate 
of strain changes sign at a value of Y given by @ ni) (x,v)/¢ oY 106 
It will be stated but not proved here that the rate of strain changes sign 
first at the center x =O (this behavior is illustrated in the tables); 
consequently oe is given by a nY) (0, %)/J Y =0. Thus the time 
of maximum central strain is equal to the tine at which the rate of strain 


(V) 
v Tt ok 


first changes sign anywhere, or, in short, cae = 
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Althougig?? (x,Y% is evidently discontinuous with respect to 
y for Y= 00, both y) (x,7) and nM) (x23 are analytic in 2/ for finite 
values aftr Furtheriiore, it is hoped that these functions are sc 
related to 7 that three-point interpolation with respect to (constant x 
and y) among V= 1/2, 3/2, 5/2 gives adequate accuracy for functions at 
intermediate values of Y when OS 7<4, say. The intermediate value of 
3/4 for Vis of particular interest here. In Table VII and Figure 1 
the interpolated function y(3/4) (x, Y) is presented numerically and 
graphically, respectively. This function gives the behavior of the 
plate profile (if there is no stress relief) when the plate has an initial 
velocity distribution. given by gow (x) ="@ = Pele In Table VIII 
and Figure 2 the interpolated function n(3/4) (x,y) is presented. This 
function gives the strain distribution as a function of time (if, again, 
there is no stress relief). In the case of a real plate subjectto stress 
relief, both of the functions y 3/4) and n(3/4) give the correct behavior-- 
within the approximations inherent in the general theory--of the profile 
and strain distribution up to the time of maximum central strain. 

By three-point interpolation it is found that n(3/4) = 0,0932 
and (3/4) = 9,927, 

The foregoing treatment of the structural behavior of a plastic 
plate is exact within the limits of the general theory for the special 
forms of the initial velocity distribution considered, When the initial 
velocity distribution is due to an underwater explosion, one has to treat 
a hydrodynamical problem made quite formidable by cavitation and finite 


amplitude effects, In the next section only a very crude attempt is made 
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1.0 
1.2 
1.4 
20 


1.8 


TABLE VII. - The function y(3/4) (x,9). 
Tv = ct/R 


x= r/R, 


02992 


=| 


0.9649 
9643 
964.6 
9637 
~9629 
9617 
©9607 
29591 
09571 
©9546 
©9516 
©9431 
09292 
9056 
«8647 


- 8004 
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TABLE VIII. The function h(3/4) (x,%). 
x = r/R, T= ct/R 


0.05066 0.08276 0.07308 
eK 003978 «07567 ~07096 
6 202748 06372 06705 
8 -01733 04931 -06106 

1.0 201053 203541 205281 
1.2 -00634 02411 004286 
1.4 200394, 201274 -03693 
6 200250 eO1051 202352 
1.8 .00168 200709 -01656 
2.0 00113 -00490 -01159 
3.0 00027 00114 -00261 

- 00008 -00039 -00086 
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to solve this hydrodynamical problem in conjunction with the results 
of the present section. Hence the accuracy of the structural part 

of the final results in the next section is somewhat masked by the 
uncertainties in the hydrodynamical part, perhaps thereby causing the 
results of the present section to seem overly elaborate, However, it 
is hoped that the results of the present section may be more fully .- 
utilized when a more successful attack is made upon the associated 
hydrodynamical problem. 

4. Application to danage by underwater explosions 

In this section the foregoing theory is applied to the case 
of an infinite thin plate loaded by an underwater explosion wave. It 
is assumed that the plate is backed by air, and, further, that the 
underwater pressure wave impinging upon the front surface is of suffi- 
ciently short duration to cause well-developed cavitation within a 
relatively short period of time, that is, short compared with the time 
of deformation. Under these assumptions the plate may be treated ap- 
proximately as moving freely with an initial velocity distribution 
related to the properties of the explosive, 

The problem of determining the loading from the properties 
of the explosion wave--that is, determining the actual pressure acting 
on the plate from the free field pressure in the incident wave--has not 
been solved, The problem is complicated by cavitation and in some cases 
by nonacoustical effects due to finite amplitude. In the absence of any 
solution, the procedure will be based on certain ad hoc semi-empirical 


assumptions. It is assumed that the, energy delivered to a plate element 
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is a constant fraction of the energy incident in the solid angle sub- 
tended by that element. It is also assumed that in passing from the 
explosive to a plate element the energy flux density decreases as the 
inverse square of the distance. 2/ Using this assumption and also taking 
2/ The fact that the energy-distance curve in air explosions is ap- 
proxima tely inverse square for several charge radii suggests the 
possibility of an analogous situation existing in underwater ex- 
plosions. Since the central strain depends critically only on 
the plate profile near the center (r<2R, say) it would seem 


that the assumption of inverse-square attenuation of the energy 
might be a good approximation, 


account of the oblique angle of incidence on off-center elements, one 
obtains a surface density of kinetic energy in the plate proportional 

to (R2 af r2)-3/2 where r is the radius and R is the distance between 
the charge center and the middle surface of the plate. Since the veloc- 
ity of sound in water is much greater than the velocity of transverse 
plastic waves in the plate, it is assumed that the energy can be treated 
as though it were delivered to all parts of the plate at the same 
instant. Consequently, under these assumptions the initial velocity 
distribution is given by 


(a/r) 


oe = = Die 
SE ee | OHO) =) eee (53) 


where x = r/R, y = 2/R, and Y= ct/R, the quantities z and t being the 
vertical displacement and the time, respectively. The quantity c is, 
as before, the velocity of transverse plastic waves in the plate. The 
expansion parameter O¢ will be assigned a value on the basis of the 


amount of energy delivered to the plate. Equating the fraction Yof the 
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total energy of explosion E to the initial kinetic energy of the 


plate gives the following value for o?: 


ve 


ey 
gs 7 %a,R™ (54) 


where a, is the initial thickness of the plate and or is the yield 
stress of same. 

Beyond the assumption that it is a constant, the energy 
fraction ¥ will be treated as an empirical constant. If the energy 
delivery were 100 percent efficient in each element of solid angle 
cutting the plate, y would equal 1/2, since the plate subtends a solid 
angle of 2 Trout of a maximun of 4Tf. If the energy delivery were 
50 percent efficient, corresponding roughly to utilization of only the 
primary shock-wave energy, then XY would equal 1/4, and so forth. These 
statenents are offered only as a guide in interpreting the empirical 
values of & to be obtained, 


The distribution of strains is given by 
€,= €45 a Ge =), (55) 


with given by Eq. (54), and where Cc and c are the meridional 


and circumferential strains, respectively. The function n(3/4) (x) 
is discussed and tabulated in Sec. 3. The maximuwa central strains are 
given by 


2, (3/4) 
€2€,=+ €.7 < haga (56) 


The dimensionless constant n63/4) is eoual to 0.0932. The criterion 
m 


of rupture, the principal thing of interest here, is then given by the 
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scheme: 
. > E 
Rupture: E eas 


(57) 
No Rupture: € < €E, 
nl c 


where c. is the critical rupture strain and is an intrinsic property 


of the material. Combination of “qs. (54) and (56) with the critical 


condition for rupture, Gs = Ge. leads to the result 
(e/44) ye 
\ 
ee ee g 
oe oe aa0R™ ’ (58) 


giving the conditions under which rupture just occurs. Introducing a? 
the energy per unit weight of explosive, and W, the weight of explosive, 
Eqe (58) may be rewritten: 


“2 


(2/4) Oo ao \7' R 
ee deh 6 (SE) "(R,). a 


It is of interest to determine the minimum weight W of a 
spherical charge of a given explosive causing rupture when exploding 
in contact with a plate of thickness ay and yield stress s>- In this 
case the distance Rk between the middle surface of the plate and the 


charge center is equated to the sum of the charge radius and one-half 


of the plate thickness with the result: 


1/3 
Rea ND 1/2a,, (60) 
te a) as 


where g, is the density of loading of the explosive. Substituting Eq. 


(60) into aq. (59) the desired relation between a,, o , and W is obtained 


in the form 
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Experiments on the rupture of steel plates by the contact 
explosion of loose Tetryl charges have been conducted at the David 
Taylor Model Basin, and some data obtained therefrom have been kindly 
supplied to the author wy oma Gerlach of the Bureau of Ships. 
The comparison of the results of aq. (61) with these data is restricted 
to the case of single-ply steel plates, the applicability of the theory 
to laminated plates being uncertain. The value of the energy fraction 


&, adjusted to bring Eq. (61) and experimental data into agreement as 


regards the relation between the charge weight W and the plate thickness 
G/A 


a 0.0932, &= 


ao> is used as a criterion of comparison. Using h 


1.02 kcal/gm,(for loose Tetryl), and €, = 0.25, Eq. (61) may be special- 


ized to 
aes) (\gisoc~ + 2 ae 
Ee = 4247 ain) 375 Pe * TWh > (62) 


giving y as a function of a /wi/3 and 6. In Ea. (62) and henceforth 


a, is expressed in inches, W in pounds, and 5% in pounds per square inch. 
In Table IX are tabulated values of & along with the experimental values 


of a, and W from which they were calculated. The yield stress o=% assumed 


for each kind of steel is also tabulated. 
It is seen that the values of & given in Table IX vary from 


roughly 0.1 to 0.3 in the order of increasing thickness, It might be 
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TABL& IX. - Values of the energy fraction bringing the theoretical 
and _experinental results into agreement 


A = 0.90 
2 
Plate Yield Charge Energy 
thickness, a, stress, a= weight, W fraction 
Gn) (1b} 


60,000 


100 , Q0O O19E 027 - L108 


*MS, mild steel; HTS, high tensile steel; GLS, Great Lakes steel. 
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supposed that this variation is due to cavitation; however, quantitative 
estimates of the cavitation effect based upon the Taylor cavitation time 
show no such dependence on the plate thickness. The larger values of 
x are of reasonable magnitude and thus the comparison with experiment 
may be considered a partial verification of the treatment of strain 
used fere since the alternative treatment based upon normal motion leads 
to unreasonably small values of 3 (about one-tenth as large). From the 
standpoint of predicting rupture, the theory as it stands cannot be 
considered very satisfactory. 

The theory is by no means limited to contact explosions, 
nor is it limited to infinite plates. The essential restriction on its 
application is that the charge distance and the distance from the point 
of attack to the nearest edge be so related that a transverse plastic 
wave starting from the nearest edge does not reach the point of attack 


during the rupture process. This condition may be stated in the form 


Fey 3H) = 0.927, (63) 


m 


where ris the distance to the mearest edge. 
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APPENDIX A 
DorIVATION OF Tis EQUATIONS OF MOTION OF THIN PLATES 
SUBJECT TO AXIALLY SYMMETRIC D#FORMATIONS 
In Part I, Section 2 (Eqs. (1) and (2) ), the equations of motion 
of thin plates were stated without proof. Here we give an elementary der-= 
ivation of these equations employing a procedure similar to that used by 
M. P. White2/ for the case of static equilibrium. 

We now consider the geometrical descrip-— 
tion of the deformation. Strictly speaking, the position of a particle in 
the deformed plate is described by the Euler coordinates (rf, , z ) which 
are related by a time-dependent transformation to the initial or Lagrange 
coordinates (% , $ , Zo ) of the particle. Since we consider only 
axially symmetric loading, there is no dependence on > e Since the piate 
is very thin, we shall employ the plane stress approximation, and negiect 


bending. We now write for points on the middle section, 
r=r( Tout) r 
ze ZS.) 


Holding t constant, these expressions are the parametric equation of the 
surface of the plate, Holding % constant in the above expressions we ob- 
tain the parametric equations of the trajectory of a particle whose radial 
Lagrange coordinate is r,. The radial and vertical components of the ac- 
celeration of an element of the plate are consequently denoted by (dr fat*),, 


and (072/ at’), respectively. 


Before going to the derivation of the equation of motion, we make 


the assumption that the diaphragm is sufficiently thin for the bending stresses 


1/ M. P. White, Div. 2 report, A167. 
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to be neglected in comparison with the membrane stresses, Since the former 
is proportional to the cube of the thickness while the latter is propor- 
tional to the first power, the above assumption is applicable to thin dis-— 
phragms, There is another assumption (seldom mentioned because it is ob- 
viously valid for practically all cases of interest) that the time of 
eratel of a wave front through the thickness of the diaphragm is very small 
canpared with the decay time of the incident shock wave. 

Taking advantage of the axial symmetry we consider the forces act- 
ing on an infinitesimal segnent of the circumferential strip included be- 
tween f,r+dr ,, and b+dd . We make use of the unit basis vec- 
tors ao, 7, ,W, ond © (eeacmpmpemite which are related to each other as 
follows: 


WL, an d+ Tend, 
2 (A-1) 


= a. aon. — x, wn 5 
where 39 is the angle between W and 4, and is given by 
aS = ~ ten-! (d2/dr), - (A-2) 
Before proceeding further _we assume that two of the principal stresses G7 


and do: are in the meridional ( @) and circumferential (Ex ) directions 


respectively and that the third principal stress in the normal direction 
(w ) may be neglected in comparison with the first two. The force acting 


onthe element included between r, r+dv, d , and @+d , due to cir- 
cumferential t ension is 
a => 
AF Ap =z- A, amcPac,drdg - (A-3) 
The force due to the incident pressure p is 
a (A-4) 
AT, ad = Ww act prdrdd.- 
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The force acting at fr due to meridional tension is 
ee 
$(r)dga @racag. A 


The acceleration of the element is 


— => (0? — (ez 

Gh = We 3a). + 1, 3e),. ) (A-6) 
and the mass is 

dud = wcoaprdrad. (A-7) 


Equating the total force and the product of mass and acceleration we obtain 
=? — 9 = — 
$., (rede) —G (nda dh +dS, = Qdm (A-2) 


after division by AP. 
Substituting (A-3), (A-4), (A=-5), (A-6), and (A-7) into (A-8) and 

= 
taking the vertical (4,) and meridional (2 ) components then dividing by r 


we obtain 


pa wucw &, + +, 2 (rojzane) = Be 


(A-9) 
pa weer G, — aS (raya) + aa =e 5 (A-10) 
where 
Gos 1.064 = ee ‘ (A-11) 
eee = one (2) ~ ain 9 (2m . (a 
o dtYr, 


With the aid of Eq. (A-2), the trigonometric functions of % may be expressed 


in the form 


3 
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re (2) > (A-13) 
tr we = — (A-1s) 
i) (Se) 


fhe substitution of these expressions into (A-9) and (A-10) gives Eas. (1) 
and (2) of Part I. 
To complete the derivation, we must find explicit expressions for 


G@. and Qa, . Introducing the radial displacement w= r-r, we may write 


cera ars ea (4) 


Sa),- Ber Ge), Se + (BFR (Bs) eH 
Oe, ¢* Oth drat Se 

°o % E 
in which the partial differentiations with respect to r and € are under- 
stood to be performed at constant € and r » respectively. Operating on & 


by (A-15) and (A-16) we obtain after some manipulation 


uw 
ou) ES pr 
Jt/s, i EES ) (A-17) 
r 
o*u D*u 
rea) {= 25 (A-18) 
Yr 
where 
ou : du -—'\ 
Bes 2h go ee “Oe Ce 
C= t= = Bese ar (= Ou J x (A-19) 
r 
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Inserting these results in (A=16) we get 


2 |r fonek Came es 


(\ 06%), 1- O% er (ice 
° 


The substitution of (A-20) along with (A-13) and (A-14) into (A-11) and 


(A-12) yields Eqs. (3) and (4) of Part I. 
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APPENDIX B 


DETAILS OF THE SOLUTION IN SECTION 2, PART IV 


The equation of motion (3), Part IV, to be solved is, 


(420) %a- beset) = BS , (o-) 


where 


and O is an integral operator defined by 
2 \ -V, 
OF (x6 ) = 3 Aad { x'dx'(x!*4x*- 297g ) F(x 4) F 


Eq. (B-1) is most conveniently solved by the method of Laplace transforms. 


Taking the Laplace transform of both sides, we get 


tar (i+ NO) L(x, w) - Wort So (x LG) = =ele? : (Be2) 
where 
e? t 
i (x,w)= § z(xtle “de 5 
and 


-s] 
L p(w) = A Po (¢)e-¥t At. 
If the deflection z(x,t) is expanded in a series of Bessel func- 


tions as in Eq. (5), Part Iv, 


a 
z (x,t)= = Zr Ce eres) 3) 


where J Cu) is the zero order Bessel function of «, and ke is the i-th zero 
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of J,(u) , it follows that 


oO 
L&ww)= 2 bw) dy Ckex) (39 
ry) 2 


where co 
Lew) x Se ze(t)e-“tdt. 

Substituting the expression (B-4) into Eq. (B=-2), multiplying by 

xJ,( Ke x) » and integrating with respect to x from O to 1, we obtain the 


following set of equations, 


© 
2 [035 +A.,2)w%+ 85; w? ] 4.9, (2), 0k;) Lb; (wo) (B=5) 
= “a Gh) =e, JITNA ee. 
La) So 
where 


to. = wo” ke = fi ke /> Rg, 


§.5 = 4° » ED 2 
Li iia oop) 


a 


and 


\ 
Aj w J, Ck) 5,(k;) 


as in Eq. (16), Part IV. It is apparent that A;y= Ay’. 


) 
\ x dx Tskex) © J, Ck; x ) 


It is possible to reduce the system of Eqs. (B=-5) to the standard 


form 


oO 2 
1 CB; + Betsey Uk.) le teaa) 
ee te ta (BH6) 
a2 1 Lp) 

ky Po q> 


= 


> J=%,2 88° 
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Se: +A.- 
where B:; = ae d Be; = G3 . 
J 


Let N(¢@)= ) Be; - 25; | and let De, (e) be the cofactor of the c) -th 
element of the determinant A(e). The solution of Eq. (B-6) is 
oO %-s ~ 
eG) se an pe Buel ap eae, (B-7) 
PA w© jel k 9k; Tk dA(- “e-) 


The quantity A3:/B may be expanded in a sum of partial fractions 
as follows: if A(@) has the roots p> £=1,2, ..., all of multiplicity 


one : we have 


Ae) = Ds (ee) ’ 
Ale) t= (9-2) A’(@,) 


A (@)=  Ofe)- 


Using (B-@) the solution (B-7) becomes with 6, = w,* wd 


Je 
2 2 ik 
9 Foye L p(w) Zz ww Ee <2.) 


Poo w® fo. KECK) 


Ww? (0 +f )A'( =) ee 


yes a Ceg wer Lp Cw) 
a ? 
L= 


5 E£ Gea ™s cate ) 


where 


oo oe, 
= = zke A; ( ; (B-10) 
Je 


jas k> J,Cke) N _we ) 


are 


co 
and I = i" Po lt) dt. 
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The inversion of the Laplace transform gives 


‘ = ft wt 
Zz Ce) = ( Lelw) ee?" dw 


where C+c9 


9, Ct) ma al ( Ly (wet das 


2c L Cie to + age? 


“Fre function Je (¢e) can also be written 


~ 


= , / 
5, pace, dre 
In the case of an exponential wave, 


plea eae? | és0; 


Eq. (B-12) becomes 


lig * ‘ 
sede) eee Net ca ee) ree ae (O~ uncogt)+ ance 


+ Loe ™ © * 


In this case the complete expression for z is 


Ea) 
Zs = zz) Jy (kex) 


aes acai) 


oe Rez 


where I= py.@ and q) (€) is given by (B-14). 


Cee 


t 
ge () = Ay Polt! dan we (t-e')dt’ 


(B-11) 


(B-12) 


(B=13) 


(B-14) 


(B=15) 
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APPENDIX C 


SUPPLEMENTARY DATA CONCERNING THE SOLUTION IN 
SECTION 3, PART IV 


Eq. (20), Part IV, contains several quantities which are here 


written out in expanded form. 


Nas oo) 
: 1, B..7@ ; 


A'(e)= 2e-6,-B. 


= (e-3,)+ G-e.) 5) (See C-5) 
i+ AX A (c-1) 
Ba ae oa 2 4 =O0.746 , 
GPa = en = Ayr > Bs, = 0,158 > 
' kK, ka 
Aaa 
B:.. \+ ‘ A, = 0.260 ) 
Ky = 2.405 4 Ky = 5.520 , 
(C-2) 
J,(k,) = 0.5191 , J, Ca) = 0.3403 , 
A, (9) = Base (5 
BS (6 )= jae} () == Pa, =S Se. > (C3) 


D,. (@) = 0,-@: 


The roots (3, and (2 are obtained by solving 
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A(@) = (3,49 Wie 6) =D SiG 


) (c-4) 


giving 


2 Ghd = (B,+ Eka) fs [4 (8,- Bi) + ee \'4 
r) 


ie Y (C-5) 
ort SS (G+ B,.) = hl 4 (B,,- Ba) as a 


n 


It is obvious that @, and @, are real and that G, is positive; e. is 
B,, EA 


21 22 


positive if > 0, which ean be easily verified. 


For the case of A = 2.75 (corresponding to the UERL diaphragm), 


B, = 0.528 
B,2 Bi, = 0.0328 
Bl, = 0.0563 
we/wF* =o, = 0.5286 w= 1,382.0, 


ag /ur¥* = @, = 0.5513 w* = 44305 Ww, 


It is apparent that if the nondiagonal terms B and Bl euan 
were neglected, one would obtain for the roots (, and Gas the values {3,, 
and ©, which differ little from the values actually obtained for the roots. 
Compare the numerical values given for @, and B,, » and (@, and Cz 2, above. 
This means that the interaction terms ere and Bi, cause only small pertur- 


bations in the frequencies w* and w* « The coefficients C9 are 


c 


= 2k, , (\- Baa “ LCR | 
: (@,-~,) oJ, CK) k,* Ky ? 
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_ | ee i ae. Bo 
12 G12 a.) TC) k, k> - 


ee fp BusGs 2 bias 
Cas ¥ CECORICAL k* k> | “ 


= aha (1 fu + Bu ; 
Cay : (@.-@2) Ftm) b k* ky ] 
For A = 2075 
Cia = 1.619, CH = 0.0863 , 
Cj2 = 0.01663 , Coo = 0.991 « 
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ABSTRACT 


BUCKLING INSTABILITY OF THIN CYLINDRICAL SHELLS 


By 
John M. Richerdsor#and John G. Kirkwood 


The buckling instability of thin cylindrical shells is here 
treated under static loading. The Poisson-Love theory of shells as corrected 
by Epstein is applied to the case of cylindrical shells with numerical re- 
sults that differ rather little from the von Mises treatment based upon 


the uncorrected Poisson-Love theory. 


a/ Physical Chemist, Explosives Branch, Bureau of ifines, U. S. Depart- 
ment of the Interior. 

b/ Professor of Chemistry, California Institute of Technology, Pasadena, 

California. 
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BUCKLING INSTABILITY OF THIN CYLINDRICAL SHELLS 


EXTERNAL STATIC LCADING 


1. Introduction and General Theory 


The buckling of cylindrical shells closed at both ends under 
external hydrostatic loading has been treated by von Misegt/ using the 


1/7 von Mises, Stodola Festschrift, p. 41& (1929) 


Experimental Model Basin Report 366 (1933) 
Saunders and Windenburg, A.S.M.E. Trans. vol. 53 (1931) 
Windenburg and Trilling, A.S.M.E. Trans. vol. 56 (1934) 


Poisson-Love theory of shells, Recently Epstein2/ has corrected certain 


2/ Epstein, Jour. Math, and Phys., vol. XXI, 19@, (1942) 


errors in the second-order terms in the equations of the classical theory 
of shells, They arise in part from incorrect expressions for the curva- 
tures, and in part from the premature introduction of the plane stress 
approximation into the membrane terms of the shell equations. 

It is our purpose here to develop the theory of buckling of 
cylindrical shells under static loading on the basis of the corrected 
shell equations. Although the numerical corrections to the buckling pres- 
sure are not large, it seemed to us worthwhile to present corrected tables 
and graphs. Moreover, the theory of static buckling is presented from a 
different point of view than the usual one. invisaged from the dynamical 
point of view, the condition for static buckling is found to be equivalent 
to the condition for dynamical instability for small displacements, in the 


sense that one or more of the shell frequencies become complex when the 
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critical load is exceeded. 

Although the formulation of the dynamic theory of buckling is 
somewhat more involved than that of the usual static theory and yet leads 
to the same results for static loading, it has several advantages. First, 
it may be generalized in a natural way to yield conditions of stability 
under dynamic loading. Second, it shows that the critical pressure of 
the static theory really defines the limit of stability for the structure 
under small perturbations. This is important in connection with the 


nonlinear buckling theory of von Karman, / since it shows that, even if 


3/ von Karman, Enz. d. Math. Wiss., Bd. IV, 428 (1910) 
Friedricks and Stoker, Am. Jour. Math., vol. LXIII, 839 (1941) 


static modes of buckling are possible at lower loads than the critical 
load of the linesr theory, they could only be excited by large perturbations. 
We consider a cylindrical shell of radius R, thickness a, and 
length L, closed at both ends and in equilibrium with a uniform external 
hydrostatic pressure P. ‘le denote by u, v, w the axial, circumferential, 
and inwardly directed radial components of the supplementary displacements 
produced by additional loading due to an excess pressure p(0,z, +t) where 
§ and z are cylindrical coordinates specifying position on the surface of 
the undeformed shell, and t is the time. Buckling can of course be excited 
by out-of-roundness as well as by a supplementary load. However, the 
excitation function for out-of-roundness can be regarded as an equivalent 


excess pressure. Supplementing the Evsteiné/ shell equations with the 


4/ Epstein, Work cited in footnote 2. 
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membrane term due to the uniform load P, we have the following equa- 


tions of motion for the shell excited by the excess load p, 


Sly 
or + (0,-48,)ur+ Dyauv+O,wes= ae 
ae 
ae TF Dw *O,,u + Dian EO a) 
an =e Us Wt Opn Mata pate 
2 ia iv? R 
<< £ we t Wp - pRCi-v2) g = ito a ie 


where & is the elastic modulus, wPoisson's ratio, and f?the density of 


the material of the shell. The shell operators Ds. and the buckling 


operator Bj) are given in Appendix A. In Hquations (1), terms of order 


2 
o< and 0 ed) have been neglected and will also be neglected in the ex- 


pension of determinants entering into their solution. Many of the terms 
in the #pstein operators are really redundant, since after eliminaticn 
between Equations (2) they would be found to contribute only to terms 


of higher order. 


The boundary conditions for the problem considered are satis-— 


fied by the Fourier series 


+0 © 
eee stale Gee 
+9 o 
ee BE eee 
w = a > a tor wie ei*e ; 
we-00 fr) g L 


The boundary conditions are single-valuedness of all displacements in 8, 
vanishing of w and v at cylinder ends due to support by rigid frames, and 


vanishing of the supplementary axial strain at the ends. The last 
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condition at first glance appears to limit the lub tone) to cases 
for which the supplementary pressure p vanishes on the cylinder ends. 
This limitation is actually not implied if only tne terms for the axial 
mode, A= 1, are retained in Equation (2), since in this approximation 
the equations of motion and the orthogonality of the trigonometric func- 
tions show that there is no interaction between the terms of Equations (2) 
and terms in u of the form sin (rXz/L), excited by supplementary pressure 
on the cylinder ends. It is understood that terms for n = 1 are to be 
omitted from the sums (2), since they correspond to uniform translation 
perpendicular to the axis without deformation. 

Substitution of the series (2) into Equations (1) and use of 
the orthogonality of the trigonometric functions yields for each Fourier 


component a set of Equations of the forn, 


dw. (nf) (ne) "A 
—— v (A,,- pc age we Ria Ung + eee = Pre (t) ‘ 


dt* Wo*P a 
AS (wh) (mt? (ut) 
Tee ee eet Aas yes (3) 
ca + Kea + Keo) a> avery Ay “> 
and 
Pas (€) = ae J p=.0,€) in 22) e*Pdnae, 


The matrix elements a) and c (M2) are given in Appendix A. The solu- 


tions of Equation (3) appropriate to vanishing values of the displacements 
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and velocities at the initial instant of time T = 0, are readily found to 


be (most conveniently with the aid of Laplace transforms), 


3 (ne) 
aS Wig a rs ce) 
w- = £ ; 
ne (t) —_ BN ie i Pres) an Aq (e-s)ds 5 
a ea ar . atnd) 
Sins a Toh ease . Pag (s) amar, (t-s)ds _ (4) 
3 cud) c 
Oia? . Cat) 
ag Oh Do eee J pag (s) ein Aq Ce-s Dass 
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ee SS eee 1 (ne iy Cul 
ne NOON(n) 2 he ts) = s~ eerny) ’ 
where A er is ‘ite iu mindy of tha siell frequency determinant; “A (A) 
Cnt) (ng) 
A got ieee oa 
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ROO) * art Aaa - ae Aa 5 68) 
(uk) (ne) 
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and the quantities + A (a1), P =1, 2, 3 are the six roots (assuned non- 
degenerate in Equations (4 and 5)) of the secular equation 


A 55 = 0. (7) 


Thus the ae are the ratios of the shell frequencies for the nl mode to 


the fundamental frequency Wo. From Equation (4), it is seen that a given 
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mode becomes unstable if one or more of the three frequencies ceases 
to be real. A sufficient codition for instability, under which at 


} 
least one frequency is pure imaginary, isy 


AM) (o)<o, (8) 
Thus a given mode becomes unstable when 

AG) = 0, (9) 
This is precisely the condition for static buckling, which allows the 
equilibrium equations to have nonvanishing solutions for vanishing sup- 
plementary load. Other types of dynamical instability of the shell are 
of course possible with selected values of the shell parameters, but we 
shall not examine them here. They would correspond to complex frequencies 
with nonvanishing real parts. 

When the determinant A(41)(0), Equation (6), is expanded, and 

terms of 0 («4) and 0(«* P) are dropped, it takes the relatively simple 


forn, 


ANG) = Oy). Aa - cf) . 


b= C\-v*) 


> 


cos Cute pt)* Cnr 4b pt -1) 


As (nrepr)t-ane+ ni(i- 14) n* ) 
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Buckling instability in a given shell mode occurs at a critical value of 


@ » given by eye 
d 

q) a b + ~ 5 (11) 
c = c 
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Buckling of the shell takes place in the mode which gives the least 
critical value of Gis at pressures exceeding a critical pressure Pc, 


corresponding to this value of Q. We have 


P (12) 


=a EB 
¢ Ri-v2 qd ©) 
unless EQe/(1+) exceeds the yield stress o-5 of the material of con- 
struction, in which case 
P, = ao/R. (13) 
It is found that the buckling mode corresponds to A= 1 and to a value 
of n, equal to the number of circumferential lobes excited, which in- 
creases with decreasing ratio of shell length to diameter, 
2. Tables and Graphs of the Critical Buckling Pressure and the 
Number of Lobes as _a Function of the Shell Parameters 

The buckiing pressure Pe of cylindrical shells has been calcu- 
lated as a function of the parameters a/2% and L/2R, the ratios of wall 
thickness and shell length or frame spacing to the diameter, with the use 
of Equations (10), (11), (12), and (13). The following values of Young's 
modulus, Poisson's ratio, and yield stress were employed. 

B=3 x10" p.seie 
Vi= 053 
C= 3} 38 10% PeSele 

The results are presented in numerical form in the accompanying tables 
and graph (figure 1). In the tables, the lobe zones are marked out with 
solid lines and the boundary between the plastic and elastic zones is 


indicated by a dotted line. In Figure 1, the buckling pressure Pe is 
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plotted as a function of L/2R for constant values of a/2R. The lobe 
zones are marked out with the dtted curves. 

Our buckling pressures differ but a few percent from those 
of the von Mises theory over a considerable range of shell parameters. 
Although the differcnoes awa no practical importance, we hope that 
our tabulations of the results of the theory will prove useful because 


of their comprehensiveness and convenicnes @® forn. 
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Critical Buckling Pressure 
P (pesei) 
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Critical Buckling Pressure 
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Critical Buckling Pressure 
Pi@peseie) 


0.60 9.65 0.70 9.75 9.80 6.8 9.90 9.95 1,00 


Ble 


0.00125 
g -0015 
0.0020 
§.0025 43.0 39.5 
Ge0030 69.5 
0.0035 
0.0040 

8 
0.0045 
6-005 
006 |. 360 
Q.007 
0.008 
¢.009 
0.010 600 600 
0.0125 750 750 
0.015 90U 900 
0.0175 1050 1050 
0.020 1200 1200 
0.0225 1350 1350 
0-025 1500 1500 
000275 1650 1650 
0-030 1s00 1800 1800 1800 1800 1800 1800 1800 1800 


437 


Critical Buc Pressure 
Pi(peseiie) 

a L 
2k \R el 2 83 nel 1+ 5) Onel6: Cell 7 MbleGe. | leg 
0.00125 
0.0015 
0.0020 
020025 
0.0030 33.2 3051 27.8 26:3. 25.0) || 23.2) (21.6) 20et : 
020035 5e0 = WBe2 eS «=H | 3909 33603: 3306 ©3106 ©9299 
0.0040 W260) "65.7 G11 |w57e5 0052.6 Oehe.7 Ceb.e .k3e5 | Ales 
020045 j 9725 90s0 \G5e0 |'76.2 407006. 7.66.0 9.63.0 0.60.0 S759 
0 «005 129 «20 | 109 = 100-9345 8841) 8440) 810 | 76.0 
0.2006 pos} Pies, “ayo Oeadg G.2sa) Mis as7 Riek as 
0.007 2 B00’ *+270! “-250 3.236 °5227 ein) bags” Biya) 9167 i 
0.008 iis: 382) 9.957 9938 [S3lh ¢286) B26 247 eal 
0.009 | 540 t ‘SL? 490 | 458 WML 378 35L 3323.16 
0.010 600) 9600 M6004; 4578 1527 O87 T4599) Wish Als 
0.0125 750) ©750 2750 "750 750-750 ~«750~=«C«5. 750 
0 2015 900 900 
0.0175 1050 1050 
0.020 1200 1200 
0.0225 1350 1350 
0,025 1500 1500 
0.0275 1650 1650 
0.030 1800 1800 1800 1800 1800 1800 1800 1800 i800 


13 


438 


Critical Buckling Pressure 
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APPENDIX A 
Definitions of the Operators D5; and B and the 
eS ene “(at) 
ik 11 


For the convenience of the reader we repeat here the definitions 


of the shell operators Dix and the buckling operator Baa of OSRD 37802/ 


Sia (nB) 


and the corresponding matrix elements A’. and C alah The symbols to be 


used are defined as follows: 


Symbol Definition 
x2 a /12R7 
od WRI/L 
al 1/(1-V) 
a Shell thickness 
R Mean radius of cylinder 
L Length of cylinder 
(r,8,z) Cylindrical coordinates with the origin at one end of 


the cylinder and with the z-axis coincident with the 
axis of the cylinder 


Poisson's ratio 
n,£ Defined by Eqs. (7) 
The definitions of Epstein shell operators D;, and the buckling 


operator B) are 


2 Re 92 
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Dy" tebe apa . 
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The definitions of corresponding matrix elements ae) and Cit are 
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TIME-DISPLACEMENT STUDIES OF DIAPHRAGMS DEFORMED 
BY EXPLOSIVE LOADING 


By G. E,. Hudson and C, T. Johnson 


INTRODUCTION 

The experiments, described in TMB Report 509 (10)? in 
which a thin, circular, steel diaphragm mounted in the bottom of a steel boat 
is attacked by a small charge of explosive, have been extended to a much wid- 
er range of distances between charge and diaphragm. In the meantime about 
five times as many diaphragms have been tested by the methods described, with- 
out an essential change in the technique or the apparatus. A great deal more 
information has been gained, owing as much to the more detailed and more ex- 
tended analyses of the data as to the greater number of tests. All of these 
data and analyses will be described in a subsequent TMB report. 

The aim of the present report is to furnish to other workers on dia- 
phragms a detailed time history of the motion of the diaphragms as observed in 
these more recent experiments. This description covers details of the first 
swing of the diaphragm that are not given in the previous report (10). The 
description includes an account of the subsequent motion and vibrations of 
the boat after the shock wave impinges upon it, as well as an account of the 
subsequent bulging of the diaphragm as a result of the pressure pulses emit- 
ted from the oscillating gas globe. 

Although not all details of the motion are fully understood, at- 
tempts are made at explanations of certain phases of it. Such explanations 
are presented chiefly as hypotheses to be tested by further observations and 
experiments. 


TEST APPARATUS AND PROCEDURE 

The diaphragms used in these tests were of furniture steel, having 
a yield stress o, of 43.5 x 10° pounds per square inch, and radius a of 5.125 
inches. Their uniform initial thickness ho was 0.0567 inch. Each charge 
weighed 0.8 ounce and consisted of 22 grams of tetryl plus a detonator cap. 

The diaphragms were welded at the rim to steel holding rings 1 inch 
thick, which in turn were bolted to a mounting ring, so that the combination 
was about 2 inches thick. The mounting ring was bolted to the bottom plate 
of a flat-bottomed steel boat. The bottom plate of the boat was of steel 1 
inch thick, 5 feet wide by 5 1/2 feet long. The total weight of the boat was 
about 1400 pounds. The charges were detonated in the water beneath the boat 
and on the axis of symmetry of the diaphragms, at distances varying from 5 
inches to 32 inches. All other pertinent dimensions are given in Figure 21. 


= Numbers in parenthesis indicate references at the end of this paper. 
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Figure 21 - Schematic Diagram of Underwater Explosion Apparatus 
Arranged for Streak Photography 


Observations of the motion of the diaphragms and the boat were made 
by streak photography. As explained in Reference (10) such photographs show 
the motion of spots of aluminum paint situated at various points on the dia- 
phragm and boat. One spot called the center spot was at the center of each 
diaphragm; two spots called the mid-spots were placed midway between the cen- 
ter and edge on a diameter; and two called the edge spots were painted on the 
holding ring at the extremities of the diameter on which the other spots were 
located. The film was run at various speeds up to a maximum of about 1200 
inches per second. If it was desired to obtain good resolution of the ini- 
tial motion, which lasted about 2 milliseconds, it was obtained at high film 
speeds, giving a record as shown in Figure 22a; if an overall picture of the 
motion was desired it was obtained at low film speeds, giving a record like 
that shown in Figure 22b. An intermediate speed yielded a streak photograph 
such as that in Figure 22c. 


MOTION OF DIAPHRAGM AND HOLDING RING 

When the shock wave from a charge reaches a diaphragm it imparts to 
the diaphragm and the holding ring an initial velocity normal to the original 
plane of the diaphragm. As far as can be determined from the streak pictures 
with the present limit of resolution the action appears to be impulsive. When 
the charge is sufficiently far from the diaphragm, that is, when its distance 
exceeds 8 to 10 inches or one diameter, the shock wave reaches all parts of 
the diaphragm at about the same instant, so that the initial velocity of the 
diaphragm material is practically uniform. Except for the material near the 
edge, which is jerked to rest almost immediately, the diaphragm seems to be- 
have initially quite like a free plate. 
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Figure 22a - High-Speed Streak Photograph 
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Figure 22b - Low-Speed Streak Photograph 
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Water as Cavitation Closes 
Figure 22c - Medium-Speed Streak Photograph 


More than three spots were painted on the diaphragm to show more clearly 
the transit of the bending wave. 


Figure 22 - Typical Streak Photographs of Motion of Diaphragms 


it 
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The diaphragm velocities observed vary from about 4.1 x 10° inches 
per second at a charge distance of 5 inches to 0.64 x 10° inches per second 
at a charge distance of 32 inches. On the other hand, the initial velocities 
of the edge spots were much lower, varying from about 0.6 x 10° inches per 
second to 0.1 x 10% inches per second over the same range of charge distance. 

If the actual distance from the charge to a diaphragm spot is mul- 
tiplied by the observed initial velocity of that spot, a constant is obtained 
which is independent of the charge distance. This may be expressed by the 
relation 

v= 20:48 inches per millisecond 
where v is the velocity of the spot under consideration and d is the distance 
of the charge from that spot in inches. The dimensions of the numerical co- 
efficient is inches® per millisecond. The product of the edge spot veloci- 
ties vp, by their respective charge distances is also independent of the 
charge distance. This is expressed by the relation 


Up = 2; inches per millisecond 
E 


where the subscript E indicates that the quantities refer specifically to the 
edge spots. The dimensions of the numerical coefficient is inches® per mil- 
lisecond. The root mean square deviation from the mean of these constants is 
+ 1.41 inches? per millisecond for the diaphragm spots and + 0.50 inches® per 
millisecond for the edge spots. 

A theoretical calculation* based on the theory of the behavior of a 
free plate, developed by Kennard (11), leads to the values 


17.26 inches® per millisecond 


and 
2.63 inches® per millisecond 


for the diaphragm constant and the edge constant respectively. The reason 
for the discrepancy between these values and those obtained from the streak 
photographs is not evident. The differences appear to be larger than the 
experimental error. 


* In this calculation, the assumption is made that cavitation occurs as soon as the pressure in the 


water drops to zero. The incident pressure wave is assumed to be described by the formula 


p= x 10° pounds per square inch 


where ¢t is in microseconds and d is in inches. The numerical coefficients in this formula are calcu- 
lated on a similarity basis from the peak pressure and time constants, measured by Dr. M. Shapiro of 
the Taylor Model Basin staff, for 27.2 grams of tetryl at 3 feet (12). 
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Diaphragm | millisecond 


after Initiation of Motion 
The diaphragm bulges outward at time ty, possibly 


A . : = h t Time ft 
due to impulse received when cavitation closes up. Diaphragm at Time t, 


The bending wave reaches center and all motion 
ceases temporarily. 


Diaphragm at Time f, 


Bending Wave 


Diaphragm at Time to 


The jerky motion of material appeers in the flat 
central region of the diaphragm, shown by broken 
lines, possibly due to vibrations in a layer of 
water left on undersurface of diaphragm. 


Bending Wave 
Diaphragm at Time t, 


Bending Wave 


Diaphragm at Time i 


Diaphragm at Initia: 
| Instant of Motion 


The diaphragm acquires uniform initial velocity. | 
Cavitation takes place between reflected shock Bia) STIs ONS moval air oPoTaiG rows 
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Ss Reflected Shock Wave 


Figure 23 - Various Stages of Motion of a Diaphragm 


As soon as the diaphragm begins to move, a bending wave, carrying 
the news of the retarding presence of the edge, travels radially inward to- 
ward the center, as in Figure 23. The material in the central region of the 
diaphragm, interior to this bending wave, continues to move with almost its 
initial uniform velocity until the wave reaches it. Near the center a small 
but definite jerking motion is superimposed on this velocity, as seen in the 
typical displacement-time curves in Figures 24a and 24b, of the center spots 
on the diaphragms. In general, there seem to be four separate pauses, occur- 
ring at times t,, t,', t,", and ¢,. The material in the central region re- 
gains sufficient velocity, after times t, and aan and in about one-half to 
two-thirds of the cases after time t, , to more than make up for the velocity 
lost at these times. That is, in this region up to time t,', and in about 


450 32 


Slope equals Initial y Slope equals Initial 
Impulsive Velocity Impulsive Velocit A 
pie raid ae : ER <2 
= Z x rr) 3 my pA 
E C, E Zo Pane ae igre a 
| oO ' | | 
oa | oO 
3 | rae = | 
S 
& | | Y @ | ar 
a | | | a) \ | 
| | | | | 
i | 1 ! | 
ie) to My ty t, to 10) US if to Up Wp 
Time Time 


Figure 24a — An Idealized Displacement-Time Curve Figure 24b - An Idealized Displacement—Time Curve 
of the Center of a Diaphragm of the U-Class of the Center of a Diaphragm of the L-Class 


The existence of the pause at time t, is uncertain. 


Figure 24 - Typical Displacement-Time Curves of Center Spots 
on the Diaphragms 


one-half to two-thirds of the cases up to time t, the overall displacement 
is about what it would have been if the jerking motion had not been present. 
At time t, the bending wave reaches the center, as illustrated in Figure 23, 
which then comes to rest or undergoes a slight elastic return. 

There appear to be two different modes of vibration in the dia- 
phragms. This divides the diaphragms into two classes corresponding to these 
modes of vibration. In the first class, referred to as the upper or U-class, 
the diaphragms regain at the time t, the entire displacement lost during the 
pauses, as shown in Figure 24a. In the other class, referred to as the lower 
or L-class, the lost deflection is not fully regained as in Figure 24b, and 
the deflection at the center is less than if the motion had continued at 4a 
uniform rate. The origin of the jerking motion in the flat central region 
is not known, nor is it known why there seem to be two different modes of 
this type. One suggestion* is that the jerking is due to a pressure wave re- 
flected back and forth between the central area of the diaphragm and a cavi- 
tated region in the water. In other words it may be caused by vibrations in 
a layer of water left on the undersurface of the diaphragm as it is displaced. 

Figures 25, 26, and 27 show the variation with charge distance of 
the measured times t,’, t,’, and ¢, respectively. Tne data on t, were too 
meager and difficult to measure to indicate any significant variation with 
distance. The measurements which were made, however, give an average for fo 
of about 0.12 millisecond. The time t, decreases slightly from 0.2 milli- 
second at a charge distance of 8 inches to about 0.16 millisecond at a charge 
distance of 13 inches. At greater charge distances this value remains prac- 
tically unchanged. 


This suggestion was first made to the writer in a discussion with Dr. P. Fye of the Woods Hole 
Oceanographic Institution. 


Figure 25 


Figure 26 


Figure 
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This is the swing time of the diaphragm. 
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First evidence of the separation of the data into two groups ap- 
pears in the graph of t,” in Figure 26, which consists of two branches. The 
U-branch is practically rectilinear, extending from 0.30 millisecond at / 
inches to 0.34 millisecond at a charge distance of 18 inches. The L-branch 
is also linear with charge distance and extends from 0.24 millisecond at 12 
inches to 0.275 millisecond at 32 inches charge distance. The two groups 
are separated still farther in the t,-graphs, Figure 2/7. The U-branch is 
rectilinear and extends from 0.49 millisecond at 7 inches to 0.6 millisecond 
at 18 inches. The L-branch exhibits a slight tendency to depart from linear- 
ity. It extends from 0.435 millisecond at a charge distance of 12 inches to 
about 0.56 millisecond at 32 inches, with considerable scatter in the data. 

The fact that t,, frequently referred to as the swing time of the 
diaphragms, is not constant, but seems to increase slowly with charge dis- 
tance in both the U and the L groups, is probably a combined result of many 
separate effects. The major part of this variation, however, may very likely 
be ascribed to the increase in plastic stress due to increased strain rates 
at shorter charge distances. The result of this increase in stress would be 
to increase the velocity of the bending wave, thereby cutting down its time 
of transit from edge to center. 

At time t, the diaphragm appears to be almost conical in shape. The 
departure from a cone may be attributed, in part at least, to the strain-rate 


Zo ; Central Deflection in inches 
| 
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Figure 28 - Central Deflection Zc, at the Time of Arrival 
of the Bending Wave from the Edge 


Note that, at a charge distance of 6 inches, the deflection is large because the center has received 
the blow caused by closing up of cavitation before the bending wave arrives. 
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effect mentioned in the previous para- 


graph. The central deflection Z,, at ++I millisecond 
this time, varies from 1.2 inch at a 


charge distance of 7 inches to 0.26 Bending Wave Cents seo 
Reaches Center 


inch at a charge distance of 32 inches. 
Z-, is plotted in Figure 28 and shows 
the characteristic splitting into a 

U- and L-graph. 

The splitting is not quite 
as obvious in the graphs of central 
deflection against charge distance as 
it is in the graphs of time against 
charge distance. However, it should 
be emphasized that the double-branch 
phenomenon is not due simply to a ran- 
dom scatter. This is quite clear from 


Bending Wave Bulging Possibly Due to 
an examination of the displacement- Traveling Inward Cavitation Glosing Up 


time curves. Moreover, the diaphragms 
which appear in the U-branch of one 

This record was traced from a photograph. It 
graph also appear in the U-branch of shows the bending wave traveling to the center 


the other graphs. The same statement of the diaphragm, and the effect of the blow 
received at the center as cavitation closes. 


Figure 29 - An Enlarged Streak Record 


applies to the diaphragms of the 
L-class. 

Just before, or, more frequently, a few tenths of a millisecond 
after the time t, at which the bending wave reaches the center, an additional 
impulse is received by the diaphragm. This takes the appearance, as in Fig- 
ure 29, of a sharp increase in velocity near the center, which region has al- 
ready come to rest when the charge distance exceeds / inches. The impulse is 
accompanied by‘a bulging of the outer portions of the diaphragm. This phe- 
nomenon is thought to be due to a kind of water-hammer effect when the cavi- 
tation in the water closes up under the influence of the pressures in the 
tail of the shock wave. The time t, of occurrence of the blow at the center 
is plotted in Figure 30 which again exhibits the splitting of the data into 
the two groups, U and L. The trends are quite definite in this graph and 
show, as the charge distance is increased, a comparatively rapid increase in 
the time at which the blow is received. 

At about 1.1 millisecond after the initiation of the motion, the 
diaphragm finally comes to rest relative to the holding ring save for a 
slight elastic motion of very small amplitude. The central deflection Zo5 
at this time t, is shown in Figure 31 plotted against charge distance. The 
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Figure 30 - Time t, Plotted against Charge Distance 


to is the time at which an additional blow is received at the center of the diaphragm. This blow 
is supposedly caused by the closing up of the cavitated region in the water. 


, Central Deflection in inches 


Z 
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Figure 31 - The Central Deflection Z,, after the Cavitation Blow Has Been 
Received and the Diaphragm Has Reached Its Maximum Deflection 
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Figure 32 - The Central Deflection after the Diaphragm Has 
Returned Elastically from the Maximum Deflection Zc, 


separation into two groups is still in evidence in this graph. The effect of 
the water-hammer blow is also evident if the graph is compared with that of 
Ze.» Figure 28. The deflection has increased to about 2.25 inches at a charge 
distance of 7 inches, an increase of about 1 inch relative to the U-branch of 
Figure 28. At 32 inches the deflections are 0.29 inch in Figure 31 and 0.26 
inch in Figure 28. The elastic return somewhat decreases these central de- 
flections, as shown by the curves of Figure 32 in which the central deflec- 
tion Z;,, observed about 2 or 3 milliseconds after the initiation of the mo- 
tion, is plotted against charge distance. 

The displacement of the diaphragm thus far has been described rela- 
tive to the holding ring which is bolted to the mounting ring in the bottom 
of the boat. The streak pictures show that the motion of the holding ring 
is as follows: On the impact of the shock wave it is given an initial veloc- 
ity upward, as discussed previously, on which there is superimposed a damped 
vibratory motion of large amplitude having a frequency of about 60 cycles per 
second. This frequency agrees roughly with that calculated for the free vi- 
bration of a rectangular plate of the same dimensions as the bottom of the 
boat. The holding ring and part, at least, of the bottom of the boat to 
which it is attached jump to a height of about 2.8 inches when the charge is 
fired 20 inches from the diaphragm. The holding ring is then accelerated 
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Figure 22b - Low-Speed Streak Photograph 


downward, presumably under the influence of gravity and air pressure, and re- 
turns to the original level at about 75 milliseconds. 

Simultaneously with this return of the holding ring, the diaphragm 
receives another blow which appears to be not quite so impulsive in nature 
yet strong enough under the proper conditions to do considerably more damage 
to the diaphragm. This contributes the major part of the "C-phase" damage, 
inferred in Reference (10). Indeed, at charge distances less than 18 inches, 
the diaphragms invariably rupture during the application of this second blow. 
Because the time interval between the initiation of the motion and the second 
blow agrees so closely with the period of oscillation of the explosion-gas 
globe, it seems quite probable that the increase in damage is due mainly to 
the pressure wave sent out from the gas globe on recompression. It is also 
quite possible that the return of the boat to the water level just in time 
to receive the second pressure pulse might fortuitously have increased its 
damaging effect. That is, the results obtained in tests of this kind almost 
certainly depend upon the nature of the supporting structures. 

That little, if any, work is done on a diaphragm in the time inter- 
val between 2 milliseconds after the initiation of the motion and the time t, 
75 milliseconds later just before it receives the second blow is evident from 
comparison of the central deflections Zoss measured at the latter time and 
plotted in Figure 33, with the central deflections Z,, shown in Figure 32. 

It is found possible to measure the central deflections Zc. of a few of the 
unruptured diaphragms after the second blow. These are plotted in Figure 34; 
because of the paucity of data and because of the screening effect of the sec- 
ond blow, the data are not separated into two branches. 

After the tests were completed the diaphragms were cut from the 
holding rings and their profiles were drawn. Measurements on these yielded 
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Figure 33 - Central Deflection Just before Arrival of the Second Pulse 
Caused by the Globe Oscillations 


Compare with Figure 32. 


3.0 ——— 
c if T 7 a eee | 
z 
2 
= | 
3 2.0 aul ah De 
=£ Ruptured 
ee \° 
coe \ 
o£ 19 | ‘ = — 
wo IS ee 
Ke SS 
(e) I es Se 
4 8 12 16 20 24 28 32 


d,, Charge Distance in inches 


Figure 34 - Central Deflection Just after the Second Pulse, 
from the Gas-Globe Oscillations, Has Done Its Damage 


the final central deflections Zep plotted in Figure 35. For the ruptured 
diaphragms, estimates of the central deflections were made by assuming par- 
abolic shapes in the torn central region. These doubtful deflection values 
are distinguished by plotting them as crosses. Of course, there is consider- 
able scatter among these latter points, but the break in the curve at the 
critical rupture distance is quite clear. Little damage is done to the dia- 
phragms after the second blow, as can be verified by comparing Figure 35 with 
Figure 34, 
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Figure 35 - Final Central Deflection Zcp As Measured 
from the Diaphragm Profiles ° 


The crosses denote estimated central deflection of the ruptured diaphragms. The curve through 
the unruptured diaphragms agrees well with that of Figure 34. 


It may be noted from Figure 22b that the 60-cycle vibrations of the 
bottom plate of the boat are again excited by the second blow, and again by 
the third blow. This can be verified by an inspection of the streak photo- 
graph. The time interval between the second and the third blows has been 
measured and found to be about 58 milliseconds, which is shorter than the 
interval between the first and the second blows. This probably results from 
the shortened period of oscillation of the gas globe as it loses some of its 
energy in the successive pressure waves emitted during its compression phases. 
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Figure 22b - Low-Speed Streak Photograph 
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The radial displacement-time curves of the particles in the dia- 
phragm have not yet been studied This experimental investigation will be 
made as soon as the requisite apparatus becomes available. It should furnish 
information about the thinning of the diaphragm during the deformation and 
therefore about the all-important question of rupture by underwater attack. 
Incidental to this study, considerable light may be shed on the interesting 
jerking motion of the material in the center of the diaphragm. 


CONCLUSIONS 

The observations described in this report bear out in detail the 
hypothesis put forth in Reference (10) that the C-phase pressures are effec- 
tive in producing damage when the charge distance is less than a certain 
eritical one. Moreover, quantitative evidence supports the contentions of 
(10) that (a) the pressures between the closing up of cavitation and the 
second blow do little damage, and (b) the initial impulsive velocities of 
parts of the diaphragm are proportional to the inverse first power of their 
distances from the charge. That is, the initial kinetic energy of the dia- 
phragm at the larger charge distances is roughly proportional to the solid 
angle subtended by the diaphragm at the charge. 
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Abstract. 


A technique is described for high speed cine-photography of the phenomena which take place 
when small explosive charges are fired under water. At the same time, the explosive pressures 
are recorded by piezo-electric technique. Pressure records are obtained for a period of 
60 milliseccnds, and high speed photographs are taken by means of a 16 mm, Fastax camera at speeds 
up to 4,000 frames/second. At the maximum speed, a cine record in black and white or colour is 
obtained for 2 period of 80 milliseconds. The layout of equipment is described, and details of 
time marking and sequence timing arrangements are given. 


Introduction. 


in studying phenomena associated with the detonation of small explosive charges under 
water, the problem arose of taking motion pictures of an area 3 feet 6 inches square through nine 
feat of water at speeds up to 4,000 frames/second. The illumination of limited areas for this 
purpose may readily be provided by means of continous light sources, but the power requirements 
are considerable if the area to be photcgraphed is extensive. (Calculations show-d that in this 
imstance, colour photography would require about 1,907 k.w. of protofluod lichting, which was 
cleirly impracticable2). 


High intensities of illumination may, however, be provided for limited periods Sy means 
of photoflash bulbs (1), (2), (3), znd the techniaue which is described is based upon this 
principle. Photographs are t2ken simultincously of phenomena above and below the water surface. 
The equipment has been design:d so %S to synchronize the photogr=phy with other metheds of 
recording. 


The photographs cover 2 period of 90 milliseconds at maximum. speed, and therefore give 
the general history of the explosion phenomena; most information is obtained by projecting the 
records as a film at normal speed. From a study of the film it is possible to decide at which 
points more detail and time resolution ara required; the detailed study is then carried out by 
taking microsecond flash photographs at suitable times from the instant of detonation. 


Water treatment. 

Experiments have been carried out in a cylindrical tank of diameter 12 feet and depth 
8 feet around which has been built a laboratory to provide cover over the tank itself and 
accommodation for control and recording equipment. 

Water clarity is maintaincd by careful exclusion of dust and continuous filtration (the 
filter handles cne tank volume per Gay). An alkalinity of pH.8 is maintained by the addition 
of sodium carbenate (about 6 g of the anhydrous salt per day). The addition of 0.6 g potash alum 
per day then ensures cozgulation of suspended matter and its removal by the filter. 


Photographic equipment. 


Camera. 


The Western Electric 16 mm, Fastax camera has been used, ThiS camera has a maximum Speed 
of 4,000 frames/second, the exposure time then being 80 micro zzconds. 


Two modifications have been found desi rable, The lens provided by the makers(of focal 
length 2 inches) does not give 2 sufficiently large field of view. It has therefore been replaced 
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by a Dallmeyer ‘Reverse Telephoto’ lens which has an effective focal length of 1 inch, The 
comparatively large distance of 2 inches from the rear component te the focal plane makes it 
possible to use this lens in spite of the space ocoupied by the rotating glass block which is 
a feature of the camera. 


No time marker is available with the camera as manufactured. A crater tube (Sylvania 
Type R, 1130.8) has therefore been inst2lled to operate at a tuning fork controlled frequency of 
5 kc/s. The light is focussed, by means of a small mirror and lens, on to the film on the 
sprocket wheel in the sp2ce between the perforations and the cdge of the film. The arrangement 
is shown in Figure 2. 


Light source, 


Light is provided by firing a sequence of flash bulbs, the wirefilled type being used in 
preference to those with foil fillings The advantages are that, with the wirc-filled variety, the 
time interval between the application of voltage and maximum light cutput is constant within closc 
limits; the percentage of bulbs which fail to fire is very small; the bulbs do not fire 
sympathetically and may thus be mounted compactly in groups without the use of partitions. They 
are, moreover, robust, and able to resist cxplosive Shock, 


Reflector units have been built to take twelve or twenty-four bulbs which are fired at 
Intervals of 16 milliseconds. Their light outputs overlap to give an even illumination throughout 
the sequence, 


Provision is made for firing a maximum number of 192 bulbs in groups over periods varying 
from 80 to 320 milliseconds. The following formula, derived experimentally, gives the number of 
flash bulbs required (bulbs used being Philips P.F. 56 With an output of 56,000 lumen seconds) := 


12 g2 5 0/10 


30 Z 
where f is the lens aperaturc. 
d is the distance from the light source to the subject in fect. 
D is the water path in feet traverscd by the light between light source and camera, 


S is the specd of the camera in thousands of frames/second (with the Fastex camer2 the 
exposure time is approximately one third the time per frame). 


Z is a factor which varies inverscly with thc speed of the film used and hasa value of 
unity for Kodachrome. 


N is the nunber of bulbs in cach group, the number of groups being determined by the 
length of record required. 


Photog raphic layout. 


The layout is shown in Figure 1, The camera is mounted with its axis running vertically 
through the centre of 4 Inch plate glass window in the bottan of a brass box, (the waterscope). 
The function of the waterscope is te eliminate optical distortion by the water surface. A mirror 
is arranged beneath the waterscope at an angle of about 45° to the vertical, the depth and angle 
of the mirror both being adjustable. A surface silvered mirror is introduced between the camera 
and waterscope when photographs xbove the water surface are required. 


Photography is carried aut by reflected light against a black background. The reflector 
units are clipped on to vertical poles which may be withdrawn from the water in order to change 
the bulbs. No waterproofing is provided as the bulbs operate quite satisfactorily under water. 


The explosive charge, a 15 grain etectric detonator, is supported upon stiff wires which 
serve also as firing lead. Orange and green coloured cable is used so that the colour rendering 
may be checked in colour films. 


Pressure recording. 


Shock wave pressures are recorded for a period of 60 milliseconds by piezo-electric 
technique. Two 4 inch diameter tourmaline crystal gauges are connected to amplifiers and the 
pressures recorded by %n oscilloscope and drum camera, 


Time seooe 
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Time marking is provided by means of 4 crater tube operating in parallel with the tube 
in the Fastax canera, The two records are synchronized by interrupting the timing traces for 
0,2 milliseconds about 16 milliseconds after firing the charge. 


in order to facilitate cenparison cf pressure records, the drum camera speed is adjusted 
to 750 repem, beforc th. Fastax camera is started, the spevd being checked as follows:— 
a radial line painted upon the driving pulley of the drum is illuminated by means of a neon 
stroboscope operating at a tuning fork controlled frequency of fifty flashes por second. When 
the drum is running at 750 r.p.em. the line is seen as across. The charge is fired when the 


cross appears stationary. 


Sequence timing. 
Sequence of events. 


The technique of timing the photographic and pressure records is influenced by features 
of the design of the oscillograph recording camera which will first be described with the aid of 
Figure 2. The film is wrapped around a drum 7 feet in circumference, the ends of the film being 
threaded through a slot in the periphery of the drum and held in place by means of a wedge, 
Exposure of the film during one revolution of the drum is regulated by the shutter S (Figure 2). 
The shutter consists of a brass plate, constrained to fall vertically, a slot in the plate 
permitting 2xposure of the film as the shutter passes the gate in the body of the camera, 


The shutter is released by the electromagnetic trigger T at such a timc that exposure of 
the film begins a few inches after the join in the film has passed the gate, Timing is effected 
by means of thc contactor C mountcd on the spindle of the camera drum, the angular position of 
the contactor segment being adjustable with respect to the position of the join in the film. 


Th whole scquence will now be made clear by Figures 2 and 3. The drum camera is first 
run up to speed. When the specd is stcudy at 750 r.p.m. the Fastax camera is started; thereafter 
timing is regulated by two circuits. The first, a simple delay circuit, governs the time of 
firing the charge relative to the start of the Fastax camera. Contacts are closed at a 
predetermined time after the start of the camera. (This circuit is mot required in cameras such 
as the Eastman High-speed camera, which incorporates 4 mechanical switching device). 


This closure completes the circuit to the contactor C, When the contactor segment reaches 
the brush, the second control circuit is set in operation. Details of this circuit, which is 
built around * Post Office uniselector, are given below. On receipt of the signal from the 
contactor, relays are operated which allow the uniselcctor to perform one cycle, 


The cycle is performed in twenty-five steps at intervals of 16 milliseconds, The flash 
bulbs are fircd on step number 2 and on subsequent steps. (The number of steps used depends upon 
the length of record required). 


A signal is supplied to the circuit which operates the drum camera Shutter on step number 1, 
The charge is fired on step number 4, On step number 5 a Synchronization pulse is injected into 
the time marker suply. 


Contro’ circuit. 


This circuit is designed (1) to time the opening of the shutter in the drum camera used in 
pressure recording, (2) to provide a synchronization pulse to the time markers on the Fastax and 
and drum cameras, (3) to fire a sequence of photoflash bulbs and (4) to fire the charge. These 
operations are performed by a Post Office uniselector (Type 42A). The remainder of the circuit 
Starts the uniselector at the appropriate time, ensures that it performs onc cycle only, and permits 
the testing of the uniselector without firing thc flash bulbs. 


The circuit is shown in Figure 4; it is operated by connecting the terminal marked "start" 
to the negative side of the 110 volt supply. The duration of this contact may be either prolonged 
or as short as a few milliseconds, In either case, the uniselector perfamms one cycle and then 
Stops. If the switch S is in the open position, the circuit resets itself automatically when 
the starting contact is removed, When the switch S is closed, the circuit must be re-set by hand 
before another cycle is performed, 


This feature (hand re-set) is necessitated by the nature of the contact which operates the 


circuit in practice. As has becn mentioned this circuit is started by the rotary contactor on 
the drum camcr2. Consequently, once the circuit to this contactor has been made, impulses of 
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about 2 milliseconds duration are repeated at intervals of 80 milliseconds — once for each 
revolution of the drum, With automatic re-setting between impulses the unis2lector would operate 
repeatedly with consequent damage. 


The control circuit must thus fulfil two conditions: (1) it must operate on a short 
duration starting pulse and (2) it must then provide power to the uniselector fer a long enough 
period to make one step. After this the uniselector takes control. The power supply must, 
however, be removed before the completion of the whole cycle in order to avoid the initiation 
of a further cycle. 


The first conditian is achieved by the rapid closure of the double wound Relay X 
(Figure 4). This relay is energised initially on a voltage of 110 volts through the contacts 
X, which are normally closcd. This permits a surge of current to flow until operation of the 
relay opens the contacts X,. Relay X is then maintained by the reduced current which flows 
through the series resistor k,. Under these conditions the operation of relay X is sufficiently 
rapid te respmd to the starting pulse (which is of duration 2 milliseconds). 


The relay is also maintained by the operation of contacts xX, which connect the second 
exciting coil of the relay to the negative end of the supply through the switch S (which is shown 
closed in the position for "hand reset"). 


The operation of the contacts X, completes the circuit to the driving magnet M of the 
uniselector through the first wiper Wy and the single contact on which the wiper normally rests. 
After the first step the wiper gains contacts with the “homing" arc H. The driving current 
through the magnet M and the self drive contacts Dr is then maintained until the uniselector has 
completed a cycle of 25 steps. The wiper W, then comes to rest again on the single contact 
mentioned above, 


By this time, the circuit to the positive end of the supply must ve broken if a second 
cycle is to be avoided, This is brought about by the contacts Y,. Relay Y is operated by the 
closure of the cmtacts Xo It is loaded with a capacitor C, anc supplied through the resistor 
Ry and therefore clos2s relatively Slowly. Consequently, current is supplied to the driving 
magnet of the uniSelectcr during the interval between the operation of relays X and Y. This 
interval is adjusted, ty choice of the values of R, and C,, and is just sufficiently long for 


ji : 4 2 
the wiper Wy to gain contact with the “homing” are H. 


Operation of relay Y also causes the contacts Y5 to open. The circuit may therefore be 
re-set by opening and closing the switch S. This de-energises relay X which in turn breaks the 
supply to relay Ys Relay Y is then maintained for a short time by Cy, So that the contacts x 
open before Yy recloses and re-setting does not initiate another cycle. The contacts Xo also 
operate 2 pilot lamp which is alight when relay X is not energised, i.e. when the circuit is ready 
for operation. 


i 


Autagnatic re-setting is arranged by leaving the switch S open. Operation of relay Y causes 
the contacts Y, to open. Relay X is de-energised at this stage or when the starting contacts are 
opened if this should occur later. This in turn de-energises relay Y and leaves the circuit ready 
for operation. 


Contacts 2 to 23 inclusive en the second bank of the uniselector are brought out to 
socket to which the reflector units are plugged. Arrangements are made to fire the bulbs on 
contacts. 2 to 6, 2 to 12 or 2 to 23. 


Provision is made for testing the control unit and checking the speed of the uniselector 
without firing the flash bulbs, Ky and K, are contacts on a non-locking test key. Closure of 
Ky maintains the uniselector for as many cycles as are desired, Relay Z operates when Ky is 
closed and is maintained via contacts 2, and the homing arc until the end of the cycle during 
which K5 is opened. The contacts Z, break the circuit to the flash bulbs which consequently do 
not fire during testing. The pilot lamp P, is wired so as to light once per cycle as Wiper No. 4 
passes over the last 4 contacts of the bank, 


The: speed of the uniselector is centrolled by means of the vairable resister R.6. 
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Results. 


Typical photographs from a high speed cine record are given in Figure 5. These show 
the water phenomena associatcd with the detonation of small charges below the water surface. 
In Cach case the lower portion of the picture Shows the bubble formed in the water by the 
products of the explosion. The upper portion shows the formation of the surface phenomena 
typical of an underwater explosions 
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PRELIMINARY STATIC TEST OF A BOX MODEL TARGET PLATE 


E. N. Fox. 
May 1943 
* * * * * * * * * 
Summary. 
(1) Results are given of a static test on a Box Model target plate subjected to 


uniformly distributed lateral pressure. 


(2) The shape of the deflected plate is in reasonable agreement with that expected 
theoretically on the assumption, as made by Professor G. |. Taylor in the report 
"The distortion under pressure of a diaphragm which is clamped along its edge 
and stressed beyond the elastic limit" (hereafter called report A), of uniform 
stress in the plate. The load-deflection curve is also im reasonable agreement 
with the theory of report A if, due to strain hardening, the uniform stress in 
the plate is assumed to increase as the deflection increases with pressure. 


(3) Permanent strains, as measured along the centre lines, were greater near the 
edges than at the centre. This result is attributed mainly to the influence of 
strain hardening. 


Introductory Note. 


The test described in this report was of an exploratory nature carried out with restricted 
facilities and Doth tne accuracy and scope of the measurements were necessarily limited. 


Since it has not yet been possible to carry out a more comprehensive trial it is thought 
that the results obtained in this preliminary test are of sufficient interest to warrant the present 
report. 


Arrangements for trial. 


The Box Mode) used for the test was of welded construction built by M.C.0. Portsmouth 
immediately prior to the test and since used for explosion trials in conjunction with the older 
Models of similar design but of riveted construction. 


The Model is essentially a rectangular box open at one face aroynd which an external angle 
section forms a flange to which the mila stecl target plate (5 1bs./square feet nominal poundage) 
was fastened by bolts passing through a flat clamping plate of the same width (6 inches) as the 
flange. Views of the model, taken after the test, are shown in Plates 1 to 4, 


The Model was rested on its back with target plate horizonta? and is shown in Plate 1 without 
Clamping frame but with the arrangement devised by M.C.0. Portsmouth for measuring deflections 
during the trial. This arrangement cohsists of nine wooden rods, of square section with pointed 
lower end, constrained to move vertically by quiding holes in the channel frames seen in Plate 1. 
These rods were marxed off on one face with scales to qth inch, readings of which were taken where 
they were crossed, for each group of three rods, by a thin thread stretched horizontally between 
the vertical angle sections supporting the overhead channels. These threads (not shown in Plate 1) 
were not quite touching the rods to ensure their not moving with the rods and the scales were read 
Guring the test by tne use of binoculars at a short distance from the Model. This latter arrangement 
was adopted as a safety precaution since it was not known prior to the test at what pressure or in 
what manner the plate would fail. No difficulty was experienced in reading the scales 
to the nearest marking, i.e. to wth inch, by this method. 
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Tne Mode) was filled with water and connected to a hydraulic supply, the pressure so applied 
being measured by a gauge connected to the Model at the hole marked X in Plate 1. This gauge 
read up to 260 1bs./square inch in 5 lbs./square inch intervals while an additional gauge, reading 
to 650 1bs./square inch in intervals of 10 lbs./square inch, was connected to the inflow pipe at 
a distance of about 10 feet from the Model. There was no significant difference between the 
readings given by the two gauges. 


In addition to readings taken during the trial by the preceding method, measurements of 
permanent deflection after the trial were taken at the points on the plate indicated in Figure 1 
and Table 2. 


Measurements of final pull-in at the edjes were also taken as indicated in Figure 2 and 
Table 4 while measurements of permanent strain were made along the centre lines DD,, Ll, (Figure 1) 
by taking strain rubbings, before and after trial, of centre punch marks spaced at approximately 
1 inch intervals. 


Description of trial. 


It was intended prior to the trial that the pressure should be increased in stages, at the 
end of each stage the pressure being held constant while the deflection scales were read. This 
procedure was adopted for the pressures shown in Table 1 up to and including 120 1bs./square inch 
but at this latter pressure a slight leak developed at the edge fixings and it became difficult to 
maintain the pressure at a steady value. An immediate decision was accordingly made to continue 
the trial by increasing the pressure slowly and to concentrate on reading the central deflection 
scale only, In this way the central deflections shown in Table 1 for pressure above 12C 1bs./ 
square inch were recorded. It should be noted that in this second stage the centra} deflection 
increased by less than 6 inches in a matter of minutes so that any inertia resistance offered by 
the plate was completely negligible compared with the applied pressure. 


At a pressure of 275 lbs./square inch the trial ceased abruptly by shearing of a clamping 
bolt in the middle of a long side and with water issuing rapidly at this point the pressure dropped 
suddenly to zero. 


Discussion of Results. 


ibs Shape of deflected plate. 


To avoid shearing of the plate round the edges the inner edge of the clamping frame was 
rounded off to adout + inch radius as shown in Figure 1, and the unsupported target plate area was 
thus given by the dotted lines in Figure 1 at the commencement of the trial but decreased slightly 
during the trial. To the order of accuracy of tne measurements the unsupported area of plate can 
be taken as 6 feet by 4 feet while the points 1 to S$, at which deflections were measured during the 
trial, are the quarter-—points of this area. 


The deflections taken during the trial are tabulated in Table 1 while the permanent 
deflections after the trial are given in Table 2. The deflections quoted in Table 1 for zero 
pressure Cerrespond to an initial asymmetric slackness in the plate. Comparison of deflections, 
in both Tables 1 and 2, for points, &.g. 2 and 8, nominally symmetrically situated with respect to 
the centre of the plate show that the deflection of the plate under the uniform pressure and after 
its release was feasonably symmetrical. 


In report A, Professor G. !. Taylor developed the theory of a plate strained plastically 
by uniform lateral pressure and obtained a solution for a rectangular plate on the assumption that 
the plate behaved as a membrane exerting uniform stress in all directions in its plane. With 
this assumption the shape of the deflected plate is the same as that well-known for a soap film; 
contours of which shape are shown by the dotted curves in Figure 3 in which the full curves give 
the contours of the deflected plate after trial as plotted from the data in Table 2. In the 
comparison the contours have been drawn for equal central deflection and it is seen that the 
theoretical and observed contours are in reasonable agreement. As a further check the theoretical 
ratio of central to mean deflection is 2.06 while from Table 3 the corresponding ratio was 2.03 after ‘ 
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trial and from 1.95 to 2.04 for pressures of 40 - 120 tbs./square inch during trial. Both 
figure 3 and Table 3 thus show that the shape of the deflected plate is in reasonabte agreement 
with the theory of report A, 


rs Load-deflection curve. 


The relation between applied pressure and central deflection is plotted in Figure 4 where 
the experimental points from Table 1 arc shown connected by a faired curve. 


If the plate Dchaved as a membrane exerting a constant stress the load-deflection curve | 
would be a straight line through the oricin given, from equation 36 of report A with changed 
notation, by 
2 


ite os pa (1) 
where Zc = central deflection 

Pp = applied pressure 

a = half long span (36 inches) 

h = plate thickness (0.1114 inches) 

s. = yield stress 


Comparing this equation witn the curve of Figure 4 it should first be noted that in the 
initial stages the theory would not be expected to apply in view of the elastic nature of small 
deflections and of the initial slackness of the plate. Considering pressures above 60 Ibs,/ 
square inch the experimental curve, while it cannot be approximated closely by a straight Vine 
through the origin over the whole of its length, is nevertheless not in disagreement with 
theoretical expectation if allowance fs made for strain hardening. Thus if we assume the stress 
in the plate to be constant over the surface but, due to strain hardening, to increase with 
increasing deflection then equation (1) will still hold at any particular deflection. The stress 
So will mow be, however, an increasing function of Zc, and thus the load-deflection curve will 
become concave to the pressure axis. Conversely from Figure 4 we can estimate the variation of 
S. which would be necessary to give agreement between equation (1) anc the experimental data. 
tn this way we find that for pressures from 60 1bs./square inch to 275 1bs./square inch the 
calculated value of $5 varies from 18 tons/square incn to 23.5 tons/square inch. 


As the test was a preliminary one intended originally to explore the possibilities of 
static tests rather than to obtain definite data, the plate used was taken arbitrarily from 
dockyard stocks; when it was realised that the data obtained was of sufficient interest to warrant 
analysis no spare piece of plate was available to carry out a tensile test. It can, however, be 
said that the preceding values, deduced from Figure 4, of Sy increasina from 18 tons/square inch 
to 23.5 tons/square incn seem reasonable in view of the ultimate strength of 26 - 30 tons/square 
inch required by specification for the stock of plates from which the particular plate used in 
the trial was taken. 


If we assume as indicated by Table 3 that the deflected plate is approximately constant 
in shape corresponding to 4 mean value Zc = 1.99 then the volume of the deformed plate is directly 
proportional to the maximum deflection and from Figure 4 the total work done by the applied 
pressure can then be calculated to give a value of 185,000foot Ibs. This can be regarded as 
divided between elastic strain energy, energy in permanent straining of unsupported target plate 
area and work done in pull—in at the edges. From Table 1 and Table 2 it is seen that the 
measured elastic recovery at the centre was only 0.05 inches so that even allowing for an 
experimental error of 0.1 inches the work done in elastic deformation is only 1 — 2% of the total. 
An estimate of the work done in pull—in at the edges is given by multiplying S5 h by the total 
area of pull—in as given in Table 4. As discussed previously Sq may de ey as varying 
between 18 and 23.5 tons/square inch whence using a mean value a 21 tons/square inch we find 
that the work done in pull-in at the edges is 25,000 Foot Ibs. which is about 25% of the total 
work done. We are thus left with about 160,000 fuot bs. of work done in stretching the 
original unsupported target plate area of 24 square feet again using Fy 21 tons/square inch on 
the membrane assumption this work done corresponds to an increase of 370 square inches in the 
original area. This <stimated average area extension of 10.7% corresponds to an average lineal 
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strain of about 5% which is not inconsistent with the measured strains recorded in Figures 5 and 6 
for the centre lines. 


3. Strain measurements. 


To obtain estimates of permanent strain punch marks were made on the two centre Dines at 
approximately 1 inch centres and rubbings of thesc marks taken before and after trial. Owing to 
the thinness of the plate these punch marks could only te lightly made and it was found that the 
rubbings were not in general distinct enough to aet sufficiently accurate measurements on 1 inch 
intervals. The rubbings were accordingly measured up in successive over—lapping pairs at three 
inch intervals, i.e. between punch marks 1 and 4, 2 and 5, etc., since in tnis way errors due to 
ill-definition of rubbings contribute only one third the error to the mean strain as comparec with 
measurements over 1 inch gauge length. The mean strains in these successive overlapping threc— 
inch intervals are shown plotted as ordinates in Figures 5 and 6 against tne mid-points of the 
intervals as abscissa. Rubbings of several) of the punch marks were too ill-defined to give any 
reliable measurements and there are corresponding missing points in Figures 5 and 6, it is 
unfortunate that punch marks near the edges comprised most of this category. 


Que to inaccuracy of measurement no significance can be attached to minor variations from 
point to point on Figures 5 and 6 but on the other hand the general trend showing strain increasing 
towards the edges is undoubtedly a result not arisino from experimental error. This result was 
rather unexpected since for an ideal plastic material yielding at a constant stress the analysis 
of report A shcwed the converse effect that for both a circular and an elliptical plate the strain 
decreases from a maximum at the centre to zero at the edges. A qualitative explanation of the 
observed result can, however, be given if work nardening is taken into account. 


Thus if we consider an infinitely long plate under uniform lateral pressure each element 
of the plate is constrained to have no movement parallel} to the edges and if work hardens under 
load the transverse strain wil) be a single-valued function of the transverse stress. This latter 
will, however, be constant over the span, in order to satisfy the equation of equilibrium in the 
place of the plate and thus the strain will also be constant over the span. To account for the 
strain being actually greater at the edges than at the centre it is only necessary to assume that 
due to the bolt-holes the plate is rather weaker near the edge, i.e. the stress-strain curve for 
an element near the edge is assumed to lie below that for an element near the centre. Since 
equilibrium will still demand a transverse stress constant over the span, a greater strain will 
be produced at the edges than at the centre. The preceding explanation is regarded as tentative 
since firstly, Figures 5 and 6 do not rule out the possibility of the strain decreasing rapidly 
very near the edges and secondly, the theoretical result for no strain hardening quoted from report 
A refers to a circular or an elliptical plate and the corresponding theoretical solution, yet to 
be obtained, for a rectangular plate might yield a different result. 


4, Type of failure. 


Tne cause of cessation of trial, namely by shearing of a clamping bolt, was unexpected 
since in explosion trials failure at the fixings takes place by tearing of the plate along the 
line of bolt holes at the centre of one or both of the long edges. Moreover when failure does not 
occur in explosion trials but the deflection is appreciable the bolt holes are always considerably 
more elongated than in the static trial. 


It is not thought that the static failure was fortuitous due to a weak bolt since adjacent 
bolts were appreciably sheared and it would be improbable that the bolts used for the static trial 
were weaker than any used in the many explosion trials. This apparent relative weakness of the 
bolts may be due, however, to the fact that in the static trial} the pressure was outwards and the 
bolts were thus subjected not only to shear as in explosion triats but also to tension. If this 
were the complete explanation it would be expected that that failure would have occurred at a 
smaller deflection in the static trial whereas in point of fact the static deflections both 
maximum and mean were 10 = 20% greater than any that have been obtained in explosion trials 
without rupture, It thus seems necessary to postulate, not only that the bolts have a possibly 
lower resistance under the conditions of the static trial but that the plate has a lower 
resistance at the bolt-holes in the explosion trials. Regarding this latter, the suggestion 
offered is that in explosion trials the plastic wave set up in the clamped edge of the ptate by 
the deflecting unsupported central portion has difficulty in traversing the relatively weak line 
of bolt-holes. Consideration of such propagation of a plastic wave acrass a line of weakness 
lies outside the scope of the present paper but is a problem it is hoped to consider in the future. 
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PLATE 3. END View OF DEFLECTED PLATE AFTER TRIAL. 
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PLATE 4. DIAGONAL VIEW OF DEFLECTED PLATE AFTER TRIAL. 
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ANALYSIS OF PULL-IN AT EDGE FIXINGS 
IN BOX MODEL TRIALS 


September 1945 


* * * * * * * * 
Summary. 


An approximate theory is developed for the behaviour under impulsive loading of a 
rectangular plate which is relatively weak at the edges, it being assumed that the edge fixings exert 
a mean membrane tension Ty per unit length of periphery which is less than the mean membrane tension 
15 required to stretch the material In the unsupported area of the plate. 


For a given type of loading the theory Indicates that there will be a critical magnitude of 
load and a corresponding critical final mean deflection below which all increase of unsupported area 
takes place at the edges. For greater final mean deflections corresponding to more severe loading 
the. increase In area will be due both to edge pullin and plate stretching, the fractional 
contribution of the latter increasing steadily with increasing final mean deflection corresponding 
to increasing magnitude of load. 


Experimental data on edge pull-in of the target plate in Box Model trials are in general 
qualitative agreement with the theory and quantitative comparison leads to an estimate that 
(T, - T,)/T, is of order 5% or léss for all shots. 


It is concluded that estimates of energy absorbed by the target plate which have been given 
in previous reports on the assumption that there is no edge weakness ony erred by 5% or less due 
to neglect of this particular phenomenon. 


Object of analysis. 


In previous analyses (1)(2) of the results of Box Model trials, It was found that for some 
shots the estimated energy absorbed in plastic deformation of the target plate was considerably 
larger than the energy communicated by the shock-wave as estimated on different theorles of loading. 


Several possible sources for this difference were suggested and the present report Is 
concerned with one of these, namely, that tne energy absorbed, as calculated on the assumption that 
the plate was raised to its yield stress everywhere, might be seriously overestimated if pull-in 
at the edge fixings could occur at a mean stress much lower than the yleld stress for the plate. 


In order to examine this possibility, measurements of the pullin at the edges of the 
target plate were made as a routine procedure in all Box Model trials from Shot 274 onwards, At 
the same time an approximate theoretical andysis was undertaken for application to these measurements 


with a view to estimating the resistance to pull—in relative to resistance to plate stretching. 
The present report gives the results of this application. 


Outline of theory. 


The detailed theory is given in the Appendix and we shall therefore give only the main 
assumptions and results. 


(1) Physical assumptions. 


The plate is assumed to behave according to the now familiar “soap-bubble" approximation(1) 
1.@., any increase in area occurs under a constant membrane tension 


where So is the yleld stress and h is the original thickness assumed uniform over the plate. 
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By analogy with the plate assumption, we assume that tne edge fixings exert a mean tension 
rt per unit length of edge when pull—in is occurring, and we assume 


corresponding to the edge fixings being relatively weaker than the plate. 


We neglect any elastic effects, all energy absorption in plate or at edges thus being 
assumed irreversible. 


The plate is assumed to be initially plane and at rest. 


The impulsive pressure is assumed to be of the form 
Pi ae Ee (t) te (x,y) 


Where x,y are rectangular co-ordinates in the plane of the plate and t is time, and the solution is 
obtained for the two specific cases of P(t): 


(a) Load communicated instantaneously as an initial velocity. 


(b) Load suddenly applied and then maintained constant, i.e., P(t) o H(t) where H(t) 
is Heaviside’s unit function. 


(2) Method of analysis. 


Using the preceding assumptions an approximate theory is developed in the Appendix, using 
the method of an earlier report, the deflection w and the displacements, u, v In the plane of the 
plate being assumed to be of constant distribution in space as given by equations (1) to (3) in the 
Appendix. 


The deflection w and displacements u, v are assumed sufficiently small to neglect terms 
higher than second order inw or first order in u and ve 


As a further simplification, the solutions are carried through on the assumption that 
(T, - T,) nN, is small, this being justified later by application of the theory to the experimental 
results. 


(3) Nature of motion and main results of theory. 


For the particular loads assumed, it is shown in the Appendix that the motion will consist of 
successive stages of one or other of the following types:- 


Type Is Plate stretching and pulling—in at edges. 
Type Its Plate Inextensional but pulling-in at edges. 


The interesting qualitative result is then obtained that for either type of load the motion 
will consist entirely of Type Il if the load is of sufficiently small magnitude corresponding to 
sufficiently small final mean deflections Wi. This result is exhibited in Figure 2, where it is 
seen that below a certain critical final mean deflection W, or W, (= 1.89 Ww) depending on type of 
load, ail the increase of area S$, occurs at the edges implying that all the energy is absorbed there. 
Above the critical value W, or Wo» a progressively smaller fraction of Sa occurs at the edges and 


Consequently more and more energy is absorbed in plate stretching. 


It may be noted that the two curves in Figure 2 for the two different types of load are for 
practical purposes of the same shape over the range plotted since, if the curve (b) were plotted with 
abscissa Wal Woe it becomes virtually coincident with curve @). This is a somewhat remarkable fact, 
since the equations for the two curves are not mathematically identical and no obvious physical reason 
can be suggested for such near=coincidence. However, this result does suggest that the qualitative 
shape of the curve Is not very dependent on the particular form of loading assumed in the analysis. 
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In addition to Figure 2, the other main result of the theory Is equation (109) of the 
Appendix, namely: 


2 2 
T -T Ww 9 W 
© fs e So = Se SE (109) 
TS Yab 32 Yab 


where from eqaations (131) and (132) we should take K = 25 as a reasonable probable value and 
K = 40 as a probable overestimation of K. 


Experimental data. 


The Box Model, described in an earlier report, consists essentially of a rectangular steel 
box open at one side which is covered during the trial by 4 target plate held in position between 
the box and a stout flat frame by two rows of 3 8.S. bolts passing through the frame and through 
an angle bar fastened round the edge cf the box (Figure 1). The external dimensions of the 
target plate were 7 feet by 5 feet, while those of the large plate frame were 9 feet by 86 feet. 

In two shots (206 and 209) the large plate frame was rephced by a small frame of 7 feet by 5 feet 
external dimensions. 


Oue to minor repairs after damaging shots, the unsupported area of target plate was not 
exactly constant, but for the present purpose it is sufficient to note that its area was 
70 x 46 = 3220 square inches correct to 5% for all shots. 


Shots involving rupture at the edge fixings are not amenable to analysis, and all shots 
considered are thus nonm-rupture shots. in all cases the target plate was mild steel and was 
suspended vertically with charge and centre of target plate at a depth of 7 feet. Details of 
charge conditions and plate thicknesses do not enter into the present analysis but are included 
Table 1 for sake of completeness. 


in 


In order to measure the <232 fui in, a line was scribed on the target plate at the inside 
edge of the clamping frame before the shot and the displacements of this line relative to the frame 
measured after the shot. The final values for total area of pull—in are given in Table 1 and, 


except for Shots 206 and 29, it is considered that they are correct to an experimental error of 
about 5% or less. 


For shots 206 and 209, the very rigid large plate frame was replaced by a small frame for 
a reagon not concerned with the present analysis, and, as a result, the framr and box suffered 
Slight distortion, the total pullin of the target plate being appreciably greater than that 
measured relative to the frame. Unfortunately, the subsidiary role of the pull—in measurements 
led to this distortion of the frame remaining unnoticed until after the second shot so that it is 
not possible to give any accurate correction for frame distortion for each shot separately. 


However, the final total pull—in of the frame for the two shots was approximately equal to 
the combined pull—in relative ts the frame in the two shots and the values of the latter were 
accordingly multiplied by a factor of two to give thc corrected values of S' shown in Table 1. 
These corrected values for Shots 206 and 209 may be up to about 25% In error. 


Comparison of theory and experiment. 


(1) Preparation of data for analysis. 


In order to analyse the experimental data by means of the theory, it Is necessary first to 
estimate the total increase of area S, due to both pull-in =a2 aiate stretching. This can be 
calculated from: 


Fey 2 

Sn 3) aT Wn 
where W_ is the final mean deflection and A, is given by equation (9) of the Appendix if f- (xy) 
is the final shape. The mean defection W.. is calculated from the observed deflections by a cubature 
formula as described in a previous report and is tabulated in Table 1. In paragraph A.14 of the 
Appendix it is shown that for smooth shapes the value of Ay varies but little with exact shape 
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of deflection and that as a mean value it is reasonable to assumé Ay = 31.6. We can thus 


calculate the ratio S*'./S, from the formula ; 
Ss s" 
m = —_—_i1, 
sn 15.8 W, 


to obtain the values given in the last column of Table 1. 


The combined error in s' fs, due to errcrs In S*| and errors in estimating Sq are considered 
to be at most 10% with the exceptions of Shots 26 and 209, for which the error may be as much as 00%, 


(2) General comparison of theory and experiment. 


The values of S' Se in Table 1 have been plotted against W in Figure 3, and it will be 
seen that in spite cf a Considerable scatter there is a definite indication that Se /S. increases 
as Wa decreases (a statistical check indicating that this is significant} and varies in general in 
much "the way that the theory predicts. Some of the scatter is undoubtedly due to the possible 
experimental error in S'/Sm discussed in the previous section; in particular the value S'/S, 
= 1,07 for Shot 221 must err from this cause since by definition Sm 7 Sti However, the 
experimental results cover a targe variety of shots with differing charge conditions and plate 
thicknesses, so that even if S'S, could be accurately measured a considerable scatter is in any 
case conceivable due to variations in type of lozding and of (T, - T)AT, from shot to shot, 


Thus the curves drawn in Figure 3 correspond to the theoretical curves of Figure 2 with 
Wy = 1,0" and W, = 1.89" and since they bracket the experimental points,al) scatter could be due 
purely to variation in type of loading from shot to shot. Since the second pulse due to bubble 
collapse is of much longer effective duration than the initial shock wave, such a variation in type 
of loading is quite feasible from shot to shot depending on the relative contributions to damage 
of shock-wave and second pulse. 


Now if we put W, = 1" or W, = 1.89" in equation (109) with 4ab = 3220 square inches and 
= 25 from equation (131), we then find that (T,, -T a ites = 0.008. Thus, if we assume the scatter 
id Figure 3 to be due primarily to variation in cope of loading between instantaneous Impulse and 
H(t), we shculd then expect (hy, - T,)/T, to be about 1% for all shots. 


However, we cannot rule out the possibility that the scatter may be equally or more dependent 
on a variation of (tS - TMT, from shot to shot. 


Since, as previously stated, the shapes of the two curves (a) and (b) in Figure 2 are virtually 
the same, we can Interpret the curves in Figure 3 not only as Wy 1", Wo = 1.89" corresponding to 
different lading and same (T, -T IT) but also as W, = 1°, W, = 1.89" for pure impulse loading 
corresponding from equation (109) (with K = 2%, 4ab = 3220 square inches) to Us - 1) IT, = 0,008 
and 0.028. Similarly, we could interpret these curves in Figure 3 as Wy = 1", W, = 1.89" corresponding 
to H(t) loading with (Te - Te = 0,002 and 0,008, Conversely, it follows that, provided the type 
of loading is such as to give a theoretical curve in Figure 2 lying between curves (a) and (b), then 
the values of (ae - T/T, for all shots are deduced to lie in the range 0.002 to 0.028. Further, 
the upper estimate of this range would only be increased for other types of loading if these could 
give a curve lying to the left of curve (a) in Figure 2. This does not seem possible since the 
instantaneous impulse is the most sudden loading we can assume and we should expect, as indicated by 
the relative positions of curves (a) and (b), that the less sudden the loading the greater the 
tendency for pull—in as opposed to plate stretching, i.e., the more the curve lies to the right In 
Figure 2. Thus, our upper estimate of 0.028 based on pure impulse should be a true upper estimate 
for all types of loading. On the other hand, our lower limit of €.002 based on H(t) loading is so 
smal] that it is relatively unimportant that even lower estimates could be obtained by assuming types 
of loading giving curves lying to the right of curve (b) in Figure 2. 


We thus estimate that, whatever the type of loading actually occurring, the values of 
Ure - TAT, for all shots lle in a range from virtually zero to about 0.03, This latter is based 
on a probable mean value K = 25 but even if we assume K = 40, which is probably too large (see 
A.iu), our estimates of (T, - T/T, still remain small, being less than 0.05. This implies, of 
course. the relatively smal) varlation of less than 5% in T /T, from target to target. This is not 
unreasonable if the main resistance to pull-in is the resistance against the plate stretching at the 
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bolt-holes. The ratio of this latter to the resistance to stretching in the maln body of the plate 
would be expected to be independent of the plate thickness and dependent only on the plate material 
and on the geometrical pattern of the bolts, both of which factors were nominally the same for all 
targets. There remains therefore only the contribution to a) of the frictional resistance which wll} 
depend on bolt tightness while its ratio to Ue will probably decrease with plate thickness. However, 
this frictional resistance, although variable, is probably cnty a small part of the resistance to 
pull-in even initially, and, once the plate commences to thin due to stretching at the bolt holes, 

the frictional resistance will rapidly become negligible. On the whole, therefore, the smallness of 
the variation of T/T, from target to target is not unexpected. On the other hand, variations in the 
small frictional resistance could conceivably produce appreciable variations in the small difference 
(T, - 1) and could thus be in part or even mainly responsible for the scatter of the experimental 
points in Figure 3. 


Finally, we Can now consider how neglect of pull—in affects estimates of energy absorbed by 
the target plate. 


Thus, if we neglect the relative weakness of the energy fixings and assume all Increase in 
area to take place against the mean membrane stress To the energy absorbed is 


o, = ese 


On the other hand, the true estimate, taking account of a relative weakness at the edge, is 


a #15 AS oS gl Tg tn 
whence 
QQ = 
2 oe Uae 2 
p (T,) Sn 


Since Sense < 1 and (1 - T/T < 0.05 we conclude that neglect of edge weaknees only 
implies an error of order 5% or less in the estimated energy absorbed by the target plate. In 
particular, such neglect cannot therefore account for the much large differences, recorded 
previously(1)(2), between energy absorbed by tarjet plate and energy communicated according to 
various theories. 


Conclusions. 


(1) The agreement between the approximate theory and the experimental results Is reasonable 
bearing in mind that the large scatter of the experimental points, as plotted in Figure 3, is 
to be expected in view of probable variation in type of loading and/or small variations In 
edge resistance from shot to shot, due to the large variety of charge and target conditlons 
in the experiments. 


(2) The mean membrane stress 7; round the periphery is estimated to differ by less than 5% from 


the mean membrane stress in the unsupported area of plate. 


(3) Estimates of energy absorbed by theatarget plate given in previous reports(1)(2) are not 
likely to be in error by more than about 5% due to neglect of the pull-in phenomenon. 
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APPENDIX 


Mathematical theory of pull-in at edges. 


At Nomenclature. 
t = time 
XY = rectangular co-ordinatesin plane of plate. 
2a, Dd = lengths of sides of unsupported plate area. 
w = w(t) t, (x,y) = deflection at point of plate. 
u = u(t) fr, (x,y) 
= displacement in plane of plate. 
v = v(t) fy (x,y) 
h = thickness of plate. 
p = mass density of plate. 
So = increase of plate are2 due to stretching. 
S, = increase of plate area due to pull-in. 
s = Sh, ot S; 
Sia = final maximum value of S. 
Se = final maximum value cf Sy 
wa = final mean deflection = maximum value of W. 
Wy Wo = borderline values of We for no stretching in the two loading cases considered ‘ 
p(t,x,y) = P(t) th (x,y) = applied impulsive oressure. 
V = initial mean velocity due to instantaneous impulse. 
Ba = magnitude of P(t) when load is suddenly applied and maintained constant. 
T = generalised uniform membrane tension per unit Venyth in plate. 
10: = generalisec unifcrm tension per unit Venath rounc edges of unsupported 


dlate area. 


ie = constant value of T when plate is stretching. 

Py = constant value cf T’ wnen edges are pulling-in. 

4, = areal strain at centre of plate. 

(QO) mn = final strain at centre cf plate. 

@ = at 

6. uy = values of 8 and t at commencement of plete stretching. 
Oy. tie values of O and t at cessation of plate stretching. 
Ay is defined by equation (18). 
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Ay By c, are defined by equation (9) 

A,B eC, . . " . (13) 

A, is Jee 0 ‘ (2 6) 

@ (t) . ory gi : (39) 

a . n . " (74) 

B 0 . . . (122) / 
Y . " . . (46) 

k . . . . (108) 

Fane Fs are " " equations (110), (111), (112). 
Ky Ky ky Kes * " equation (117) | 

r = general vairable of integration. 


Dots are used to denote differentiation with respect to time t, while the four subsidiary 
symbols 8, y, €, and Poe which are used only temporarily, are defined where they cccur. 


A..2 Expressions for surface increases. 


The forms assumed for the displacements are: 


wo = w(t) fy (x,y) (1) 
ye TGS) f, (x,y) (2) 
v= W(t) f, (xy) (3) 


where U, V and W are to be determined, while specific forms for tie tf. and f. will be assumed later. 
We note for present use that ti to f, must satisfy the following boundary conditions: 


f, = 0 along edges x = ta 
andy = +b (4) 
f, = 0 along edges y = +b 
< = 
t, € 0 along edge x a (5) 
f, > © along edge x = <a 
fy = 0 along edgesx = ta 
ty € 0 along edqge y = bd (6) 
fy 2 0 along edge y = 


The inequalities in (5) and (6) 
V (mamely positive) in the light of the physical condition that the plate is pulling-in at edges. 
Also without loss of generality we can specify: 


Yab 


a 


a7—-b 


t, dx dy 


merely specify without loss of generality the signs of U and 


= 


so that W is identified with the mean deflection. 


(7) 
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To the first order in u and 
unsupported plate area is: 


= fic 


v and to the second order in w the increase in area of the original 


a db Z - 
$s = Bus dv, (ae). 2[2e) dx dy 
“) x y 2 x 2 y 
<a J-d 
zal 2 & 
= 3 A, We-B U-CLY (8) 
where 
at, 2 Oty 2 
A. = —= +|— dx dy 
[se] + (37) 
-a J-b 
6 
8, = | [ t, (-ay)-f, (ay) ] oy (9) 
-b 
a 
Cc, = | ee bc=Dlt, (x,b) ] dx 
a 
We may note that: 
> 
Ay > 0 
BZ 0) (10) 
c 20 


the first being obvious from the expression for Ay while the latter two follow from the boundary 


conditions (5) and (6). 


The total area of pull-in = 


t edges is given by integration round the edges as: 


) ) 
a, = - Uf, (a,y) dy + Ut, (ary) dy 
-p -b 
a a 
+ -Vv f, (x,b) dx + v t, (x, -b) dx 

-a -a 

whence from (9): 
Sere eB) cen, oy (11) 

A, 3 Energy expressions. 


The originally unsupported 


area of plate may be regarded as a closed system subjected to a 


lateral load and a tensile force round its eJaes. 


The tctal kinetic energy of the system is then, using (1), (2) and (3), 


A 
3 ph 
ase 


b 
Oe 05) en 24 : . . 
(w© + u<+ v*) dx dy = 3 pn (A,W? + BU? + cove) 


(12) 
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where a 2 
= 2 
A, = f ax dy © 
=a -b 
a 0} 
: (13) 
= f 
8, 2 ox dy 
-a /-D 
a b 
Cc, = f.? dx dy 
2 3 
-a 7-b 


Using the concept of a yeneralised mean stress(3) to cover the case when the plate is not 
stretching, then the potential energy of plate stretching is given by use of (8) as: 
V 
SF W U 
Ves = T A, OW us; ele Tc,av (14) 
° te) te) ° 


in which T may be regardea as a function of time and is equal to ae at any time when the plate is 
stretching. 


Similarly, the potential energy of pull-in is by use of (11): 
5, U v 


my das, eee Th BL dU+ Tcl adiy (15) 


fe) to () 
where T* may be regarded as a function of time and is equal to Ty, at any time when pull—in is occurring. 
Fuller consideration of T and T' is given later (paragraph A.5). 
Finally, if the aoplied impulsive pressure is of the form: 
p(t, x y) = P(t) Q(x, y) (16) 


then the potential energy of this pressure can be written as: 
ral b t 


p 2 dt dxdy = - Ay P(t) dW (17) 


where: 
ade 
AGS f(x) y) f,(% y) ox dy (18) 


=a "=D 


Hence, we have finally fram (12), (14), (15) and (17) that: 


ae | oon 2 v2 
Total KE. = 3h [ a, W248, U2 4c, V2) (19) 
W U 
Total P.E. = Ay TW oW KE By (T-T') du 
vo) ° 
20 
V W ( ) 
= & (i) GC) Vos P(t) dW 
0 () 
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A.4 Equations of motion. 


We now apply Lagrange's equations to the expressions (19) and (20) to obtain: 


ph a,W ray rw Ay P(t) (21) 
phe, U = (T-T') By (22) 
ph Cc, Gr) Ge, (23) 


The initial condition of rest gives: 


w= We= 0 
He pe © When t = 0 (24) 
v=V=0 


Now from (22), (23) and (24) it follows immediately that: 


B c 
Ee) = ay (25) 
By ch 


whence by virtue of (11) U and V can both be expressed in terms of S, by the relations: 


Seca (26) 


ol 
= 

+ 
- 


where A 


From (22), (24) and (26) it then follows that the equation of motion for S, is 


prs, = a, (T- 1) (27) 
with initial conditions: 


S = = © ten Geo (28) 


tf we denote S as the total increase of area of dished plate due both to stretching and to 
pull—in, then from (8) and (11): 


Mors > 
Sues Wena See een (29) 


From (29), (27) and (21) we note for future use that: 
2 
- ALA co A 
fy = SG) Sa nies At Si) Hs ee (30) 
A 1 3 A 
2 2 
We now have the three equations (21), (27) and (29) for five unknowns W, So» Sy T and T* and we 


therefore require two more equations which will now be derived from consideration of the physical type 
of motion. 


A.5 Physical conditions restricting type of motion. 


We shall restrict ourselves tc the case where the applied load is a.lways of one sign and we 
can then without loss of generality assume that: 


A, P(t) > 0 (31) 
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since this merely states that we 2re measuring w in the directicn of applied load. 


We also bear in mind that the constants Ay By c,, A, By Coe A, as defined earlier by equations 
(9), (13) and (26) are all pesitive. 


In order to consider which types of motion are possible, we first collect together some 
consequences of our physical assumpticns. 


Firstly, the assumption that the plate stretches under constant tension T, implies that: 


= ES 
Tt «= Un avhen S, 0 
3 (32) 
< 
T < T, when S, ¢ 0 
and similarly for the edge pull—in we have: 
tT! = T, when $, > 0 
i 1 
(33) 


TRASS Ty, when S; <a 0) 


Secondly, our assumption that the edge fixing is relatively the weaker implies that: 
ee cee ly tee) (34) 
and thence as a corollary from (32), (33), (34) and (27) we have: 


= Ss 1s 
Sy 0 when S, 0) (35) 
Finally, we shall need to show that there is no tendency of the plate or edges to buckle cr compress 
since this is not physically obvious. For this purpose we can assume our general equations (21) and 
(27) to hold provided T and T° are compressive and not tensile, i.e., we must have: 


T < 0 when Se a) 
: (36) 


since otherwise we should be extracting energy from the plate or edge fixings which is contrary to cur 
assumption that the dishing is plastic with irreversible absorpticn of energy. 


4.6 Continuity conditions. 


On physical grounds the displacements U, V, W and therefore S, Sor Sy must be continuous; We 


must also assume that T and T’ are finite and then from (27) it follows that S, is always finite and 
therefore that S, is continuous. Also, if W2 0, then from (30) and (31) Sy will be finite or positively 
infinite, the latter corresponding to the concept of an instantaneous impulse; thus S_ will be either 
continuous or will increase discontinuously provided W > 0, t 


The continuity conditions are thus: 


W, So» Sy, S, Continuous. 


Pe 3 (37) 
Ww, Sm Continuous cr increasing discontinuously. 

It follows that if at the end of any particular type of motion we have: 
We, 0 
S, 2 0 (38) 
3, 2 0 


then these same relations will be satisfied by the initial conditions for the succeeding type of motion. 
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A.7 Possible types of motion. 


We now introduce ¢, a function-of time defined by: 


b(t) = ore: Ww P(t) + 9h aw? (39) 
2 


whence equation (31) implies that: 
g 20 (40) 
at any time when W 20 and therefore in particular when the relations (38) are satisfied. 


Using this function, it then follows from (30) and (27) that 


he 
d+ 4, (tT -7) - ae awe (41) 
Mo 
A 
= a 4 2 
Posto eee TW (42) 


we can now prove the following Lemmas. 


lemma AW =If W200, S > 0, 3, 20 initially, then 3) 2 $, > 0 in the ensuing stage of motion. 
Sorat Seiden iGineeeseeeennes Aeneas heen aies Clee aleenn anaes eed 


For a > 0 by the previous continuity considerations and therefore Si; > 0 by (35). Thence 
since S 20 initially, a > © in ensuing motion. 


Lemma 8. if W>o, S8 =) 10, 3, 20 initially, then § 30 in ensuing stage of motion. 


Assume Lemma is false and that 8 becomes < 0, then we must whave § <0 since So = 0 Initially 
and further T< 0 from (36). But 5, < 0 and T< 0 together imply 5 > 0 from (42) and therefore 
imply that S, becomes > 0 since 5,2 ss O initially. But SF 20, 3, >0 together imply that T> T' = 
Ty > 0 from b 7), (33) and (34), and, therefore, since T $ 0, we cannet have - becoming negative. 
Thus, if Lemma is false, we arrive at contradiction and therefore Lemma must Be true. 


lemma C. If W20, 20, S10 initially, then $,20 in ensuing stage of motion. 


Firstly, if oH > 0 initially, then 5 > 0 in ensuing stage by continuity conditions. 

Secondly, if S5 = 0 initially, then if Lemma is false and 5, becomes negative, then §, also 
becomes negative. But S, <0, S, <0 imply T <T* Se from (27) and (36) and thence from (40) and 
(41) we must have S. > 0 and therefcre 5 <0 since S 5 20 initially. But Sy > 0 implies T= Un 
from (32), thus contradicting T < 0 already proved to hold if Lemma is false. Thus Lemma must be 
true. 


The proceding Lemmas thus show that the stage of motion succeeding initial conditions 
satisfying (38) must be one of the three types, 


Type |. & > O & 2 @ 


° 1 
Type illiew “5, =) 0, 8) 92) 10, 
Type Il. (Plate at rest) §, = 0 8, = 0, 


Now the initial conditions of rest prior to motion as given by (24) and (28) satisfy the 
relations (38) and thus the initial stage of motion must be cf Type | or Type |! during either of 
which Sy is increasing, S, is constant or increasing and W is increasing so that W becomes positive 
and thus the conditions (38) will be satisfied throughout this initial stage and by our previous 
continuity considerations they will be satisfied at the beginning of the second stage. This must 
then in turn be of Type |, I! or III by the proeceding Lemmas and thus by induction it follows that 
all stages of the whole motion will be of Types |, J1 or III; in effect, we have shown that there 
is no tendency for the plate or edge fixings to go into compression when the lcad Is of one sign and 
the energy absorption is irreversible. 
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We have therefore to consider the motion as compounded of successive stages In which the 
plate may be either (1) stretching and pulling in at edges, or (2) inextensional but pulling in at 
We have throughout considered the condition of rest as a type of motion 
because, while trivial if it forms the final stage, it could in fact be an intermediate stage between 
stages of actual motion in the case where the applied load is of oscillating magnitude, i.e., the 
plate could cease moving when the lcad was decreasing and then commence to move again when the Icad 


edges, or (3) at rest. 


had subsequently increased to a sufficient magnitude. 


which hold in the different stages. 


We can now write down the relevant equaticns 


A. 8 Equations governing each type of motion. 


TYPE |. Plate stretching and pulling-in at edges. 


The physical conditions are: 


Thence from (21) and (27): 


pra, W + A, TW 


Se oe 
s ph 


defining a new parameter Y. 


(43) 


(us) 


(45) 


(46) 


We thus have four equations for tne four unknowns T, T*, Wand S. and thence Se and S are 
given by (29). It may be noted for future use from (29) and (46) that: 


fo) 


Ss (Ge Y) 


(47) 


during this type of motion. The solution of the preced ing equations will be invalid if it violates 


the conditions (43). 


TYPE 11. Plate _inextensional but pulling-in at edges. 


The physical conditions imply in view of (32) and (33) that: 


3,20 
Tee. its 
3, = 0 
1 fey 


whence the equations of 


ph A, Wi Ay TW 


and equations (29) and (49) give: 


s = A, WW 


motion (21) and (27) become: 


Ay P(t) 


(4g) 


(49) 


(50) 


(51) 


(52) 


We thuS esse. 
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We thus have six equations given by (49), (50), (51) and (52) for the six unknowns T, T’, 
W, SS, and Sj. The equations are only valid so long as the conditions (48) are satisfied. 


From (30), (39) and (49) we note that: 


ThyAR © ct Sie = Cb ti +A Uy (53) 


so that during Type 1! motion we have by virtue of (40) that: 
y 2 (54) 


Also from (51) and (52): 


Spa) erases, (55) 
; ph 


so that (48) may be replaced by: 


GS 2 0 
ah 
(56) 
Suisun 
For future use we also note, from (51), (52), (53) and (39), that 
e A? yw? he aAe WN 
prs ji+—+ = ph A, we + 4 (A, P(t) - T, AW) (57) 
Aa oa 
TYPE Hite Plate at rest. 
The physical conditions are: 
Sq 
(58) 
Seats o 
whence from (29), (21) and (27): 
Ww = 0 
Si = 710 (59) 
A_ p(t) 
he. qe ee) 
A, W 


Thus we have six equations for the six unknowns T, T°, W, Sy, Ss and 5. Also from (58), 
(32) and (33) the state of rest will only be possible so long as: 


(60) 


whence from (59) and (34) the plate can remain at rest provided: 


Pp 4 
A, P(t) < 1, A, W (61) 


A. 9 The energy equation. 
Having Shown that, with our assumptions of initial rest and pressure always positive, the motion 


is compounded of stages of Type 1, Type 1! or rest in which S5 and 3; are either constant or increasing, 
it follows that the energy absorbed in the plate at any stage is: 
[rt Bade 
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= 45) — 
‘ = = i 2 = -T 6 
Whe ugly Ue alist Zoe * (T, 1) Sy (62) 
Alsc from (12) and (26) the kinetic energy at any time is: 
1 w2 8? (63) 
3 phyA, wes 7 
3 
while from (17) the work done by the applied load is 
W 
AL p(t) aw 
° 
The energy equation is thus: 
W 
(64) 


1 i ra = = Pp 
+ Bp Us A, W (T, T,) Sy A, (t) dW 
{e) 


This equation can also be obtained from the equations (21) and (27) by multiplying by W 
and S,/A, respectively, adding and integrating, and using equation (62). 


A,10 Introduction of assumption that (Br - TIT ts smail. 


Now in either Type | or Type 11 motion we have T* Uy in (27) and multiplying this equation 


by Sr and integrating we obtain: 
Ss 


af 1 


cian eae 
zens,° = A, (T-T,) oS, 
O° 


and since 3, Eh ks To while initially 5 = Ss, = 0 we therefore obtain 


1 e 2 
< z 
et MNS Sabor Neat (65) 
by use of (29), But the energy equation (64) can be written with regrouped terms In the form: 
W 
z pra, We dt ay Ww? (1-8) = Ay P(t) dW 
° 
where = 
e 
S s,2 eo 
eae pe aaa) (65a) 
S 2a5 (To 14) 5, ee 


and we have shown that So >0 Sy > 0 throughout the motion so that S = $5 + S > Sy 2 0 and therefore, 


using (65), we must have: 


TT = J 
9.8 Hes me : (65d) 
) 
It therefore follows that if we ncw assume: 
T-T 
~—2——} small {66) 
ip 
then, neglecting terms of this order in (65a), we obtain: 
(67) 


zy prawWe st aw = a P(t) dw 


for secee 


500 = fithes 


for both Type | and Type |! motion. This equation gives on differentiation 


pha, W+T, AW = A) P(t) (68) 

which is the same as equation (45). Thus, on the assumption (66), we obtain the same equation for 
W in both Types | and |! motion. While the particular cases of load to be considered later can be 
sclved explicitly without making the assumption that (T a PLL is small, the simplicity introduced 
by only one squation for W during all the mcticn is very eats Since this assumption will be 

found reasonable, a posteriori, in application to the Box Model, and since any attempt at great 
accuracy is meaningless for such application in view of the approximate nature of both method cf 
analysis and physical assumptions, we shall adopt the assumption (66) that (Sie - LE) AS is smal) in 
the remainder of our analysis. 


We shall thus use equation (68) for both Types | and |! and for any given type of load we 
can then evaluate Was a function of time. Thence from (29) we can obtain $ as a function of time 
and the various stages can then easily be identified by virtue of the following geometrical preperties 
of the curves for § and oh against time, 


(a) During Type | motion, (46) indicates that S, is a straight line of positive slope 
Y which must lie below the S curve to satisfy (43). 


(b) Ouring Type 11 motion, (52) indicates that the Ss, curve is coincident with the S 
curve which must have a slooe< Y by (56). 

(c) During rest, S = S, = 0 so that both curves become coincident with the time axis 
and will remain so provided (61) is satisfied. 


Since § > 0 for Types |, I! or rest, which have alone been proved possible, we must not 
continue the solution of (68) for negative values of W and Seaivet we first consider only the portion 
of the § curve up to where it cuts the axis of time. Immediately prior to this time, the motion will 
be of Type I} Se ee | motion Si increases steadily and at the end of Type | motion we must 
therefcre have S = S, 0; this is also geometrically obvious trom (a) above. But if the motion Is 
of Type 1! and the 3 curve is cutting the time axis, whence $= W= 0, then from (57) this can only 
happen if A, P(t) — TW is becoming negative and this in turn implies from (61) that a state of rest 
is pessible. This state of rest will then continue indefinitely unless P(t) subsequently Increases 
to violate (61) and further moticn will then ensue, Such further moticn can then be treated in the 
same way by using equation (68) and considering the $ curve, the conditions at the recommencement of 
motion being the same as initially save that w= 0 but is equal tc the value cf W at the first 
cessation of motione In the two specific cases of load which we will now cansider, P(t) does not 
increase after the first cessation of moticn, so that no recommencement of motion is possible and it 
is only necessary to consider the S curve up to the time when it first cuts the time axis. 


A. 11 Summary of procedure for solution. 


Summing up from the preceding section, our procedure for solution with any given form of 
load P(t) is as follows: 


; 
(4) Equation (68) is solved with initial conditions W = W= 0, 

(2) The curve for S versus t is then obtained up to the time at which it first cuts the time axis. 
(3) If the slope of the S curve is always< Y, then Type | motion is not possible and the motion 


is thus of Type I! throughout. In this case the S, curve is identical with the S curve 
throughout the motion. 


(4) {f the slope of the 5 curve exceeds Y over a finite portion of the curve then Type | motion 
will commence directly the slope exceeds Y and the curve for Sy versus t will become a line 
of slope Y. Type 1 motion will cease and Type II ensue when this line cuts the S curve. 
In this case the S; curve follows the & curve | until S first exceeds Y and Sy then proceeds 
along a a chord of Stopes Y until this cuts the S curve when the S. curve again follows the 
S curve; this process may be repeated if the S curve is peetiintor so that § later again 
exceeds Y, 


ne 


(5) seeee 
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(5) The SA curve must become cvincident with the 5 curve prior to cutting the time axis and when 
this latter occurs a period of rest will ensuc. There will be no further motion unless 
P(t) subsequently increases sufficiently to violate (61). 
Since the equation to the $ curve is obtained from (68) and (29) with initia) conditions, 
w= W= 0 (69) 
the application bf the preceding geometrical criteria becomes a matter of simple analytical geOmetry. 
When the S curve has thus been determined any of the remaining variables So» T, etc., can 
be determined by using the relevant equations from paragraph A.8 according to type of motion. Since 
observable quantities in bcx model trials are the final deflecticn and pull-in, we.shal) confine 


attention to the values of: 


final mean deflection. 


= 
" 


m 

ha > . P 
Sm Fi Ay Lae = area under S curve (70) 
st = final area of pull-in = area under 3, curve 


in the two specific forms of P(t) which we now proceed to consider, 


A,12 Motion due to an instantaneous impulse. 


If we let P(t) become infinitely great 2ut of infinitely short duration, the impulse 
remaining finite, then from our general equations (21) and (29) and the initial conditions (24) and 
(69), the conditions after the impulse wil) be: 


W = 0 
t 10 
4 A 
w= are 2(t) dt = V 
ph A, 
t=+0 (71) 
Sy = 0 
Sy = 0 
Sanita 
Ss 4=) 70 
with the equation (68) for W becoming: 
Poyas Ni TAM = 0 t>0 (72) 
The solution for W from (72) and (71) is thus: 
Wo= W Sina t (73) 
where 
Ani 
oh = 19 (74) 
ph A, 
We Via. (75) 
Thence from (29), (73) and (75): 
= ee | Zine, 
s = 54,W = 5a W? sin?at (76) 
. . aay! iD ae 
ee A 5A, aw.” Sin 2a t (77) 
. 2 
S = A, VW cos2at (78) 


ThuS seoes 
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5 = 


Thus 0 curve of 5 against t will be a half sine curve as shown in Figure 4, the ae 


ceasing when 5 


thereafter. 


5 becomes zero at time t = 71/2a with no further recommencement since P(t) = 


The geometrical criteria of the preceding section are now easily applied since we note from 
(78) that the slope S decreases steadily from Ay v2 at t= 0 to- Ay V2 at 2at=m7. £4We thus have 
the following cases: 


(a) 


(b) 


NIE Se : 
In this case criterion A,1i(3) applies and the motion is of Type 11 throughout 


so that the Bh curve is identical with the S curve. 


AL Ve > ye 
pale 


In this case criterion A.11(4) applies and the motion will then Commence with 
Type |, the S, curve then bcing the line 0B of slope Y as illustrated. This type 
ceases at the point 8 corresponding to time t given by: 
eS CNS Sins cea & (79) 
Dunk m 
and the remainder of the motion is of Type || since the slope of S curve dces not 
again increase to become > Y. The Sy is thus composed of the line OB and the curve 
BC. 


If we now define Wy as the borderline value of Wa corresponding to Ay v2 = Y, then from (75), 


(74) and (46): 


ALA T -T 
se Y 4 2 (°) t 
W Soa S| ee wO5 =F 80) 
4 a,aé ee | iT ( 
1 1 (0) 
lf we further put: 
Oye (81) 
then from (79) ana (80): 
2 
nap easels (82) 
2 
Ws Sin 26, 


For the maximum values S_ and S', we then have from (70), (76) and Figure 4: 


eal 2 
Sn 3 fy Mn 
yee OS < 
S ra oF for W Wy (83) 
ete th eee ae! Py ered 
Se att, +S, ay Sin at; for W, > Ww, 


Then using (79) the ratio SI is given in terms of WW by the following equations: 


s* W 
= S lignH £ a (84) 
m wi 
Sim RPG aes ote +@, Sin 20.) ems 
S 2 = 1 1 i W, 
a 1 
(85) 
2 
W 20 
8 eae ag 
Weems usiGr ale, 0<6,< 7/2 


Using a, as a parameter, we then obtain the values given in Table 2 and plotting in Figure 2. 


AAD woves 


— 
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A, 13 Motion due to load suddenly applicd and then maintained constant, 


If the load is of the form: 


AG) = Ow < © 
(86) 
Pa eee 
then equation (68) becomes: 
W = 
pha, W + a, T,W 4 (87) 
and the initial conditions rest (69) we obtain as solution: 
=, 2 
Wo= 34, (1- Cosa t) (88) 
where: 
2P 
= 1 
Wik eee (89) 
m ; 
CPL 
while @ is given by (74) as in the orcceding section. 
Then S and its derivatives are given by: 
aye Ro eal 1 2 
S = 54, ¥ = 75, (2 Cos a t) (90) 
Bis tak ~ ; te 
5 = 3 2S, Sina t (1 os a t) (91) 
= ; a? Sm (Gosia ati cos. Bent) (92) 
where: 
: A Be 
Gee late yee: ae (93) 
~m ei at an ee 
1 o 


Further, when @ t = 7, we have from (88) and (89) and (90) that: 


S$ = W = 0 
25 Toss (94) 


since T.~ T, by sur assumption (66). &s the load F(t) remains constant fora t >77, equation (61) 
will thus be satisfied indefinitely and no further motion will occur. Physically this means that 
fora t 27 the deformed plate remains at rest in statical equilibrium with the load Pa the resulting 
tension in plate and at edges being too small to produce any yielding. 

Since there is no further motion, it follows that W. and S_ as given by (89) and (93) are 
the final maximum values of Wand 5S, as their notation anticipated. 


In crder to decide the types cf motion during 0 < at<7, the curve for § from (91) is 
shown in Figure 5. As will be seen from equation (93), the slope S of the S curve increases 
steadily from 0 at t = 0 up tos maximum value 9 a? Sf 16 at cosa t = i and thence decreases 
steadily to a negative velus ata t=7. 


” 
If we new cefine W, as the borderline value of ue corresponding tc the maximum S = Y, 
then, using (46): 


2 B20y, SNS | i Ti 
Wy = y= ——- SOME I: (95) 
9a Ay 9 Ay That 


Thence seeoe 
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Thence, applying the criterion of paragraph A.11 to Figure 5, we have: 


(a) wo SW 


The slope of the 3 curve is always < Y sc that the motion is always of Type It, and in 
particular: 


a ie Sh Wes ow (96) 


(b) woo? W 


we 


The motion will be of Type II until the point A where S = Y and will then change to Type I, 
the 5 curve then beccming the line 4C of slcepe Y in Figure 5; AC is therefore the tangent at A 
to the S curve since Ss is continuous, The moticn will revert to Type I! at the point C andi will 
remain of this type since tne slepe S is decreasing steadily and is: < Y on CD for all possible 
positions cf C. 


If the point A corresponds to: 
6 = at = 3 (97) 
then from (92) a, is given by: 
5a? Sm (Cos a, = (a8 28,) =) (98) 
and similarly if the point C corresponds to: 
C= romten = 8, (99) 


then it is easily shown from the tangency property of AC and the equation (91) for § that: 


Sin A, (1 - Cos 9,) - Sin @, (1 = Cos 6.) = @, - 8.) (Cos 8, = Cos 26.) (100) 
Thence from (70), (90) and (91) it follows that: 
= = 1-y (1- cos 9,)7+ i (a = cos @.)? 
2 (101) 
+4 @, - 9.) x { Sin ®, (1- Cos 8,) + Sin @, (1 - Cos ,) } 
for W. > Wo. 


The first two terms in (101) correspond to the area under CD, the third term to the area 
under OA and the remaining terms to the area under AC, 


Further, from (93), (95) ana (98), it follows that: 


Me ; : 8 
=| = 5 (Cos @). - Cos 28.) (102) 
for Wa > Wo the corresponding range of @. being: 
Gos pee tee (103) 

From (100), (101), (102) and (96) we can thus evaluate S' nse as a function of W Wo. In 
the calculations for we > W, it is most convenient to regard a, AS the basic parameter and as an 
intermediate parameter given by (100). The only involved fart of the calculations Is thie 
calculation of 6, since (100) is an implicit equation for 95 this evaluation was performed by 
obtaining a first approximation graphically and then correcting this by (100). 

Thus we plotted the curve of ordinate y (say) and abscissa 0, 


Y = Sin@ (1'— ccs @) (104) 


Corresponding sees. 


CC 
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corresponding in shape to the $ curve, and the tangent AC (Figure 5) at @ = 8, is then given by: 
Y = Sin@, (1 - Cos 8.) + (O- 8.) (Cos 6, - Cos 28.) (105) 


This tangent was then drawn by calculating from (105) two points on it, namely, the point 
where it cuts Y = 0 and tne point wnere it cuts either @ = 7 or GO = 7/2 tne latter being used for 
the steeper tangents tc avoid the points being too widely soaced. (Tne use of the graphical 
oroperty of tanyency 2s such would be relatively inaccurate). Where this tangent cut the curve 
(104) then gave a first approximation en (say). 


Now, if we put a, = eM, + € in (100), expand in powers cf € and neglect pcwers higher than 
the first, we obtain: 


€ (Cos 8, — Cos 24, ~ cos a + Cos 6",) (106) 


= sinO', ("Cos a) =sSiin 8, (1 - Cos 0.) = @, - 8.) (Cos 8, — Cos 26.) 


Using therefore the graphical value cf ge in (106), we obtained € and thence a corrected 
value of 6, for given ae Since € was in all cases small, no further correction by successive 
substitution in (106) was found necessary. 


The results for S' mom as a function of W PA are given in Table 2 but are not plotted as 
such in Figure 2 since the: Sonenne t remarkable fact was noted that this curve was virtually 
indistinguisheble from the curve S rey St versus WW, for the instantaneous impulse over the range 
plotted. Mathematically there does nct seem any obvious ccnnectiun between the set of equations 
(85) and the set (100), (101) and (102) while physically no explanaticn can be offered. However, 
this does not mean that the relative area of oull-in is the same in the two cases for a given central 
deflection, since from (80) and (95): 


(107) 
1.€. Wo = 1.89 Wy 
In order to bring out this difference, tne ratio S' IS. for tne present case has been 

plotted in Figure 2 against the same abscissa Won! Wy as for the instantaneous impulse. 


A.t4 Numerical values of parameters. 


For numerical application to Box Model results, we note that the qualitative variation of 
st /S_ with WoW, in Figure 2 does not depend on the numerical values of the parameters A, etCe, 


1 
but that W, depends on the constant K(say) defined by: 


4a b Aa 
K = Fea (108) 
A AD 3 


whence from (80) and (95) we have: 


2 are 2 
Race lie ya ant 


T 4ab 32 Yad 


. 
; 


(109) 


The constant K depends on the six parameters defined in (9) and (13) but not on A, and we 
must therefore make specific assumptions regarding the forms of the displacement functions of 
Fey t, t, of equations (1), (2) and (3). We assume them to be of the simple type: 


3 
So aed) eG oe) CG) (110) 
; Sof iey), = Ey (8) F, (¥) (111) 
T= fy buy) = FG), @ (112) 


It WET cccce 
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It will be noted that each is the prdduct of an x and y factor and there is assumed to be no 
essential difference between the x and y direction. We shall further assume that the load and 
therefore the resulting displacements are symmetrical so that: 


F. (%), F, (4) are even functions of % 

12 34 a 
(113) 

F, (5) is an odd function of = 

Also from (7) and (110) we choose: 
4 | 
es 
ey Ag) Cle St (114) 
2 


so that W is identified with the mean deflection and similarly withcut Icss of generality we may 
take: 


on al) ee ai (LY am) 
1 (115) 
F(r) dt = 1 


which implies that U and V are identified witn the mean pull—in along the two pairs of opposite edges. 


Supstituting in (9) and (13) from (110), (111) and (112), we then find after simplification: 


é a C 
ee wlie Ayes 
aS 4b 
C, = 4a (116) 
1 
= 2 
A, Yab Ky 
= = J 
8, c 4ab Ky Ky 
where: 
1 
2 
Kame Cey(r) 0 ar 


o 


oO 
1 (117) 
if 2 
ee [ F(r) lek 
fo} 
; 2 
Ky = [ F(r) ] dr 
+ OG) 


From (26) and (116) we then obtain: 
Dew 
ropes EO 
3 gale (118) 
3 4 
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= SNe 
and tnence from (108) and (116) we find: 

= 2 Jae 119 

kK = uk, Kk, G+ (119) 


In order to evaluate K we have now to assign specific forms to Fie F, and F,. For Fy 
the final shape cf the deflected plate in Box Model trials suygests as reasonable alternatives: 


Far) =2icos) fae 
8 2 2 
(120) 
or Fi(r) = 2 (a- r?) 
2 
for which from (117) we find K,? = 9,3 or 9 respectively. 


Similarly, the final shape of pull-in at the edges in Box Model trials suggests that the 
same forms are reasonable shapes for Fa .lso, i.€., we may take: 


ale) = 2 Cas Hk 
3 2 2 
(121) 
ae RAO) = 2 (Got) 
3 2 
which give Ky = 1.23 of 1.2 respectively. 


Thus the four combinaticns of (120) and (121) give values of ie ks ranging from 10.8 to 


11.4. The smallness of this range indicates tnat K is not very sensitive to the precise forms for 
Res 

Fy and 3 

The choice of a form for Fy is not so sssy since we have no direct experimental evidence 
to help and we therefore seek guidance from the exact scluticns given by Taylor(1) for a circular 
and an elliptical panel under unifsrm static pressure. 

We shall thus assume a two-term polynomial: 

= 3 3 
FAC) = eh lee (4) aap (122) 

which satisfies (113) and (115) while tne P term is similar to that given by Taylor(1) both for the 
radial displacements in a circular pane] and the centre-line displacements in an elliptical pane} 


under uniform static pressure. 


In order to 2stimate P we note from (11) and (116) that: 


- (123) 


while, since w is even in x and y the central areal strain 4, (say) in the plate is from (111) and 
(112): 


4%) C) S Up av ¥ 
b, {2 sl. -[ oor F*(0) F3(0) (124) 


bt 
in| 
o 


Now from the report “The distortion under pressure of a diaphragm which is clamped along 
its edge and stressed beyond the elastic limit", it can also be shown that the central areal strain 
is twice the mean areal strain for votn the circular and elliptical panels under uniform static 
pressure. This sugyests that we assume tne same ratio to nold in our proolem for tne final areal 
strain at centre and m=2:n areal strain duo to stretcning, i.o., we assume: 


(A). = 2-8 a (125) 


whence from (123) and (124) we cbtain: 


Si m 
FY, (0) Fj(o) = 2a (126) 
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Now, using (121) we nave F,(0) = 77/2 cr 1.5, and, taking the latter for simpler arithmetic, 
we obtain from (122) and (126): 


B= F(0) = 35 2 (127) 


Bua (128) 


while from (122) and (117) we find: 


kK, = — (86? - 12 2+ 15) (129) 
4105 
It is then easy tc show that in the range 9S B< 3, 


Ol Ky a Oo (130) 7 


> 


We have previously seen that K,? K,~ 11 sc that, for a/b = 1.52 as in Box Model shots we 


find from (119) and (130) that K lies in the range 10 to 40, ) 
We shall therefore assume that: 
K = 2 ( 131) 
gives a reasonable expected value for K, while: 
K = 40 (132) 
probably overestimates K. 


As a final point, we require a value for A, in ofder to estimate Sn from the mean deflection 
by use of (70). 


Using (120) or (121) and a/b = 1.52 we fina from (117) and (116) that 


> 
" 


32.7 for cosine shape 


bp = 1052 (133) 


a 


31.4 for parabolic shape 


Further, the valus of Ay for the soap bubble shape and a/b = 1.5 is implicit in equation (38) 


of the report mentioned on the previous page, and is: 


A= = i 5.76 = 30.8 for soap bubble shape ~ = 4.5 (134) 
The difference in Ay for a/b varying from 1.5 to 1.52 is undoubtedly negligible so that for 
the three shapes of cosine, parabola and soap bubble we find Ay varying from 32.7 to 30.8. It may 
be noted that the same three shapes give values 2.47, 2.25 and 2.06 respectively for the ratio of 
central to mean deflection and this range covers most of the box model shots. For smooth shapes, 
Ay is thus relatively insensitive to the precise shape and we shall take: 
s 


A, = 31.6 (135) 


as a mean value for application to Box Model trials. This value wauld only lead to pronounced 
error if "ripples" were present since such ripples give a relatively large contribution to increase 
of area compared with any contribution to mean deflection. Fortunately, the dishing in Box Model 
trials is relatively smooth and the use of (135) is unlikely te introduce errors of more than about 
5% in the deduced values of Sms 


= 25) 


TABLE 1. 
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EXPERIMENTAL DATA FOR NON-CONTACT SIDE SHOTS AGAINST BOX MODEL. 
ALL TARGET PLATES MILD STEEL WITH CHARGE AT DEPTH OF 7 FT. 


Charge | Plate Mean | Ratio 


t 
1 


| 
Shot No. 


474. UES INS Me 
484 R. Hae | 
CaO wReiktei| Leet 
175 M.II 
180 R. M.II 
476 

185 R. 

240 RR. 
aie. MEE 
482 M. II 
483 TaNe Le 
486 M.II 


T.N.T. | 


T.N.T. 


20.2 


16.4 


16.4 


Type | Weight ; Distance 
} 


190 MII | 16.5 | 2.0 
| j 
Pose paid Gaol eis 
494 TNeTs| 460k} Dee 
Pass BR. | NT.) GG | 240 


i i | 


Thickness 


0.352 


0.323 


9.350 


0.3523 


Deflection 


2.84 
2.83 
2.2) 


3.80 
3.56 


Total 
Pull-In 


Sn 


112.8 


99.6 


|S 
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TABLE 4 (Continued 


EXPERIMENTAL DATA FOR NON-CONTACT SIDE SHOTS AGAINST BOX MODEL. 
ALL TARGET PLATES MILD STEEL WITH CHARGE AT DEPTH OF 7 FI. 


Charge | Plate | Mean Total | Ratio 
Shot No.| Type j; Weight | Distance} Thickness | Deflection | Pull-in 
Wn S'm Stn 
. : : Sm 
1nSe 1nSe Sq.1nsSe 
365 88.9 0.49 
305 83.6 0.46 
3.5 9761 Ok7 
305 99.9 0.51 


(55.0) | (0.75) 
(42.6) (0.70) 


E.G. Le 3720 4729 0.52 

E.G. L. | 3720 47.8 0.56 

E.G. H. ! 358 58.5 0.54 

E.G. He | 36.0 4Ae/ 0.87 
0.225 eo 


70.5 0.614 
66.2 0259 


224 T.NeT. 74ol 
| 222 ToXels 206 3.0 
223 Re TXeille, 120s 3.0 


| 22k | TXte | 20.5 | 540 
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TABLE 1. ( Continued) 


EXPERIMENTAL DATA FOR NON-CONTACT SIDE SHOTS AGAINST BOX MODEL. 
ALL TARGET PLATES MILD STEEL WITH CHARGE AT DEPTH OF 


Plate Mean 
Shot No. j Thickness mo eg 


ins. ins. 


235 20.5 0.364 3014. 
20.5 0.359 3614 


fs |ows [ne [os [oe [oa fo 


T.N.T. 0.125 


Bracketed values for Shots 206 and 209 are corrected values 


R after Shot Number denotes nominal repeat of preceding shot in 
Table. 


ReRe after Shot Number denotes nominal repeat of preceding two 
shots in Table. 


MeII = Minol II 

Teked) = Torpexi die 

E.GeH. = Ex-German (high H.N.D). 
E.GL. = Ex-Gorman (low H.N.D). 
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TABLE 2. 


THEORETICAL VARIATION OF S',,/S, with W/W, , 


Loading by 
instantaneous impulse 


Load varying as H(t) 


degrees degrees Wo 


mom | = fe few [om 
Siete i= late 
CaCoRARM ORE: 
eects eee 
efetetr ett 
fe 


41950 0.510 


2.288 0.394. 
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DIAPHRAGM GAUGE STUDIES OF UNDERWATER EXPLOSIONS 


P. M. Fye and J. E. Eldridge 
Underwater Explosives Research Laboratory 
Woods Hole Oceanographic Institution 


American Contribution 


March 1951 


This article is based on part of OSRD Report No. 6248 published in 1946. The work was 
_ done under contract OEMsr 569. 
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ABSTRACT 


This report, which describes a great variety of experiments with a 
simple type of underwater gauge, should be of interest to anyone concerned 
with the damaging power of underwater explosions. It not only describes 
the construction and use of this gauge for comparing explosives but also 
a variety of experiments which throw light on the way in which damage is 
produced in structures by underwater explosions. It provides an illumi- 
nating illustration of the precautions and care which are required in 
order that accurate and precise conclusions can be drawn from even simple 
scientific investigations. 


Principally to compare various explosives with respect to their 
underwater damaging power and to investigate the various factors con- 
trolling damage by underwater explosions, a type of diaphragm gauge was 
constructed for use at this laboratory. It consisted of a circular steel 
or copper diaphragm, about 1/16 in. thick, clamped across the open end of 
a strong steel cup, the inside diameter of which was 3.3 in. The dia- 
phragm formed a watertight seal over the cup so that on submersion the 
gauge remained air-filled. By exposing the gauge sufficiently close to 
an underwater explosion, the diaphragm was permanently deformed; the de- 
pression at the point of maximum deformation was measured and arbitrarily 
defined as the damage produced. The more important results obtained with 
this gauge using small charges (up to 25 lbs.) are outlined below. 

ya 


Ik The equation D = k ane was found to apply over a considerable 


range of experimental conditions. In this equation, Dis the maximum 
depression of the diaphragm, k is a constant for a given type of explosive 
and a given type of diaphragm, W is the charge weight, d is the charge- 
to-gauge distance, m and n are constants for a given type of diaphragm. 

It was found experimentally that m and n for a given diaphragm material 
were approximately in the ratio 1 to 2. For steel diaphragms, m and n 
were found to be about 0.6 and 1.2, respectively; for copper, m and n- 


were respectively 0.4 and 0.8. 


Bi For steel diaphragms, the damages observed experimentally agreed 
closely with those predicted by the theoretical studies of diaphragm 
deformation carried out by J. G. Kirkwood and others. 


Sie When half-scale gauges were exposed to underwater explosions in 
which all other linear dimensions of the experiment were decreased by 
one-half, the damage produced was one-half that obtained with the 
regular gauges under normal conditions. In other words, Hopkinson's 
scaling rule was found to hold for a two-to-one variation. 


h, If the gauges were held in place by a simple wooden framework 
instead of by an encompassing steel ring, the damage could be decreased 
by as much as 50%. This was indicated to be due to rarefaction waves 
reflected from the wood and consequent cancellation of a portion of the 
pressure wave from the explosion. 
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Sic Surrounding the front face of the gauge with a steel disc or 
baffle increased the resulting damage by as much as 50%. 


6. In ordinary use with small charges, the time required for the 
complete deformation of the diaphragm was about 3 times the time-constant* 
of the primary shock-wave. Subsequent pulses from the bubble had no 
appreciable effect on the final deformation unless the experiment was set 
up so that the bubble migrated toward the gauge during its oscillation. 

In this case, bubble pulses increased the deformation as much as 80%, 

and the time required for final deformation was correspondingly increased. 


Tle It was proved by flash photographs that cavitation was formed in the 
water in front of these diaphragms during deformation under certain con- 
ditions but not for most of the experiments described herein. Although 
exhaustive tests were not conducted, the theoretically derived criterion 
for the formation of cavitation was found to agree with observations. 


8. If the mass of the diaphragm was increased by a factor of about 7.7 
without a corresponding change in mechanical strength, the damage was 
decreased by about 50%. 


9. Gauges placed in the Mach region of two intersecting shock-waves 
from a pair of charges recorded up to 50% more damage than gauges placed 
the same distance from a single charge of the same total weight. 


10. The bubble from one charge was found to shield a damage gauge from 
the effects of a second charge detonated on the other side of the first 
charge, provided that the two charges were not too close. 


* The time required for the pressure to fall to iJe, or 30.0% of its 


maximum value. 


519 
I. INTRODUCTION 


When underwater explosives research was begun by the NDRC in the 
spring of 1941, two of the most important tasks undertaken were (1) the 
study of the factors which influence underwater explosion damage, and 
(2) the comparison of various underwater explosives with respect to 
their damaging power. Since "damage" is a loosely defined term, there 
can be no such instrument as a “damage gauge"; yet, there could be no 
solution to the above mentioned problems without some means, arbitrary 
though it may be, of measuring damage. Accordingly, in the summer of 
1941, a gauge consisting of a strong steel cylinder, closed at one end, 
and covered at the other end with a relatively thin metal diaphragm was 
put into use.1,2,3/ The "damage" measured by the gauge was the amount 
of deformation suffered by the diaphragm on exposure to the underwater 
explosion. 


Although this gauge was an arbitrary one, it was used successfully 
for comparison of explosives in the weight range from about one ounce 
to 25 lbs. as well as for testing service weapons. It was of particular 
value in the period during which the more elaborate techniques of 
explosion measurement were being developed. 


II. DESCRIPTION OF THE UERL DIAPHRAGM GAUGE 
ake Construction 


This diaphragm gauge was designed and constructed 7 1941 at the 
Explosives Research Laboratory, Bruceton, PennsylvanieL as follows. 

(See Figures 1 and 2.) The edges of a section of steel pipe, 4-1/2 in. 
O.D. x 3-1/8 in. I.D. x 3 in. long, were beveled for fillet welding. 

A solid steel plate 7 x 7 x 1/2 in. was welded over one end of the pipe 
section, and the second plate 7 x 7 x 1/2 in. with a central hole of 
nearly 3-1/4 in. diameter was welded over the other end of the pipe. 

The outside face of this second plate was milled flat, and the hole was 
accurately finished to a diameter of 3.270 in. The edge between the 

side of the hole and the milled face was then rounded off into a 90° arc 
of 1/16 in. radius. A third steel plate, 7 x 7 x 1/2 in., was milled 
flat on one face and a tapered hole 4.582 x 3.432 in. bored in the 
center, the narrower end of the hole being at the milled face. Smaller 
holes were drilled through the two milled plates, and the holes in one 
were tapped to take 1/2 in. x 13 thread cap screws so that the two plates 
could be bolted tightly together. Provision was made for eight cap screws 
spaced around the main hole. The first gauges were so constructed that 
the cap screws were inserted through the welded plate to engage threads 
in the cover plate; this proved to be cumbersome and subsequent gauges 
were made with holes tapped in the welded plate. A hole was drilled also 
in each corner of the two plates so that pins could be inserted to assure 
reproducible alignment of the two plates. 


Sa Tels ee es Eee Ss WAG oe ee 
1’ This gauge has been previously described by Fye and Alexander in 


~  OSRD Report No. 1035, November 192, 

2/ Wilson, Cole and Fye, OSRD Report No. 1220, February 1943. 

3/ A diaphragm gauge was already in use by the British, cf, Mine Design 
=" Department, Summary No. M. S. 940/42, A.C. 3338, October 1942. 
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The diaphragm used in this type of gauge was steel or copper and 
was 7x 7x ca. 1/16 in. thick. Before use, it was drilled with twelve 
holes around the edge to correspond with the pin and cap screw holes 
and all rough edges were smoothed off. The diaphragm was then clamped 
between the milled faces of the gauge plates. 


De Method of Using the Gauge 


Most shots were conducted in the following manner. Four damage 
gauges were mounted on a framework in the center of which was fixed the 
explosive charge. The gauges all pointed toward the charge and were 
spaced at approximately 90° intervals about the charge. 


Before clamping the diaphragm in place, a medium-bodied motor oil 
(e.g., SAE-40) was applied with a paint brush to both of the milled 
faces of each gauge to aid in keeping the gauge watertight. 


If the charge was sufficiently small (ca. 1/2 1b.) the whole rig 
(frame, gauges and charge) could be lowered into the water from a boom 
on the dock. In most cases, however, larger charges (up to 25 lbs.) 
were used which necessitated working on a raft anchored out in the 
harbor and suspending the rig after it had been lowered into the water 
either from the raft or from a buoy attached by a horizontal line to 
the raft. When the shot had been fired, the rig was raised to the 
surface and new diaphragms installed in the gauges for the next shot. 
Photographs of the larger rafts are shown in Figures 3 and } and the 
smaller raft is shown in Figure 5. This pontoon-floated raft is particu- 
larly convenient for this type of work. It is rectangular in shape 
(23 ft. x 28 ft.) with a 13 ft. x 16 ft. opening in the center. One end 
has a 12 ft. x 23 ft. apron for a work space and the other end has a 
gangway which can be removed for floating gear out of the center away 
from the raft. An overhead quadrupod with cables to a winch permits 
lowering and raising gear. When the raft is anchored in a current with 
the open end down stream the gauges and gear can be lowered until they 
are supported by a floating buoy and then the buoy and gear floated 
down stream to a safe distance for firing the charge. 


Most of the charges used were cast in cylindrical cardboard or 
tin can containers, and were boostered with pressed tetryl meiietee 
The booster was usually half-submerged in the explosive. The tetryl 
pellets were initiated by a DuPont No. 8 electric detonator set into a 
small well provided in the top pellet. Putty placed around the 
detonator and tetryl waterproofed the latter sufficiently up to depths 
of Ho ft. 


S36 Diaphragm Materials 


Both copper and hot-rolled steel were used as diaphr materials. 
The copper was annealed until it was dead-soft before use=/. The steel 


Ly) Philip Newmark and Ernest Patterson, OSRD Report No. 6259, NDRC 


Report No. A-381. 
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used in the tests herein reported was from five separate lots; the 
physical properties of the various lots are given in Table I. Yield 
stresses and tensile strengths for the first four lots and Lot 5b are 
quoted from the supplier's specifications; other Lot 5 values (in 
parenthesis) for the yield stress and tensile strength were determined 
at the David Taylor Model Basin. 


Table Ia. Physical properties of various steels 
used in diaphragm gauge tests 


Yield Stress 
(1bs/in.2) 


Tensile Strength 
(1bs/in.2) 


5 (thick) 
5 (medium) 
5a(thin) 
5b(thin) 


Lot 5 steel was used most extensively for this and other work 
requiring sheet met 2/, The three thicknesses were specially obtained 
from the American Rolling Mill Company and all were from the same melt 
of steel and had compositions as uniform as possible. Additional tests 
on part of Lot 5 by the Materials Testing Laboratory of Massachusetts 


Institute of Technology furnished the data of Table Ib. 


Table Ib. Additional Lot 5 Data 


Young's Yield Elongation 
Modulus Strengt: Strengt (fraction of 
(1bs/in.°) (1bs/in.°) (1bs/in.“) original length) 


Lot No. 


5 (medium) 28.5 x 10° 46,590 69, 880 0.323 
5b (thin) 25.5 x 10° 36, 800 59,630 0.352 


III. THEORETICAL PREDICTION OF DEFORMATION OF DIAPHRAGMS 


The study of circular diaphragm deformation by means of fluid 
pressure has been pursued on a theoretical basis by several groups, 


J. C. Decius and Paul M. Fye, OSRD Report No. 6247, NDRC Report No. A-369. 
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such as that of G. I. taylor®/ in \igheceae. and those led b 

R. W. Goranson!/, by E. H. Kennard?/ and by J. G. Kirkwood?/ in the 
United States. The work of the Kirkwood group has been connected 
rather closely with that of the UERL and, in addition to their general 
calculations, they have made calculations which are specific for the 


UERL damage gauge. 


Without going into the develgpment of the Kirkwood calculations 
which have already been reported? » it may be illustrative to cite the 
result of some of their work made applicable to the UERL diaphragm 


gauge. 
If the following assumptions, among others, are made: 


(1) that the diaphragm is affected only by the primary shock-wave 


from an underwater explosion, 
(2) that "cavitation" does not occur in the water in front of the 


diaphragm during the damage process, 
(3) that the profile of the plastically deformed diaphragm is 


parabolic, then 
-1/2 


~ 103-4 Pm 9 Re 2R 
eeette (=) C- Saar MIE 


1/2 2 1/2 


In the above equations, 
Zn is the final central deflection of the diaphragm 
is the diaphragm thickness in inches 


is the radius of the diaphragm, equal to 1.64 in. 
for this gauge. 


p is the density of the diaphragm in gm/cm> 
if, is the density of the water in em/cm> 


is the yield stress of the diaphragm material in lbs/in.* 


6/ G. L. Taylor, Sept. 1, 1942, S.W. 24, I1l-5-2799. 


7/ Lt.Car. R. W. Goranson, USNR, August 1943, Bureau of Ships, U.S.Navy, 
Underwater Explosion Report No. 1942-4. 

8/ E. H. Kennard, March 19h}, Taylor Model Basin, U. S. Navy, Report 
NOS Deis 

9/ J. G. Kirkwood and J. M. Richardson, September 30, 1944, OSRD 4200. 


A 
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Py, is the peak pressure of the shock-wave (assumed exponential) 
in 1bs/in.2@ 


a) is the time (sec) required for the pressure of the shock-wave 
to fall to Pp/e, where e = 2.718 and 


g is a function of WO as given in Table II below. 


Table II. Values of g corresponding to various values of WO 


WOoNoUouNd 


Da &rwWw 


0-2 
0.4 
0.6 
0.8 
z-0 
1.5 
2.0 
2.5 


Equations (1) and (2) combined with Table II allow a calculation 
to be made of the diaphragm deformation to be expected with a UERL 
damage gauge for given experimental conditions. Further details may be 


found in reference 9. 


IV. COMPARISON OF THEORY AND EXPERIMENT 


ike Steel Diaphragms 


The Kirkwood equations given in Section III have been used to pre- 
dict damage versus charge weight curves for Lot 3 and Lot 5 steel 
diaphragms in regular UERL damage gauges. These curves are shown in 
Figures 6 and 7 where experimental data are also plotted to indicate 
the excellent agreement between theory and experiment under these 


conditions. 


For determining the theoretical curves the following data were used. 


0.085 in. for Lot 3 diaphragms 


Bo = 

@, = 0.080 in. for Lot 5 diaphragms 
PP =7.8 gn/cm3 

fh, = 1.01 gm/cm3 


= 60,000 1b/in.* for Lot 3 diaphragms 


a 


= 68,000 1b/in.® for Lot 5 diaphragms 


ot 
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The peak pressure p, and impulse I were calculated using the empirical 
expressions 


1.14 
yi3 
Ph = 20,400 = 1b/in.® (3) 
2/3 
I = 1.50 : 1b-sec/in.” (14) 


where W (1b) is the weight of TNT and R (ft) is the charge-to-gauge distance. 
The relation between pm and I is assumed to be given by 


Lom © (5) 
so that the time constant 0 may be calculated from the following expression 
0.29 _0.14 

@ = 73.5W 9 R fesec, (6) 


which will be used later. 


The above expressions for the explosion parameters P,, and I were 
determine by piezoelectric measurements of explosions from full-scale 
charge Although some error may be introduced in scaling these 
values down to small charges, it is felt that they are probably more 
reliable than those obtained with small charges where instrumentation 
difficulties made it necessary to apply considerable corrections to 
apparent values. 


Although somewhat outside the scope of this report, it is interesting 
to note the effect on the theoretical damage-weight curve if theoreti- 
cal shock-wave parameters are substituted for the empirical values. 
iy III lists the scaled empirical values with those predicted theoretical- 
1 for small TNT charges of density 1.59 gm/cm>. 


Table III. Comparison of theoretical and experimental explosion parameters 


(Distance from charge 4 feet) 


Charge Peak Pressure Impulse 
Weight lbs/in.“) lbs-sec/in.*) 


[| (ibs Tr) | Theo. | Expt. | Theo. | Expt. | 


10/ "Underwater Explosions", Princeton University Press pg 242 by R.H. Cole. 
II/ Kirkwood, Brinkley, and Richardson, OSRD No. 2022, p.22, Nov. 1943. 
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Figure 8 shows the comparison between a theoretical damage versus 
weight curve based on theoretical shock-wave parameters and the experi- 
mental damage results. Considering the fact that the only experimental 
values used in determining the theoretical curve were the dimensions of 
the gauge and the yield stress of the diaphragms, the agreement (ca. 15%) 
is excellent. 


as Copper Diaphragms 


It is difficult to apply Kirkwood's damage equations to copper 
diaphragms because copper does not have a definite yield stress like 
that of steel nor was the theory intended to apply to copper. Figure Io 
shows that a theoretical curve based on a yield stress of 5,000 lbs/in.© 
passes through the empirical damage-weight curve, but has a markedly 
greater slope. The slope of the theoretical curve is gradually decreased 
by assuming greater yield stress, but such a procedure rapidly changes 
the absolute level of the curve, as is illustrated by the example in 
which the yield stress was taken as 20,000 lbs/in. It is evident that 
the low weight exponent (i. e., slope of the damage-weight curve plotted 
on log-log paper) found for copper diaphragms is difficult to reconcile 
with the Kirkwood damage equations. It is possible that work hardening 
is a relatively important factor in the damage process for copper. 


V. RESULTS OF EXPERIMENTS 
Ibe The Empirical Equation of Damage 


The "damage" recorded by a deformed diaphragm can be measured in 
terms of two simple parameters of the deformation, namely, the volume 
of the "dish", or the maximum depth of this dish. Since the latter 
measurement was easier to make accurately, and since it seemed to be 
reproducible, only this measurement was made for most work, and it was 
arbitrarily defined as damage. 


It had previously been foundl/,12/ that the maximum depth of 
depression of a deformed diaphragm could be expressed fairly accurately 


over a considerable range of experimental conditions by the following 
empirical equations: 


Dis (7) 


where D is the maximum depth of depression, or damage, 
k is a constant determined by the properties of the explosive, the 
properties of the diaphragms, and by the units used for the other 
quantities, 


W is the weight of the explosive charge, 


Oy CE aror instance, reports from the Mine Design Department of the 


British Admiralty 
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a is the charge-to-gauge distance, and 


m and n are constants determined by the properties of the 
diaphragm 


The constants m and n were found not to be mutually independent, but 
were in the ratio of about 1:2 for both the copper and steel diaphragms. 
For the copper diaphragms, m and n were about 0. 4 and 0.8 respectively; 
for the steel diaphragms, m : and n ‘were about 0.6 and 1.2 respectively. 
These values for the constant m were determined over a limited range of 
charge weights, in most cases from 1 to 10 lbs. Weight and distance 
exponents determined from 300 and pound charges and steel diaphragms 
were approximately 0.49 and 1.1313/. 


To illustrate some of the uses of the damage Equation (7) let us 
suppose that two explosives, A and B, are being compared by means of 
gauges and using two different diaphragm materials, 1 and 2. If we 
fire one shot with each explosive for each diaphragm material, we may 
express the results by the following four equations 


( ¥n) tt (8) 


(4) 


(9) 


m5 
(42) 7 (10) 


© 
— 
Ny 


Dao = (11) 


If the experiment has been performed so that the charge weights and 
distances were held constant for the shots represented by Equations (8) 
and (9), and constant also for Equations (10) and (11), then damage 
ratios for the two explosives will be obtained. 


13/ J. 8. Coles, OSRD Report No. 6240, NDRC Report No. A-362. 
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_AL -. _Al (12) 
Dai Key 
"2 = (13) 
Dpo kpo 


These two damage ratios will generally be unequal, due to the different 
physical properties of the two diaphragm materials. 


However, the two explosives may be compared according to other 
criteria in which the result will be independent of the diaphragm 
material if the ratio between m and n is independent of the diaphragm 
material. For example, different weights of the two explosives may be 
chosen so that equal damages will be produced at a given charge-to-gauge 
distance, or the same weight of each explosive may be fired at different 
distances so chosen that equal damages will be produced. Im either case, 
Equations (8) and (9) combine to give 


(a al (¥, my 
mao eG 0) 
and Equation (10) and (11) result in 
(w ae (42) 
Kap a2) Kno (m2) "2 (15) 


If the experiment has been conducted with d,, and dp) the same, and with 
dao and dpp the same, then equivalent weight ratios for the two explosives 
are determined: 


i 
Many seein ya 2 (16) 
Wp1 Kay 

1/ 
Wa ae ele (17) 
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If the experiment has been performed with Wy) and Wp) the same, and 
with Wap and Wpo the same, then the following equivalent distance ratios 
are obtained: 


1/n 
day Kay 
1 
drs, ae [ng 
= 1 
tao | Kyo ne 


If, now, the equivalent weight ratios and equivalent distance ratios are 
independent of the diaphragm material, 


1/m ay 
aa 1 _[ ¥po ms ee 
Kay Kao 
and 
1/n aw 
kp1 = Kp \/ "2 d 
= (21) 
Kal ‘AD 
Equations (20) and (21) can be written 
my n 
Key _ ft Exe [2 _ { ¥po \ "ine iss 
Kay Kap Kao 
Equation (22) will be true if m, ay My My 
ae “Nes } Shears 


which was one of the premises. 


It is, therefore, evident that results of somewhat more general 
significance will be obtained if explosives are compared on the basis 
of equivalent weights, equivalent volumes, or equivalent distances 
(all independent of diaphragm material), rather than on the basis of 
relative damage produced. In practice, it was found more convenient 


536 


to compare explosives at constant charge-to-gauge distances rather than 
at constant weights or volumes, so the equivalent weights of explosives 
were the quantities determined directly. The other ratios can easily 
be calculated if one ratio, the exponents m and n, and the explosive 
densities are known. 


For example, if the equivalent weight ratio W a/We (D and d held 
constant) is designated as Wpqgs the equivalent volume ratio V /Vp 
(D and @ held constant) as V,,; the equivalent distance ratios 
dp/a, (D and W held constant) and dp/d, (D and V held constant) as 
apw and | apy respectively; and the ensity ratio Wa/Wp (Vv held constant) 


as Wy, then 
(mr) >a) , (23) 
(wy) ipa) (oh) 


n/n 
dig (oa) (25) 


aA The Effect of Wooden Frames 


Vpa 


doy 


and 


In tests with damage gauges, some sort of framework for fixing the 
orientation of gauges and charge-to-gauge distances is essential. The 
first type of frame used at UERL consisted of a wooden cross at the center 
of which the charge was fastened. One gauge was mounted on the end of 
each of the four arms of the cross so that it faced the charge. The 
whole rig was lowered by a rope or wire cable into the water with safety 
lines connected to the gauges. A top view sketch of this type of frame 
is shown in Figure 10. 


Figure 10. First frame type 
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A frame of this construction was, of course, good for only one shot. 


Partly in an effort to avoid constant replacement of frames, and 
partly due to a presentiment that a foreign object so close to the 
charge might be affecting the results, a second type of wooden frame, 
shown in Figure 11 was soon put into use. The charge in this case was 
positioned by twine tied between it and the sides of the frames. 


Position 
of gauge 


Figure 11. Second Frame Type. 


By an unfortunate coincidence, the damage recorded by the gauges 
when mounted on this frame was the same, within experimental error, as 
that obtained with the cross frame, and it was concluded that the frame 
in neither case had any significant effect on the damage gauge results, 
particularly since the primary interest was in comparing other explosives 
relative to a standard explosive (TNT). However, because the second type 
frame seemed to be an improvement in technique, it was retained in use 
although frames of this type also were almost invariably destroyed by a 
single shot. 


Another experiment which led to the belief that the method of 
mounting the gauges had little effect on damage was the following. In 
order to determine whether an increase of inertia of the damage gauges 
would increase the damage, several charges varying in weight from 0.8 
to 4.2 lbs. were fired at steel diaphragms at distances of 36 and 48 in. 
The weight of each gauge, weighing 30 lbs. normally, was successively 
increased by 15, 30, and 50 lbs. In no instance was there an increase 
in damage to the diaphragm until the charge and distances were such that 
the diaphragm was damaged more than 80% of the maximum damage possible 
without rupture. Beyond 80% of maximum depression, doubling the weight 
of the gauge (total weight 60 lbs.) increased the damage by 5%. 
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Increasing the weight of the gauge by 50 lbs. (total weight 80 lbs.) 
did not further increase the damage. It was concluded, therefore, that 
increasing the inertia of the gauges considerably did not materially 
change the damage results. 


Early in the summer of 1943, however, a new shipment of lumber used 
for constructing the frames was received which produced markedly different 
damage results. This led to the investigation of several types of support- 
ing frames. 


The usual type of frame, Figure 11, made of 3 x 3/4 in. furring, was 
varied by "quartering" each member to decrease the strength of the frame, 
and by "doubling" to increase the strength. The doubled frame was con- 
structed simply by nailing together two members for the side pieces of 
the frame shown in Figure 11 so that the dimensions of these sections 
were 3 x 1-1/2 in. It should be noted that for this type frame the 
closest edge of the wooden frame was closer to the charge than the gauge 
diaphragms. Figure 12 shows a partially doubled frame in which the 
sections between C and D, and B and D have been doubled in the same 
fashion. Figure 13 shows a frame constructed so that all parts of the 
wooden frame were farther from the charge than the diaphragms in the 
gauges. Weakened and doubled frames were investigated for this style 
frame as well. Finally, tests were made with the gauges mounted rigidly 
on a steel ring (Figure 14). The ring was made of 1-1/2 in. solid 
round stock and the gauges were mounted (1) on spruce blocks, (2) on 
oak blocks, and (3) on mounts made of 1-1/2 in. angle iron. The results 
varied with each type of mounting. The ring was not significantly 
affected by the shots. 


Our conclusions from these experiments were as follows. The data 
are listed in Tables IV to VII. 


(a) The regular frames (Figure 11) produced a definite decrease 
in damage when strengthened by means of the doubled sides, and an 
increase in damage when weakened by use of the quartered sides. An 
increase in damage was also shown when the frame members were decreased 
from 3 x 3/4 in. to 2 x 3/4 in. The data for tnese shots are shown in 
Table IV. Here it may be seen that strengthening the frame by doubling 
may decrease the damage as much as 17% and weakening the frame by 
quartering the frame increase it as much as 49%. This was also shown 
in shots in which frames were unsymmetrically strengthened as shown in 
Figure 12. The data in Table V. indicate that less damage occurred for 
those gauges mounted on the doubled sections of the frame. 


(bo) The use of the "outside" frames (Figure 13) for which all 
charge-to-frame distances were greater than the charge-to-gauge distance 
resulted in a damage greater than with the frames of Figure 11. The 
increases in damage were as much as 78%, as indicated in Table VI. The 
weakening of this type of frame by changing from 3 x 3/4 in. members to 
the 2 x 3/4 size and the doubling of the frame had comparatively little 
effect. Increasing the distance d of the gauge from the frame tended to 
increase the damage. a 
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Gauge A 
position 


Fig.2. Partially 
doubled frame. 
Peanition 
of gauge 
D 


Fig.13. "Outside" frame. 


Fig.14. Steel ring frame. 
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Table IV. Results with frame style shown in Figure ll. 


Charge-to-gauge distance 48 in. 


Average Damage | Percentage 
Size of stock (107in. )a/ Variation 


Regular, 
3 x 3/4 in. 


Vb He Ip bE 
OrFOO 


e e 
AMWI OV 


"Doubled" 
3 x 1-1/2 in. 


Bs 
+ 
2 
ug 


"Quartered"” 
1-1/2 x 3/8 in. 


Orsi -1/2: in. 


a/ Corrected to 0.085-in. thickness. The correction of damage re- 
sults to compensate for variations in diaphragm thickness is discussed in 
Part V, Sec. 5(a) 

b/ Wood used was hemlock, all others were pine. 

c/ Compared with 2 x 3/h4-in. stock. 

a/ Braced with broken members. 
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Table V. Results with partially doubled frame (Figure 12) 


Charge 
(gm) 


| awe | tetry1, (10-2%n.) | (10-2in.) 
1300 | 100 33.4 31.3 
31.8 29.8 


Table VI. Results with “outside” frames (Figure 13) 


Charge 
(gm) Damage Compared with Regular 
a Frames of Table IV 


ine sm 


Percentage 
Variation 
of D from A 


Percentage 
Variation 
of B from A 


Phd Pepi tp 


a/Corrected to 0.085-in. thickness. 
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Fable VII. Results with steel-r frame (Figure 14 


Percentage Variation 
Compared with Regular 
Frames fea Table IV 
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(c) The mounting of gauges on a steel ring (Figure 14) resulted 
in greater damage than any type of wooden frame mounting. This in- 
crease varied from 6 to 10% over the type shown in Figure 13 to 30 to 100% 
over the regular type of Figure 11. The change in type of gauge backing 
from spruce to oak increased damage 2 to 4%. Typical results with the 
steel ring are shown in Table VII. 


An additional experiment in which a chain was stretched between 
gauges mounted on a regular wooden frame (Figure 11) to prevent their 
swinging away from the explosion more than about 1 in. resulted in no 
increase in damage over that usually produced. 


It was concluded that, in general, the lighter the wooden frame 
the more the damage, and the greater the charge-to-frame distance, 
the more the damage. 


A suggested explanation for the remarkable increase in damage 
(25 to 100%) when gauges were mounted on a steel ring rather than at 
the corners of a square wooden frame was that the wood, being a medium 
less dense than water, reflected a rarefaction wave which partially 
destroyed the shock-wave. Another proposed explanation was that the 
damage was increased by the more rigid backing of the steel ring. To 
test the reflection theory independently of the rigidity with which 
the gauges were mounted, shots under three sets of frame conditions 
were fired. One was a frame consisting only of the ring; another 
consisted of the ring and an "outside" wooden frame (Figure 13); and 
the last consisted of the ring and an "inside" wooden frame (Figure 11). 
For this and the following frame experiments, except where otherwise 
noted, Lot 4 steel diaphragms were used, the charge-to-gauge distance 
was 48 in., the charge employed for each shot was 2.31 lbs. TNT, and 
two shots were fired for each arrangement. 


It was found that the average ratio of the damage obtained with 
the outside frame and ring, to the damage obtained with the ring alone 
was 0.90; the average ratio of the damage obtained with the ring and 
inside frame to the damage obtained with the ring alone was 0.59. 


To make sure that the decreased damage found in these cases was 
caused by reflection of the shock-wave from the wood and not by some 
phenomenon involving actual contact of the wood and the gauges, the 
following experiment was next performed. Shots were fired in which 
(1) boards were lashed to the ring outside the circle of the gauges; 
(2) boards were lashed to the ring within the circle of the gauges 
but below the plane of the gauges so as not to be directly between 
the charge and the gauges; (3) boards half as wide as in (2) were 
lashed to the ring as in (2). The average ratios of the damages 
obtained compared with the damage obtained with the ring alone were 
found to be 1.00, 0.82, and 0.90, respectively. 


To investigate the possible effect of movement of the gauge as 
@ whole on the damage of the diaphragm, shots were fired using the 
ring alone in which one, two, and three gauges were used. In the 
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cases in which two and three gauges were used, the gauges were spaced 
at 90° intervals. In all of these cases, then, the shock-wave would 
tend to move the whole ring, and the damage could be compared to 
damages obtained in the usual case in which four gauges were mounted 
at 90° intervals about the ring so that the latter had no tendency to 
move. No important differences were found. 


In order to obtain evidence as to the effect of the ring itself 
on damage, two types of shots were fired and compared with the usual 
shots. In the first type, sheet iron was wired to the ring. The 
sheet iron was 6-1/2 in. high and extended all around the outside of 
the ring. In the second type, the gauges were mounted on rubber shock 
mounts about 3/8 in. thick between the gauges and the ring. This 
experiment was to test the effect of the rigidity of the mounting on 
damage. Neither the sheet iron nor the shock mounts were found to have 
any significant effect on damage, so it would appear that the reflections 
from the ring and the rigidity of the ring make no appreciable contri- 
butions to damage. 


Two shots were also fired using Lot 3 steel diaphragms, 3.78 lb. 
TNT charges, and an inside wooden frame (Figure 11) in addition to the 
ring. These shots were compared with two previous shots in which the 
ring was not used. The average ratio of the damage obtained with the 
wooden frame and ring to the damage obtained with the wooden frame 
alone was found to be 1.07. Of eight such ratios, however, the spread 
was considerable (0.95 to 1.24), due perhaps to the variability in the 
wood. This indicates that the major portion of the "frame effect" is 
due to the presence of the wood and not the break-up of the frame or 
the movement of the gauges. 


3. Results Using Wooden Frames 


A considerable number of tests were conducted with damage gauges 
before the importance of the effect of wooden frames on damage was 
discovered. These experiments are described in the following sub- 
divisions. It should be kept in mind that, in general, a new frame 
was used for every shot and that, therefore, an important variable 
was not controlled except insofar as the same kind of lumber was 
used until it was used up. It is probably unsafe to compare results 
of shots which were separated by a considerable time interval. Shot 
numbers indicate the order in which the tests were conducted. 


(a) Determination of time of damage. A simple method was devised 
for determining the approximate time during which deformation of the 
diaphragms in UERL damage gauges occurred. The method consisted of 
firing shots in which the gauges and charge were suspended in a plane 
parallel to the water surface and successively decreasing the depth of 
the rig until the gauges began to record markedly less damage. The 
decrease in damage was caused by the reflection of a rarefaction (ten- 
sion) wave from the water-air interface which cut off the latter part 
of the pressure wave. At the critical depth where the deformation first 
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appears to be affected, the path difference between direct and reflected 
waves, divided by the velocity of the shock-wave (ca. the velocity of 
sound in water), gives the time delay in the arrival of the reflected 
wave, and thus (if we disregard deformation of the diaphragm caused by 
its own inertia) the time required for normal deformation. Comparison 
of the deformation time with the pressure time curve of the shock-wave 
will show what part of the shock-wave caused the damage. It will be 
noted that no account has been taken of the contribution of bubble pulse 
waves to the deformation, but other experiments (Section V, 4,c) have 
shown that in normal use of the gauge the contributions of bubble pulses 
were negligible. 


The reaults of these tests are listed in Table VIII, and some of the 
results are shown graphically in Figures 15 and 16. The deformation 
times range from 240 to 360 microseconds. 


(b) Double shots. According to Kirkwood, curved diaphragms with 
the convex side toward the charge should be deformed more than those 
exposed with the concave side toward the charge. To determine the 
relative capacities of convex and concave diaphragms to withstand de- 
formation, the following experiments were carried out. The first ex- 
periment consisted of reversing a damaged diaphragm in the gauge and 
firing a second charge identical with the first. That is, for the 
second shot the dent of the damaged diaphragm was bulged out toward 
the charge. The result of the second shot was a deformation in the 
opposite direction in which the maximum depression (measured from the 
original undeformed plane surface as reference point) was greater by 
25 to 40%. The dent from the second shot had an asymmetrical contour, 
having the greatest depression two-thirds of the way toward the side of 
the bulge neaf the bottom of the gauge. 


In the second experiment, diaphragms were exposed to the explosions 
of two similar charges in succession without removing the diaphragms from 
the gauges. It was found that the damage was increased by the second shot 
but not to the same extent as on the reversed diaphragms discussed above. 
Table IX lists the data. 


(c) Study of errors. A series of experiments were conducted in 
which we investigated the various sources of errors in our use of the 
UERL damage gauges. This was done by making various deliberate changes 
of the sort that might occur accidentally in the experimental set-up and 
then determining the extent that the damage was affected by this change. 
Charges of approximately 4 lbs. loose tetryl (density about 1 gm/cm3) 
were used so that no initiator other than a No. 8 DuPont cap would be 
necessary. Charge-to-gauge distance was 48 in. for these tests, unless 
otherwise specified. 


(i) Due to variation of charge-to-gauge distance. When the gauges 
were displaced with respect to the charge, the change in damage was about 
3% per inch of displacement. Hence, if the charge should shift 1 in. 
toward one gauge, that gauge would have 6% more damage than the one 
opposite it. The damage averaged over the two opposite gauges should 
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Table VIII. Results obtained by varying depth of immersion.®/ 
Copper diaphragms used except as noted. 


Critical 
Depth Below Peak Pressure 
Surface i Pressure | at Cutoff 
(in.) . (1b/in¢) | Time 


<1% peak 
<2% peak 


<1% peak 
<1% peak 


<1% peak 


<1% peak 


<2% peak 


a/Peak pressures and pressures at the cutoff time calculated assuming 


p(t) = pne”t/® and using Equations (3) and (6) for p, and 0. 
b/Steel diaphragm used. 


Table IX. Results of double shots with steel diaphragms. 


Loose Tetryl Average 
Experiment Charge (1/64 in. , Percentage 


(gm) Ist shot end shot Increase 
(total) 


Diaphragm 
reversed 
in gauge 
for second 
shot 


Diaphragm 
left in 


gauge for 
second shot 
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be constant to within 1% for such a displacement of the charge from 
position. ‘Thus for our set-up of 4 gauges at 90° intervals around the 
charge, a gauge displacement would have a more serious effect on the 
average result than a charge displacement, but was much less likely to 
occur. Table X gives the data. 


Table X. Variation of damage with distance 


(Charge 2000 gm loose tetryl) 


| Number of | OD of Distance | Damage | 
Diaphragms (in, ) Gawee x 100) 


onooo 
rPOWWD 


(ii) Due to variation of charge level and tilt. Since in normal 
practice the charge was tied into the center of a square frame by four 
tie-lines of marlin (twine), it was of interest to know how much error 
might be introduced by a change in level, or tilt of the charge. By 
placing the charge above and below the level of the gauges it was shown 
that a displacement of 1 ft. in a line perpendicular to the plane of the 
gauges changed the damage about 44%. 


Results on tilt of the charge varied widely but indicated that an 
inclination of 30° of the charge axis did not result in more than a 5% 
variation in damage. 


(iii) Due to variation in gauge orientation. Gauges were twisted 
so that one angle between the diaphragms and the charge-to-gauge axis 
was 120°, 135°, and 180°. In the customary set-up the diaphragm is 
perpendicular to this axis. When the diaphragm was parallel to the 
charge-to-gauge axis (180° angle), the damage was decreased 5%, in the 
other cases, about 3%. 


(iv) Due to miscellaneous variations. Some of the steel diaphragms 
were slightly warped by the shearing process. These could be straightened 
by a pressure of a few pounds and the amount of warping was never greater 
than about 1/64 in. (measured perpendicular to the diaphragm). Warping 
to this extent introduced no measurable error. 


Variation in cap screw tightness (see Section II) was found to 
introduce errors as large as 10% with copper diaphragms and somewhat 
smaller errors with steel diaphragms. Having one man tighten all cap 
screws with a 10 in. wrench an equal amount seemed to be satisfactory. 
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In test with service weapons, the best results were obtained using a 
torque wrench which slipped after a predetermined torque was reached. 


In usual practice the damaged diaphragms were measured after 
removal from the gauges. A series of diaphragms were measured in the 
gauges before and after the shot and the difference compared with the 
usual measurements. The measurements in the gauges averaged .003 in. 
greater than out of the gauges. This was less than 1% of the ordinary 
damage and either method was considered adequate as long as it was used 
consistently. 


The thickness of the diaphragm in the region which remained un- 
damaged, that is, protected by the clamping plate of the gauge, was 
measured before and after the shot and found to remain the same within 
-OOl in. However, by marking diaphragms with parallel lines about 1/2 
and 2/2 in. from the edge, it was shown that there is movement toward 
the central or damaged portion of the diaphragm. The amount of slippage 
was roughly proportional to the damage and varied from 0.20 mm to 0.60 mm 
for a damage change of 0.32 to 0.46 in. 


(v) Summary. If then, for a typical experiment, we assume the 
following errors, we can calculate deviations for a single shot using 
hk gauges. 


Assumed Errors Deviation in Damage 
+2 in. Gauge-to-charge distance 
(variation due to charge 43.5% 
displacement only) 


+6 in. Charge displacement 


(vertical) + 24 
*15° Charge tilt +14 
+ 5° Gauge orientation + 1% 


Then if there were no other variables we should have the following 
precision: 


Standard deviation of a single observation + 4.3% 
Probable error of a single observation + 3.2% 


These results are to be compared to the standard deviation and 
probable error as determined from the distribution curves plotted in 
Figures 17 and 18. To obtain these curves we have used 212 damaged 
diaphragms. These were damaged by 2 to 4 lb. charges all at 48 in. 


In Figure 17 the actual deviations in hundredths of an inch from 
the mean for each series is plotted against frequency of occurrence. 
Figure 18 shows the percentage deviation from the mean for each series. 
The absolute deviation is nearly constant independent of amount of 
damage, so Figure 17 is considered more useful than Figure 18. 
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Fig. 18. Distribution of percentage deviation in damage for 212 plates. 
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From these distribution curves the standard deviation and probable 
error of a single observation may be calculated. These are given in 
Table XI. 


Table XI. Deviation measures for 212 damaged diaphragms 


Deviation Measure Absolute Percentage 
Deviation Deviation 


Standard deviation of 


a single observation 


Probable error of a 
single observation 


(4d) Test of Hopkinson's scaling rule. In order to test the well 


known Hopkinson scaling rulel/, half-scale models of the regular UERL 
diaphragm gauge were constructed. Each linear dimension of the regular 
gauge was carefully reduced by one-half. To insure that the properties 
of the half-scale diaphragms would be the same as those of the full 

size diaphragms, we used copper diaphragms annealed under the same con- 
ditions and at the same time. 20 BS gauge (thickness .032 in.) was used 
in the small gauges and 14 BS gauge (thickness .065 in.) was used in the 
regular gauges. To eliminate the necessity of scaling boosters and sub- 
sequent difficulties of detonating cast charges, loose tetryl charges 
were used throughout. In each case the container used for the charge 
with the small gauges was scaled from the larger container (except for 
wall thickness) and the weight of explosive was 1/8 that of the larger 
charge. 


The results listed in Table XII indicated that the damages scaled 
on the average to within 2%, the largest deviation being 5%. The shapes 
of the pairs of diaphragms had the same appearance. If there was any 
change in the strength of the copper diaphragm with rate of strain in 
the range of rates encountered here, it must have been masked by com- 
pensating errors. Any such "speed effect" should cause a deviation from 
Hopkinson's rule. It should be noted that part of the shots were with 
wooden frames and the others with steel rings. When the steel ring 
support was used, copper diaphragms showed the same weight and distance 
exponents as previously obtained for copper diaphragms using wooden 
frames (0.4 and 0.8 respectively). 


14/ "the damage inflicted on a given structure by a given charge at a 
given distance will be reproduced to scale if the linear dimensions of 
the charge and the structure and the distance between them are all in- 
creased or decreased in the same ratio"; RE 142/19 Submarine explosions, 
p. 18, H. W. Hilliar. 
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Table XII. Scaling experiments 


Charge Charge-to- 
Weight@/ Gauge b/ Dayii nealal) 


Dista 
REISS Dnalf scale 


oe oe 


fe) 


Fww 


a 
+ 
Zi 
£ 


kr 


Phi pr pry 


a/ The charge was loose Tetryl but the weight listed here includes 
0.5 gm for Du Pont No. 8 detonator. 


b/ Average of 4 gauges for each shot with average deviation of a 
single diaphragm. 


of Ratio includes a weight or distance correction where necessary. 
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h, Experiments Designed to Test Predictions of Diaphragm Deformation 
Theory. 


(a) Effect of variation in diaphragm thickness on deformation. 
When Lot 3 steel diaphrajas were first received, it was found that the 
thickness of these diaphragms varied from .075 to .094 in. In Lot 1 and 
Lot 2 diaphragms the variance had not been greater than .002 in. If 
Lot 3 diaphragms were to be used, it was necessary to establish a method 
of correcting the damage obtained with a diaphragm of a given thickness 
so that it would be comparable with that of a diaphragm of another 
thickness. 


(i) Derived from theory. Consider Equation (1) and Equation (2) 
of Section III. Substituting typical values for the constants o% , Ne ; 
Zo , and ag in Equation (2), namely 60,000, 7.8, 1.01, and 0.085, 
respectively, the value 6610 sec™~ is obtained for G@). If a, is not 
0.085 but 0.075, W becomes 6340 sect, a change of 4.1%. For none of 
the small scale work discussed in this report was the time-constant (0) 
of the shock wave at the gauge positions greater than 0.25 x 10-3 sec 
(the time-constant of a shock wave 8 ft. from a 25 1b. TNT peal) 
so an upper limit for the value of W © would be about 1.65. Then a 
diaphragm thickness variation from .085 in. to .075 in. or to .095 in. 
would change the corresponding value of g by 2% at the most (much less 
for a single shot), see Table II. 


Let us now assume that g is independent of a_ over the range of 
variation of a. encountered, and consider the ratio of damages predicted 
by Equation (iS for two diaphragms of different thicknesses, other con- 
ditions being held constant. It is easily deduced that the ratio of 
damage (Z,, ) of a diaphragm of a given thickness (a)') to the damage (Z,) 
of a diaphragm of standard thickness (a,) is 


‘ 1/2 
An my Pers gh ieee ce (26) 
Z ao" Neat adlg x 


If the diaphragm thickness is varied from a standard value of .085 in. 
to .075 in., the damage is increased 9%. 


It appears, then, that the contribution of the g term variation to 
the variation in Zn caused by different diaphragm thicknesses is of 
second order, in no case more than about 18% of the total damage variation 
due to different thicknesses for the experimental conditions employed. 
This enables the calculation from Equation (26) of a reasonably accurate 
set of correction factors, independent of the yield stress of the steel 
and of the peak pressure and time-constant of the particular shock wave 


157 NDRC Division 0 Interim Report Underwater Explosives and Explosions, 


UE-16, p. 10, December 1943. 
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producing the damage, by means of which the damage for a diaphragm of a 
given thickness can be reduced to that for a diaphragm of standard 
thickness. A plot of these correction factors as a function of diaphragm 
thickness is given in Figure 19. The given damage is simply multiplied by 
the proper correction factor (X) to obtain the damage which would have been 
obtained with a diaphragm of standard (.085 in.) thickness. More accurate 
correction factors may be computed by including the contribution of the 
variation in g, but this is not necessary as long as the total correction 
is small. 


This treatment can be applied similarly to copper diaphragms. 


(ii) Empirical determination. (aa) Lots 3 and 5 steel diaphragms. 
By suitably choosing diaphragms of different thicknesses for the four 
damage gauges used in single shots, the effect of thickness variations on 
damage was determined experimentally. For example, two diaphragms .085 
in. thick and two diaphragms .075 in. thick would be damaged under the 
same conditions, and the correction factor for .075 in. diaphragms ob- 
tained directly. Having obtained such information for diaphragms of all 
thicknesses in the Lot 3 range it was then possible to compare the results 
for different shots in which diaphragms of different thicknesses were used. 


In Figure 19, the empirical correction factor is plotted as a function 
of diaphragm thickness and compared with the curve obtained from Kirky-1d's 
theory (V, 4, a). The data for the empirical curve was all obtained ving 
the steel ring mounting, although similar results (with respect to thick- 
ness correction) were obtained when gauges were mounted on wooden frames. 
The deviation from the theoretical curve is greatest for the thickest 
diaphragms. Although the majority of the data used in determining the 
empirical curve have been for damages of about 0.70 in., there is some 
evidence that this correction curve is not = function of the amount of 
damage. In a series of shots in which diaphragms of .075 in. thickness 
were compared with .093 in. diaphragms, the mean percentage increase of 
damage for thin over thick diaphragms was constant at 20 + 1% for damages 
of 0.23 in., 0.53 in., 0.71 in., and 0.98 in. (Cf results with copper 
diaphragms below). 


The theoretical thickness correction was partially corroborated also 
by results obtained with larger charges. A 50 lb. chemical series of 
12 charges of various compositions was shot=’/ with two UERL diaphragm 
gauges 25 ft. from the charge and two gauges 35 ft. from the charge. A 
Lot 5a (ca. 0.038 in. thick) diaphragm was placed in one of the two 
gauges at each of these distances, while a Lot 5 (ca. 0.080 in. thick) 
diaphragm was placed in the second gauge at these distances. The actual 
diaphragm thicknesses were measured before the shot and the maximum 
depressions were corrected to standard thickness (.038 in. for thin 
diaphragms and .085 in. for medium diaphragms). The corrected damages 
obtained for the thin diaphragms were then compared with the corrected 
damages for the medium diaphragms subjected to the same explosive shock 
wave; the mean damage ratio was found to be 2.13 (a = 0.018) for the 
25 ft. distance and 2.16 (ay, = 0.006) for the 35 ft. distance. 


16/ Reported in OSRD No. 6240 and 6241. 
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The ratio predicted from Equation (1) and Equation (2) in Section III 
for these conditions was 2.22. For this calculation the following constants 
were used: 


Ao (thin) = 0.038 in. 
&5 (medium) = 0.085 in. 
o, (thin) = 42,600 lbs/in@ 


o, (medium) 50,100 1bs/in® 


0.368 x 1073 sec 


{ B) 
i] 


(bb) Copper diaphragms. In studying the effect of thickness of 
diaphragms on damage for copper diaphragms, two thicknesses, .032 in. 
and .064 in. were used. All the copper diaphragms were annealed at the 
same time until dead soft so that the properties other than thickness 
might be held constant. Eight shots were fired in each of which thin 
diaphragms were placed in two opposite gauges and thick diaphragms in 
the other two gauges, all supported by a steel ring. The results are 
tabulated below: 


Table XIII. Damages of thick and thin copper diaphragms 


Average 
Diaphragm Average % Increase 
to-gauge Thickness Damage®/ in Deneeeoe 
distance (in. x 100) (in. x 100) | Thin-thick 100 
(in.) Thick Thin Thick Thin % 


° 


3 
? 
al 
7 
(e) 
2 
y) 
it 


65 
64 
66 
64 
66. 
64 
65 
65 


a/ Average of two diaphragms 
b/ Based on damages corrected for small variations of distance 
from 48. in. and 84 in. 


It is evident from these data that the ratio of thin to thick damage 
was not constant. It may be shown that this ratio is a function of damage 
and that the function is approximately the same for the two distances. 
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This may be represented by the analytical equation: 


[4] = « (06, oe (27) 


[4] represents the difference in damage between thin and thick diaphragms. 
K is a constant, D o¢, in, is the damage of the thick diaphragm. 


No significant difference was observed in the weight exponents found 
for the thin and thick diaphragms. 


(b) The baffle effect. The Kirkwood Damage Theory predicts greater 
damage for a diaphragm held in a rigid "infinite" plane disc (which will 
reflect the shock wave and momentarily double the pressure) than for a 
diaphragm held in the center of a disc of finite radius because of the 
lower pressure wave moving in from the edge. Actually, the "infinite" 
disc is one whose radius is larger than a limiting value; this limit is 
such that for a longer radii damage is complete before the diffracted 
shock wave can reach the diaphragm. The "infinite" disc must also be 
thick enough that reflections from the back surface will be so late in 
occurring that they can have no effect on the deformation of the diaphragm. 
The eimi ting radius can be found by multiplying the velocity of sound by 
damage timeL?/ and is about 1-1/2 ft. for regular UERL small charge work 
with steel diaphragms in the standard gauge. The effect of size of baffle 
on damage is predicted by the theory, and comparison of predicted and 
actual results provides a test of the theory. 


(i) Theoretical predictions. The following analysis is based on 
the assumption that the baffle is not fixed but is able to move almost 
freely during the time interval required for the deflection of the 
diaphragm. This assumption conforms with the conditions of the experi- 
ments discussed below. The assumption is further made that the baffle 
is of infinite radius. 


Consider an initially flat circular diaphragm of thickness a,, 
radius Ro, density fe ,» and yield stress @ ) mounted in an 
infinité baffle of mass m per unit area. Suppose that the baffle is 
surrounded on both sides by water and that the diaphragm is in contact 
with water in front but is backed by air. During an interval of time t 
after the front of an exponential pressure wave of the form 


p(t) =p,e t 70; 


(28) 
p(t) 


it 
° 
“ 
ct 
iN 
° 
we 


has struck the system, the diaphragm undergoes a displacement Zo(t) with 
reference to the baffle, which in turn undergoes a displacement z,(t). 
At low pressures the sound velocity in water is c. and the density of 
water is Pe 5 The differential equations of motion of the center of the 


17/ Cf J. G. Kirkwood, OSRD 1115, Eq. (3.11) December 1942. 
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bay as ae (assuming parabolic profile) and the baffle respectively 
er 


2 2 
2 a2a(t) 22 az, (t) az, (t) -t/o 
( a5 x) —— + W Zo (t) + vers pee = = 2P,° (29) 
dat ate e) Pa, ? 
2 -t/o 
a2, (+) 7 G2q(t) _ 2Pge = 
ate Q* at m ; 
where 
Ne as eB 6 fo 
a 2 La Cra 
fo) ro) 
A 2 "2 2 -1/2 
Bo t= = (: +2) ; a 
1s p 3 20 ace 


Equations (29) and (30) are to be solved for %, subject to the following 
initial conditions 


Zo(0) = 24(0) = 0, 


(31) 
Z (0) = 24 (0) = 0. 
One obtains 
Z(t) =F (1 - A) 26 (0,%) + 2,A29(0" (32) 
where 
o* = 0, 
Aaa 
and 
r (33) 


The quantity Z0 (0,t) may be interpreted as the deflection at time t of 
a diaphragm mounted in an infinite rigidly supported baffle when struck © 
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by an exponential wave with a peak pressure Dy and time constant 9 
(Equation 28). The quantity Z> (9*,t) is obtained by replacing 9 by o* 
in Equation 33. With an exponential wave, (Equation 28) the deflection 
at time t of an unbaffled diaphragm mounted in a fixed frame is 1/2 29 


(8. tie) 


The time of deflection ty is equal to the lowest positive value of t 
satisfying 


aZ, (t) 


= =O (34) 


Correspondingly the maximum deflection Z, is Z, (tp). 


The standard UERL steel diaphragm has the following specifications: 


Radius R, = 1.64 in. 
Thickness a, = 0.078 ‘in. 


Yield stress 0, = 60,000 1bs/in® 


Density alee gm/cm3 
For such a diaphragm we have: 


10.4 microsec 


oO 
i) 


1 
Bo = 6.44(millisec)~+ 
A G25 


If this diaphragm is mounted in an infinite free baffle having an average 
thickness of 1 in. and a density of 7.8 gm/cm3, 


ai 66.7 microsec 


An 840 gm. charge of TNT (density 1.59) placed at a distance of 
48 in. produces a shock wave which can be approximated by an exponential 
wave in which p, = 6200 lbs/in® and 9 = 112 microsec. 


This wave should theoretically produce the following deflections 
under the conditions indicated: 


Description of Baffle Zn (in. ) t, (microsec. ) 
None 0.56 340 
Infinite fixed 1.12 340 
Infinite free 0.64 310 


(1 in. steel plate) 
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(ii) Experimental results. For the experimental work baffles of 
three different radii were used in conjunction with regular UERL damage 
gauges and baffles of four different types were used with half-scale 


gauges. 


Tests with the regular gauges are summarized in Table XIV. The 
baffles were cut out of 1 in. steel armor plate with a square hole at 
the center for the gauge; the baffle and gauge were rigidly held to- 
gether by inch-thick steel bars bolted on in back so that the front 
face of the gauge and the baffle-face were one plane surface without 
obstructions except for the heads of the gauge cap screws. Two baffled 
gauges were fastened opposite each other at the points spaced 90° from 
the unbaffled, control gauges. All gauges were mounted in the usual 
fashion on a steel ring. 


A 12 in. radius baffle was made and tried first. Since it was 
feared that the large area exposed to the shock wave might cause the 
ring to be pushed out of shape, small charges were first tried before 
using the size charge for which calculations were made. It was found 
on the contrary that the ring was pulled in (toward the explosion) along 
the axis of the baffles. Since the ring was distorted by each shot, 
the experiment was carried on by moving all gauges 90° around the ring 
after each shot to get the baffled gauges on the long axis and reverse 
the distortion. A distance correction was applied using distances to 
the charge before the shot; this correction is valid only if damage is 
completed before distortion occurs. The correction for both baffled 
and unbaffled gauges was made by using the distance exponent (1.21) as 
determined with the unbaffled gauges. It gave consistent results when 
used in addition to the thickness correction (Sec. V, 4, a), and two 
shots in which wire cable was run across the ring to decrease the dis- 
torting motion showed no difference in results. To find out if possible 
diffraction through the crack between gauge and baffle had any effect, 
two shots were fired with the crack plugged with lead and sealed with 
"Bostik" (a rubber cement); there was no difference in results. 


With 8 in. radius baffles, the same distortion occurred to a 
smaller extent; the method used was the same and the results were treated 
in the same way. Two shots in which the crack between gauge and baffle 
was covered with sheet steel showed no difference in results. 


Infinite baffles were obtained by using a baffle with a 24 in. 
radius (well beyond the theoretical limiting radius), and by placing 
gauges, with and without baffles, flush with the sandy bottom of the 
ocean. In the latter case, the charge was supported 48 in. above the 
gauge. A special rig was necessary to force the gauge and baffle down 
until the face was flush with the bottom, and a diver had to examine 
the gauge and set the charge on its support. Results were not very 
reproducible because the charge distance was uncertain, the gauge could 
not be set perfectly flush with the bottom, and the bottom itself was 
not perfectly reproducible. 
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In a supplementary experiment, a few thin (.025 in.) diaphragms 
were damaged in the regular type gauge and with a 25 in. baffle, hung 
free. The increase in damage with the baffle was 224%, 


The work with the half-scale damage gauges (Cf. Sec. V5 35 d) is 
summarized in Table XV. According to the theory, baffle radii scale with 
gauge size, and the 8 in. and 10 in. radius baffles for the half-scale 
gauges are about at the theoretical limit for an infinite baffle. In 
general, the infinite baffle produced a 25% to 30% increase over the 
damage occurring with the gauge alone. 


In a special experiment to obtain an infinite baffle all parts of 
which would be reached by the shock wave at the same time, a hemispherical 
baffle (1/8 in. thick) of 17 in. radius was used with a half-scale gauge 
at the pole and the charge at the center. Eight shots were fired 
(4 shots of 41 gm. loose tetryl, 4 of 95 gm. tetryl; charge distance 
15 to 17 in.) with this baffle, and for comparison, six shots were fired 
using the same charges and distances with the unbarfled gauge. The in- 
crease in damage over the unbaffled gauge was about 20%. 


(iii) Comparison of theory with experiment. The ratio of the 
maximum deflection in the case of the infinite free baffle to that in 
the case of no baffle is predicted by the theoretical treatment given 
in (Vv, 5, (b), i) to be 1.14, calculated on the assumption that regular 
damage gauges are used, with Lot 3 diaphragms, and a baffle 1 in. thick, 
and that the charge consists of 840 em. TNT placed 48 in. from the gauge. 
The experimental ratio found for these conditions is about 1.22 (Table 
XIV-A). The discrepancy may possibly be ascribed to a small departure 
of the motion of the part of the baffle near the gauge pot from free 
plate motion due to bending resistance, causing the value calculated 
theoretically to be too small. 


(c) The time required for the diaphragm deformation. Kirkwood's 
theoretical work has predicted among other results the deformation of a 
diaphragm exposed to an underwater explosion wave as a function of time 
for various experimental conditions. The empirical determination of the 
time required for diaphragm deformation as applied to UERL damage gauges 
will be discussed here. (Cf. also Sec. V, 3, a). 


To determine if the secondary pulse from the second bubble expansion 
was responsible for any appreciable fraction of the depression of a 
diaphragm under normal use of the damage gauge, experiments were carried 
out using an electrical contact inside the gauge and arranged to close 
a circuit when about 90% of the final depression was attained. The 
circuit was connected to a cathode-ray oscillograph with a time base 
triggered by the break of the circuit in the detonator cap of the charge. 
Lot 3 steel diaphragms (.075 to .085 in. thick) were used and the gauge 
was mounted on a steel ring. 


In one set of shots, a single dummy gauge was mounted opposite the 
gauge used. The charges were of loose tetryl (100 gm. at 18 in., 250 em. 
at 6-1/4 in., and 250 em. at ca. 30 in.) and the rig was lowered to a 
depth of about 8 ft. for firing. The total depth was 20 ft. in the other 
shots, 2200 gm. cast TNT was employed at a distance of 7 ft. and depths 
of 20 and 25 ft. In this case, three dummy gauges were fastened to the 
ring. The total depth was roughly 70 ft. 
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Table XIV-A - Comparative damages -- baffled vs. unbaffled 


Gauges mounted on steel ring; charge-to-gauge distance, 48 in. 


(gm) Damage®/ (107°in.) | Increase of Damage 
of Baffled Gauge 
Tetryl Baffled Unbaffled | over Unbaffled (exp 
(percent) 
Lot 3 Plates 


a/ Average of 2 diaphragms per shot. Corrected for distance and thick- 
ness variation. 

b/ Result doubtful because of small damage. 

c/ Lot 3 and Lot 4 plates give different absolute values because they 
differ in strength and thickness. 
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Table XIV-C - Partial Summary of Baffled-Gauge Data 


Regular UERL damage gauges 

Charge, 745 gm TNT plus 90 gm Tetryl 

Lot 4 steel diaphragms; thickness, 0.073 in. 
Charge-to-gauge distance, 48 in. 

Baffle thickness, 1 in. 


4 (gauge alone) 0.576 (2) 0.585 (18) 0.756 (2) 
8 -655 (2) .667 (10) -732 (4) 
12 .688 (2) .694 ( 8) «15 5a(2) 
2h -655 (6) .732 (2) 


a/ The number in parentheses after each average damage indicates the 
number of diaphragms from which the average was obtained. 


Table XV - Comparative Damages - Baffled vs. Unbaffled 
Half-Scale Gauges 


Half-scale damage gauges 

Charge, 95 gm Tetryl 

Lot 4 steel diaphragms 
Charge-to-gauge distance, 24 in. 
Baffle thickness, 1/2 in. 


Gauge Vounting on Steet Ring 


Baffle Radius 
(in.) Damage®/ (in.) 


a/ The number in parentheses after each average damage is the number 
of diaphragms from which the average was obtained. 


Oa3h in.) (0) 
-174 in. ( 6) 
~170 ame 4) 


2 (gauge alone) 
8 


10 
2h 
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In all tests the contact closed within a few milliseconds although 
the secondary pulse came very much later. There was some chatter but the 
time at which the final closure occurred was still only a fraction of the 
bubble period. For some of the 250 gm. charges a piezoelectric gauge 
alongside the damage gauge recorded the primary and secondary pulses as 
eee check on the time interval. This interval was of the order of 
165 msec. 


This experiment was repeated using wooden frames instead of the steel 
ring as a mounting for the gauges. The same result was obtained, i.e., the 
damage was produced by the shock wave. 


Next, a series of measurements of the deformation of steel diaphragms 
in UERL damage gauges on a steel ring versus time after incidence of the 
primary shock wave was made, so that an empirical deformation-time curve 
could be obtained. The experimental arrangement was similar to that used 
previously, a contact being placed known distances behind the diaphragm. 
When closed, this contact connected a step voltage to a single sweep 
oscillograph. The contact was sufficiently yielding that it had no ap- 
preciable effect on the final damage. The pressure-time curve of the 
explosion wave was recorded simultaneously by a piezoelectric gauge placed 
at the same distance from the charge (30 in. from 250 gm. loose tetryl). 
In this way, closing of the contact produced a sharp cutoff of the 
piezo gauge record. The circuit is shown in Figure 20. 


Oscillograph 


ae 


a pes 


P - Piezoelectric gauge C - Contact behind the damage gauge 

Ry - 0.5 or 20 megohns C, = Cable capacity of about 5000 «zt 
Ro - 5000 ohms Co - Padding capacity of about 2000 ppt 
E - 6 volts 


Fig. 20. Circuit employed for determination of times of deformation. 
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The time scale was calibrated against a 25 kc/sec crystal controlled 
oscillator, and checked by time intervals on the record known in terms of 
the shock wave velocity. Lot 3 steel diaphragms, .075 to .080 in. thick, 
were used as before. 


The data obtained are given in Table XVI and plotted in Figure 21. 


Table XVI - Time of central deflection for Lot 3 steel diaphragms. 


250 gm. loose Tetryl at 30 in.; contact method 


Diaphragm 
Thickness 


(1073in.) 


e e e 
Ooo 


OrrFro wOor DOA iio 


76 

80 
6 
9 
y) 
Ds 
2 
5) 
8 
6 
6 
6 
9 


e 


7 
7 
tf 
7 
if 
it 
7 
it 
7 
f 
7 
80 


ON 


° 


J 7 
NOAA 
PEO APe 


The general shape of the curve is qualitatively what one would expect. 
The time for maximum depression cannot be fixed with great accuracy from 
such a curve but is about 155 microseconds. Possibly a less ambiguous 
figure is the time of 82 microseconds for half the final deformation. 
These figures are comparable with the duration of the incident shock wave 
(time constant 54 microseconds) and show that for the experimental condi- 
tions in this case the influence of the secondary and later impulses is 
negligible. @ 
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The theoretically predicted damage time curve for these eenotetone 
is also given in Figure 21. However, since cavitation occurs for this 
case (cf. Table XVIII) the theory does not apply here but is considered 
more typical of most of the work where cavitation did not exist. 


The deformation time curve was determined also by the method dis- 
cussed earlier (Sec. V, 3, a) in which the depth of the charge and damage 
gauges below the surface was varied and the corresponding effect on 
damage, due to the rarefaction wave reflected from the surface, noted. 


The results of this experiment are shown in Figure 22. The dotted 
curve shows the damage and cut-off times plotted against the depth. This 
time is calculated on the assumption that a tension wave is reflected 
from the surface and cuts off the tail of the direct wave. Acoustic 
velocities were assumed. The minimum time which will give full damage 
is clearly not easy to determine with any accuracy but seems to be about 
215 + ho microseconds (a depth of 15 + 2 in.). This is higher than the 
values of 138 - 177 microseconds found by the electrical contact method. 
However, it may well be that the last few per cent of the damage require 
a relatively long time; if so, the results obtained by the contact 
method might easily be somewhat in error. 


(d) Deformation of water-backed diaphragms. In connection with the 
tests investigating the effect of variations in diaphragm thickness on 
damage (Sec. V, 4, a), several shots were fired using thick and thin 
copper diaphragms clamped between the face plates of regular gauges so 
that the diaphragms were water-backed. Thin diaphragms were placed in 
two opposite gauges and thick diaphragms in two other gauges, all 
supported by a steel ring. The ratio found for the damage of the thin 
diaphragms to the damage of the thick diaphragms was about the same as 
that found with air-backed gauges. The data are listed in Table XVII and 
are comparable with the data given in Table XIII. 


Tadle XVII. - Damages of thick and thin copper diaphragms 


(Water-backed gauges) 


Charge-to-gauge Average®/ AGETERES. 


Distance Pemer 
3 eee 


(in.) 


ele in.) 


b/inereice in damage defined as difference in damage for thin and 
thick diaphragms expressed as percent of damage for thick diaphragms. 
Based on damages corrected for small variations of distance from 48 in. 
and 84 in. 


EE A ee as ee Se eee eee ee 
18/OSRD No. 4200, p.46 (Fig. 4); p.55. The parameter Q was determined as 
Gn Section IV. 
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There appears to be about a 30% increase in the weight exponent for the 
water-backed diaphragms over the air-backed diaphragms, however. 


The shape of the damage of the water-backed diaphragm was distinctly 
different from the usual parabolic profile. This was noticed particularly 
on the thin diaphragms when the damage exceeded half an inch. On these 
diaphragms there was an additional dent in the center of the diaphragm 
which also showed excessive thinning. This may in part explain the 
higher weight exponents since damage is measured in terms of maximum 
central deflection. Profiles of air-backed and water-backed diaphragms 
are shown in Figure 23, A and B, respectively. The unusual shape of B 
may perhaps be qualitatively explained by assuming that the time of damage 
of the diaphragms is of the same order of magnitude as the time required 
for the shock wave to pass from the front face of the gauge around to the 
central region in the back of the diaphragm. Then the diffracted wave in 
the rear of the diaphragm will cause a disproportionate damage, acting 
more near the edge than at the center. . This explanation has been tested 
by mounting the gauge against one end of a 2-1/2 ft. pipe, leaving the 
other end of the pipe open to the water. The profile of the resulting 
damage is shown in Figure 23, C. The appearance of the diaphragm 
qualitatively verified this hypothesis in that the additional central 
dent is removed and the shape is more nearly the usual one. 


(e) Cavitation. (i) Effect of cavitation on damage. In the deforma- 
tion of a diaphragm by an "explosio wave, large negative pressures 
may under some circumstances develop at the surface of the diaphragm due 
to the reflected rarefaction wave emitted in the geometrical acoustical 
phase of the motion. Since water cannot support a tension of great 
magnitude, it has been suggested that cavitation will occur if the 
pressure in the wave falls to zero or less". The chief role of cavitation 
is to prevent loss of kinetic energy from the diaphragm by radiation in 
the reflected rarefaction wave. Neglect of cavitation in cases where it 
occurs therefore leads to the theoretical prediction of too little damage. 


(ii) Conditions required for the formation of cavitation. "Fort ®/an 


exponential wave impinging on a free plate with damping time 
0, = Pee hafickos the pressure will fall to zero at a time 0. given by 


(35) 


The derivation of is equation is given in reference 21. The terms are 
described below.©9/. "This time (Q¢) will be lengthened somewhat by the 


19/ Quoted sections have been taken from OSRD No. 1115, 
J. G. Kirkwood, Dec. 1942. 

20/ / and “2 are the densities of the diaphragm material and 
the water, respectively; a, is the thickness of the diaphragm; c, is the 
velocity of sound in water; and 9 is the time constant of the shock wave 
(Section III). 
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Fig. 23. Shapes of air-backed and water backed 


deformed copper diaphragms. 
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resistance of the (diaphragm) to deformation both in the elastic and 
plastic domains." However, according to Kirkwood, a good criterion for 
the occurrence or non-occurrence of cavitation is the following: 


G8 > % Cavitation 
G5 <% No cavitation 


where 95 is equal to IS Ashe the time required for the diffracted pressure 
wave to travel from the periphery of the diaphragm to the center of the 
diaphragm. (Ry is the radius of the unsupported part of the diaphragm. ) 

On this basis, "we would expect cavitation in the case of very thin 
(diaphragms) of large diameter under the impact of a wave of short duration 
produced by a small charge of explosive." 


(iii) Proof of the existence of cavitation. To furnish an empirical 
test of the criterion for cavitation derived theoretically, several under- 
water photographs<1 of about 1 microsecond exposure were taken of damage 
gauges in the process of diaphragm deformation. A sample photograph 
showing cavitation bubbles is reproduced in Figure 24, and the data for 
all photographs are summarized in Table XVIII. 


Table XVIII - Data for cavitation photographs 


i Distance (2) o. Q5 
(in.) Cavitation 
(/Asec) | (/sec) | (Asec)| Observed 


It is shown in the above table that only in one border-line case, 
where Op exceeds 90, by only 2 microseconds, does the theoretical cavitation 
criterion not apply. The figures are of course not this accurate. 


Theory and experiment both indicate that cavitation does not usually 
occur in the use of this gauge as in this report. 


21/ J. E. Eldridge, Paul M. Fye and R. W. Spitzer, Photography of 


Underwater Explosions I, NDRC Report A-368, OSRD 626. 


Sample photograph of damage gauge in process 


Fig. 24. 
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Bubbles indicate cavitation. 


of diaphragm deformation. 
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(f) Effect of increasing mass of diaphragm on damage. Since the 
density of the diaphragm material occurs as a parameter in the damage 
equations of the Kirkwood Theory (cf. Section III), a partial test of the 
theory could be made by "loading" the diaphragm so as to change the ef- 
fective density without altering the mechanical strength of the diaphragm. 
The following methods of loading were tried. 


(1) A lead disk was soldered to the back of the diaphragm with two 
series of grooves cut into the disk almost down to the diaphragm; they 
were 1/4 in. apart and at right angles to each other so as to reduce the 
strength of the lead. (A few solid lead disks were tried and proved un- 
successful. ) 


(2) The gauges were hung face down, so that the diaphragm was 
parallel to the charge-to-gauge line, with (a) mercury and (b) putty 
lying free on the back of the diaphragm. 


(3) Putty was packed into a thin-walled steel tube soldered to the 
back of the diaphragm. The gauge was set in the normal vertical position 
and a cardboard disk was used to hold the putty in place. 


(4) Mercury was loaded on the back of a vertically held diaphragm 
by means of a second diaphragm clamped in a fitting inside the gauge. 
This second diaphragm consisted of (a) cellulose acetate sheeting, and 
(b) this sheeting plus a 1/4 in. sheet of rubber. 


A load of about 530 gm, which is 6.7 times the weight of the steel 
diaphragm (79 gm.) was used. The charge range was 200 to 2400 em. at 
distances of 4 to 4-1/2 ft. Results are given in Table XIX. Since in 
some of these tests the diaphragm was heated to solder material to it, 
five diaphragms were given similar heat treatments and then damaged with 
no pr as The heating was found to affect the damage by no more than 
2 to 3%. 


In general it may be concluded from these tests (a) that a rough 
agreement with theory has been found; (b) that in the cases of mercury 
loading and of lead leading where the lead completely left the diaphragn, 
the lower damage of loaded diaphragms results from the fact that the 
loading material left the diaphragm in the deceleration stage carrying 
energy with it; (c) that the horizontal gauges show less damage and some- 
what less effect of loading than the vertical gauges. 


(g) Effect of bending radius on nature of rupture of diaphragms. 
The damage gauges used at UERL have been constructed with a bending radius 
of 1/16 in. (Sec. II.1). It was observed that steel diaphragms in these 
gauges ruptured at the edge, while copper diaphragms burst in the center. 
It was suggested that rupture should occur at the edge because of the 
finite time required for the plastic wave to propagate to the center. 
Kirkwood in his theory ignores this propagation time and predicts that 
rupture should occur in the center, provided that the bending radius is 
great enough to avoid rupture by bending as opposed to tension. In order 
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to observe the effect of the size of the bending radius on the damage 
of steel diaphragms in general, and the point of rupture in particular, 
a gauge was altered to have a bending radius of 1/8 in. 


Damages were obtained ranging from 1/2 in. to the bursting limit 
and in general were .01 to .02 in. greater than for the normal gauge. 
Steel diaphragms in the gauge with the 1/8 in. radius burst in the center 
and had a bursting limit of about 1.25 in. as compared with 1.10 in. for 
the normal gauge. 


(h) Shape of deformation profile. Kirkwood predicts22/ that if a 
diaphragm is exposed to an impulsive shock 


tT 


Pressure 


fe) 


Time ——» 


i.e., a shock wave of very short duration relative to the diaphragm 
deflection time, the shape of the deformation will tend to be conical. 
On the other hand, if the diaphragm is exposed to a step shock, 


Pressure 


Time — > 


where the duration of the pressure is very long compared to the deflection 
time, he predicts a spherical deformation. Ordinary shock wave durations 

in diaphragm gauge work fall between these two limits, but it is interest- 
ing to note that Kirkwood's predictions are borne out at least qualitatively 
as these limits are approached. In Figures 25 and 26 the central profiles 
of two sets of damaged steel diaphragms are reproduced. The maximum de- 
flection for the diaphragms of each set are approximately equal, and the 
change in shape of the profiles for shock waves of increasing duration is 
evident. Thin (.038 in.) diaphragms were chosen to demonstrate this 

effect since sharp bends would tend to be “ironed out" by thicker diaphragms. 


Another demonstration of change of shape with wave form is clearly 
shown in the experiments wherein the shock-wave is cut off by bringing the 
gauges and charge successively closer to the surface (cf. Sections Mis Sie 
and V, 4, c). Here the shape becomes more conical as the cut-off time is 


shortened. 


22/ J. G. Kirkwood and J. M. Richardson OSRD No. 4200, p.4o 
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(i) Thinning of diaphragms during deformation. The thickness of 
the diaphragms mentioned in the preceding subsection (h) was measured at 
several points to determine the thinning caused by the deformation. 


Kirkwood gives the sauabienes! 


a 1 
= ——s5 (36) 
B (14y,") 


for the central thinning, where a is the thickness at the point of 
maximum deflection, %) is the initial thickness, and Yo is the maximum 


deflection divided by the diaphragm radius. For diaphragms 0.038 in. 
thick initially, the central thickness after deformation is predicted 
from this equation to be 0.029 and 0.033 in. for central deflections of 
0.64 and 0.46 in., respectively. Inspection of the measured thicknesses 
indicated in Figures 25 and 26 shows reasonably good agreement between 
theory and experiment. Kirkwood gives also an equation for the thinning 
at any other point in the deformed area. This equation requires the 
thinning to decrease as the distance from the center is increased, 
corresponding qualitatively with the experimental measurements. 


(3) Effect of weight and mounting. Inspection of Equations (1) 
and (2) of Section III will show that the maximum deformation suffered 
by a diaphragm exposed to an underwater explosion is not a function of 
the mass of the mounting which supports it. In other words, it is 
tacitly implied that the gauge as a whole will not move enough during 
the time of deformation to affect the deformation significantly. The 
independence of damage on the weight of the mounting was demonstrated 
empirically in experiments with wooden frames (Section Woe ee 3) and also 
in the course of some full scale weapon tests. In these tests two gauges 
were fastened in a light (70 1b.) mounting and two gauges in a heavy 
(220 1b.) mounting; both mountings were the same distance from the charge. 
Table XX lists the mean damage ratios and the standard deviations from the 
means. 


Table XX. Mean ratios of light mount /heavy 


mount diaphragm depressions 


Charge Weight No. of area Light Mount Depression 
(ibs. ) Shots (ft) Heavy Mount Depression 
(mean) 


IE 50 
8 50 
8 60 


23/ OSRD No. 4200, p.37 
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A statistical study of the results showed further that the per cent 
differences between the reading of the two gauges in a given block were 
not significantly different for the light and heavy blocks. In other 
words, the reproducibility of results was not affected by the weight of 
the mountings over the range of conditions employed. 


5. Miscellaneous Experiments 


(a) Increased damage to diaphragm gauges placed above the charge 
and its explanation in terms of bubble pulses. It was found that under 
certain circumstances at UERL damage gauge recorded from 10 to 80% 
greater damage when mounted vertically above a small charge than when 
mounted at the same level to the side, the charge being at the same depth 
in the two experiments. This result immediately suggested that the 
secondary pulses from the rising gas bubble were causing extra damage. 
Therefore, a contact was placed in the gauge above the charge to measure 
the time required for final deformation. This time was found to be very 
great, approximately 250 msec., much greater than the time previously 
reported for the gauge in the same horizontal plane as the charge 
(Section V, 4, ¢). Furthermore, calculation showed that the time ob- 
served for the over-the-charge case corresponded closely with the expected 
time of arrival of the third wave from the explosion Gina... the second 
bubble pulse) and that the center of the bubble at this time should have 
risen practically to the gauge itself. 


The data for these experiments are summarized in Table XXI. Gauges 
were mounted in the usual manner on a steel ring, which was, however, 
suspended with its plane vertical instead of horizontal. The charge was 
cylindrical with its axis horizontal, i.e., perpendicular to the plane 
of the ring. It was found that the increased damage occurred only when 
the line from the charge to the gauge was within 10° or so of the vertical. 
The contour of the damaged diaphragm was rounder than usual and the ring 
was considerably distorted near the top gauge, with bad damage to the 
gauge mounting bracket. 


The time of maximum damage was measured with the contact oscillograph 
technique (Section V, 4c) in another set of tests. A gauge was mounted 
42 in. above a charge of 200 gm. loose tetryl. Lot 4 steel diaphragms 
were used. The charge depth was 12 ft. A second damage gauge was used 
as a control in two of the shots, the line from it to the charge making 
an angle of 36° with the vertical. The damage to the gauge above the 
charge was quite variable, making it difficult to get many results on the 
time of maximum damage. 


The results which were obtained are listed in Table XXII. 


Figure 27 shows the results of an approximate calculation of the 
bubble Een , radius, and rise under gravity. This is based on 
Bancroft' maximum radius measurement for 50 gem. tetryl at a depth D 
of 10 ft., the observed pulse time for 200 em. tetryl at a depth of 11 rt.29/ 


247 Division 8, NDRC, OSRD, Interim Report UE-3, p.13. 


25/ Ibid., UE-11, p.7 


(ft) 


Depth 


10 


583 


Height of top of bubble ee a 
Ree ay 
ie y 
ii a / 
y A a oe 
Ti ae Se koe i eA aes a he a 7s 
/ sf 
ii rte 
ou pow Ri@icht of bubble center 
Ry Nhe i 
ra ° Woy) MS | pBubbie aadiie 
S “aa N é 


‘ a 4. N 


100 200 4 300 


Range of time of Time (msec) 
maximum damage 


Fig. 27. Movement of the bubble of a 200 gm churge of tetryl 12 ft 
below the sea indicated by parameters given in the text. The effect of 
the surface and of the damage gauge is neglected. 


584 


Table XXI. Results with e es placed above the charge 
Charge depth, 12 fts total depth, 25 ft. 


Conditions 
(Ring Diam: 5 ft) 


@4s—5'8" 


peas 


‘1 hon 


a/ Estimated from previous data. 
b/ Average of side gauges from fourth and fifth shots. 
o/ Ring diameter; 9 ft. 


Increase 

Top Gauge 
(15 over 
Normal 


— 
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Table XXII - Time for maximum damage, gauge above charge 


d. is the depth of the contact beneath the diaphragm; 


c 
qd, the final central damage; 


D the damage to the control diaphragm mounted ca. 36° from the vertical. 


0.277 


262 


Table XXIII - Summary of diaphragm-gauge measurements in 
the Mach region of intersecting shock waves 


Lot 4 steel plates Firing depth 10 ft. 
Total charge weight, 224 gm loose Tetryl 


Distance (in.) 
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a/Ratio of mean of 6 and 17 to mean of all maximum depressions for the 
two 90° shots (23.8 + 0.4). 
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and the observed rise for second and third pulses and the time of the 
third pulse for 1 lb. of blastin gelatin26/, Use was mace of the 
theories of Herring27/, raylor2/, and Willis26/ to scale these results 
to the case in hand. The effects of the gauge itself, the surface, and 
the bottom on the bubble motion have been ignored. 


This result confirms the results of other investigators on the 
effect of the bubble from small charges on targets above the charge but 
does not invalidate the earlier conclusion that UERL damage gauges 
mounted at the same level as the charge are normally affected only by 
the primary shock wave. 


(b) Mach effect on diaphragm damage. Damage gauges located in the 
region of the intersection of two shock waves under conditions such that 
Mach type interference29/ was expected, showed maximum depressions up to 
nearly 1.5 times the maximum depression observed when the same total 
weight was detonated at the position midway between the positions of the 
two equal charges producing the intersecting waves. 


The experimental arrangement is shown schematically in Figure 28. 


cc +17 


Fig. 28. Arrangement for testing Mach effect. 


The charges were arranged so that the line joining their centers and the 
line between the two opposite gauges, 6 and 17, bisected each other 
perpendicularly. 


Equal lengths of primacord from a No. 8 detonator were used to fire 
the charges simultaneously. According to Seeger and von Neumann (private 
communication), the theoretical critical angle oO at which the Mach 
effect first appears for these charge weights and charge-to-gauge distances 
is 69°. This series covered the range from 62° to 90°. The results are 
listed in Table XXIII. 


26/7 H. F. Willis and R. T. Ackroyd, Undex 36 


27/ Conyers Herring, NDRC Ch-sr20-010, OSRD 236 

26/ G. I. Taylor, TMB No. 510 

29/ For a discussion of this effect see P, C. Keenan and R. J. Seeger, 
~ Navy BuOrd Explosives Research Report 15, February 194), 
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In the shots at small values of ~ the greater depressions recorded 
by gauges 5 and 8 can be attributed to the proximity of each of these 
gauges to one of the charges. In the 72° and 80° shots the lower damage 
of gauge 17 may possibly mean that the narrow Mach region missed the 


gauge. 


A graphical representation of the magnitude of this effect, Figure 29, 
shows the ratio of the maximum depressions recorded by gauges 6 and 17 to 
the depression produced by a 224 om. charge at 49-1/2 in. Note that 
gauges 6 and 17 were 49-1/2 in. from a point midway between the separate 
112 gm. charges and hence at distances greater than 49-1/2 in. from the 
individual charges. The maximum effect was 474%. 


L350 
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/.20 Mach effect 
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(c) Screening one charge by the gas bubble from another. In the 
experiments reported in the previous section, gauges 5 and 5 were appar- 
ently affected only by the nearer of the two charges until the distance 
between charges was made less than 17-1/2 in. This result can be ex- 
plained by the shielding effect of the bubble of the nearer charge on 
the wave from the farther charge. In Figure 30 a plot is made, as a 
function of the distance "b", of the average damage recorded by gauges 
5 and 8, corrected from distance "b" to a charge-to-gauge distance of 
49-1/2 in. (A distance exponent of 1.20 was assumed.) From the damage 
obtained for the 224 gm. charge in the center of the ring, and assuming 
a weight exponent of 0.59, the damage to be expected from a 112 gm. 
charge at 49-1/2 in. is 0.158, which is to be compared with 0.17, the 
average damage along the flat portion of the curve of Figure 30. It 
might be expected that the screening effect would persist until the 
charges were placed so close to one another that the gas bubbles 
coalesced before the effective portion of the shock wave was fully 
emitted. Table XXIV lists the data. 


588 


(10-2 in.) 


NY NY Ww 


Damage Corrected to 49-1/2 in. 


NO 
CRN 


nN 


/6 


Table XXIV - Screening effect 


Average Damage for 


Assuming Distance 
Gauges 5 and 8 


Exponent = 1.20 


(107 in.) (1072 in.) 
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Fig. 30. Effect of screening one charge by the gas bubble from 


another; a graphical representation of Table XXIV. 
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(d) A test of Hopkinson's scaling rule. Hopkinson's scaling rule 
(Section Wa Sie d) was tested using Lot 5 steel 1 diaphragms in half-scale and 
full-scale UERL damage gauges and was found to apply, within the precision 
of measurement, under these conditions. 


Two thicknesses of steel diaphragms (average thickness 0.079 and 
0.038 in.) were rolled from the same melt of steel so as to have as nearly 
identical properties as possible. By oS manufacturer's test, the ultimate 
tensile strength was about 68,000 lbs/in¢ for the thicker and about 
63,000 1lbs/in¢ for the thinner diaphragms. The full-scale gauges were 
regular UERL damage gauges and the half-scale gauges were accurately 
scaled in all dimensions. The gauges were mounted on steel rings with 
the charges in the center. 


The loose tetryl charges were scaled in their linear dimensions 
(within 5%) and the weights were in the ratio 8 to 1. Both tin cans and 
cardboard containers were used and no difference was observed due to 
container. 


The results are given in Table XXV. It will be noted that, on the 
average, Hopkinson's rule is followed to within 34%. 


Table XXV - Results of scaling tests with diaphragm gauges 


Maximum Depression Gore cted to Plate 
Charge Weight |Charge-to-Gauge Thickness of 0.76 in.6/ (full size) 
Distance or 0.38 in. (half size) 


(in;,) 


a/ Standard deviation of the mean. 
b/ Corrections based upon Kirkwood's theory (Sec. V,4,a) 


(e) Static calibration of steel diaphragms. In an attempt to 
determine whether or not the variations in the physical properties of the 
steel diaphragms used in the UERL damage gauges were sufficiently large to 
cause significant variations in damage, a number of 1 in. diameter steel 
disks were deformed by static pressure. These disks were cut from the 
regular diaphragms used in the damage gauges; as many as four could be cut 
from the area outside the damage portion in the case of a diaphragm which 
had already been damaged. Otherwise, disks were cut from undamaged dia- 
phragms. The disks were cut to fit into Modugn 30 gauges; they were 
placed in the gauges and clamped in position as in the customary use of 
these gauges. Illustrations of a Modugno gauge apart and assembled are 
given in Figure 31. 


30/ Preliminary Design Branch (Ship Protection Group), BuShips Underwater 
Explosion Report 1942-3, October 1942. 
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As many as eight Modugno gauges were placed in a large static 
pressure chamber and subjected to desired pressures indicated on a 
Bourdon gauge. Resulting deformations were measured to .001 in. with 
a micrometer depth gauge. Diaphragm thicknesses were measured before 
and after deformation to .005 in. 


The reproducibility of the experiment was investigated at pressures 
of 5000 lbs/in.© and 10,000 lbs/in.®. The variation of damage with diaphragm 
thickness was studied for several pressures. Also, static depressions 
were used to calculate the tensile strength of the diaphragm. 


Typical results of consistency experiments listed in Table XXVI 
show that damages for disks cut from a single diaphragm of uniform 


thickness could be reproduced to somewhat better than 2%. (Each set of 
four was deformed simultaneously.) 


Table XXVI - Static deformations 


5000 1bs/in® 10,000 lbs/in? 10,000 1bs/in® 


Thickness Damage Thickness Damage Thickness Damage 
(in.) (in.) (in.) (in.) (in.) (in.) 


In order to get an empirical correction for thickness variations, 
a number of disks were deformed at pressures of 4600, 5000, 6000, 7000, 
8000, and 9000 lbs/inS The results are plotted in Figure 32. 


The tensile strength of a thin diaphragm may be calculated by means 
of the theoretically derived formula3L, : 


Diwali 
Rigs 2 oP a |p eeee p (37) 


ot ktx 


where R is the radius of curvature, p the static pressure, t the thickness 
of the diaphragm, r the radius of the undamaged diaphragm, and x the 
maximum deformation. 


31/ A. N. Gleyzal, Taylor Model Basin, U. S. Navy Report No. 490. Sept 1942. 
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Fig. 32. Static damage vs. diaphragm thickness 
(steel diaphragms in Modugno gauges). 
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This formula takes no account of increase of yield strength with 
cold working, plastic bending, the decrease in thickness, or the elastic 
recovery of the diaphragm. We have calculated tensile strength by means 
of this formula using the diaphragm thickness after deformation. These 
data for three pressures are plotted in Figure 33. It may be noted that 
there are large variations outside the experimental error (about 3%) in 
tensile strength with thickness and pressure. The negative slope for the 
thinner diaphragms and the shift in the minimum can be qualitatively ex- 
plained by work hardening. The positive slope which increases with de- 
creasing pressure may be qualitatively explained by elastic recovery. 


6. Study of Errors 


Mounting the gauges on a steel ring accounted for a reduction in the 
standard deviation of the damage of one diaphragm from the mean of four 
diaphragms on a shot from 5% to less than 2%. Correspondingly, the proba- 
ble error of the damage of one diaphragm from the mean of four diaphragms 
was reduced from 3.4% to about 1%. (CP Section V,3,c). 
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Fig. 33. Change of tensile strength with diaphragm thickness 
after deformation. 
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Summary. 


An empirical analysis of the results of the dishing of 36 six-inch diameter copper 
diaphragm gauges is given. From this analysis an empirical formula connecting welght of charge, 
distance of gauge from charge and the volume of dishing Is derived. 


A theoretical analysis is undertaken assuming the diaphragms deform plastically into a 
parabolic shape under the action of the primary pressure pulse behaving as a smal) amplitude 
plane wave, the pressure decaying exponentially with time. Fron the relatively poor agreement 
between experimental and theoretical volumes of dishing it Is concluded that the basic assumpttons 
and/or data must err considerably in one or more respects. Before any further refinements of 
the basic theoretical analysis are attempted it Is recanmended that controlled experiments should 
be carried out to check first whether the discrepancy depends primarily on inaccuracies In the 
assumed data and form of the incident pressure pulse. 


Introduction. 


In the past, six inch diameter capper diaphragm gauges have been extensively used, mainly 
for comparing the underwater damaging efficiencles of various explosives. Little attempt, however, 
has been made to determine the physical entity measured by the gauge this latter being regarded 
as an empirical "damage gauge" fran the point of view of comparing explosives. AS there is now 
available a considerable mass of data obtained by the use of these gauges it seemed opportune 
to attempt a theoretical analysis. The results of this analysis are now presented in this report. 


Experimental data and empirical analysis. 


The results of the dishing of 36 gauges are given in Table 1, these results having been 
obtained in numerous trials some of which were carried out primarily to compare the underwater 
damaging efficiencies of various explosives, others to canpare different quallties of steel In 
Box Models and others to campare the efficiency of riveted targets with that of welded targets. 
Only the results of shots in which T.N.T. was uscd are analysed in this report. 


/ 


As several empirical formulae of the power-law type, i.e. 
v= Kw (1) 


where v 


volume of dish in cubic inches, 

W = weight of charge in 1bs. 

D = distance of gauge from charge in feet, 
kK, a and B being constants, have been used in the past, It seemed advisable to obtain an 
empirical formula of this type from the analysis of as many results as are available at present. 
Expressed logarithmically equation (1) may be written 


Log V = log k + a@logW- Blog 0 (2) 


and eeeee 


596 =i 


and the experimental data in Table 1 have been fitted to this formula by the method of least 
squares. In Table 1 it will be seen that there are several groups of repeat shots. in 
applying the method of least squares the average value of V for each group has been used, being 
weighted according to the number of shots in the group. No allowance has been made for 
variations in the thickness of the diaphragms which deviate by 5% at most from the nominal valuc 
of 0.1956 Inch. 


The formula resulting from this analysis is 
Log V = 1,409 + 0.456 Log W = 0.791 Log D (3) 


which expressed in power-law form is 
V = 25.63 ws 456) 90+ 794 (u) 


differing little from that most recently published by S.M.0. viz. 


V = 2743 wor 45/9080 (5) 


The fact that the probable errors in V resulting from the use of formula (4) and (5) are 
+ 2,5% and + 2.8% respectively shows that the difference between these two formulae is 
insignificant. 


In figure 1 the experimental data of Table 1 is fitted to the empirical formula (4) 
and in figure 2 a nomogram is given connecting W, D and V using this formula. 


Theoretical analysis. 


(i) Basic assumptions. 


(a) For the practical range of distance from charge to gauge in the trials considered 
in this report, varying from about 25 to 30 charges radii, the dishing of the 
diaphragns is assumed to be caused by the primary pressure pulsc behaving as a 
smal] amplitude plane wave. The pressure pulse is assumed to decay exponentially 
with time. 


(b) | The gauge is assumed sufficiently smal) relative to the effective length of pulse 
for diffraction to be complete so that the gauge experiences no bodily motion. 


(c) The diaphragm is assumed to deform into a parabolic shape and to absorb energy 
plastically. For a given mean deflection the amount of energy Is assumed to be 
the same as that maisured statically under uniform lateral pressure. For an 
amended form of assumption to take Into account the effect of dynamic loading 
see paragraph (iii). 


(ii) Solution assuming incompressible flow and Wood's formulae, 


Neglecting the conpressibility of water the equation of motion connecting the mean 
deflection 2 of the diaphragm and time T both expressed in non-dimensional units is shown In 
the Appendix to be 


1 d2z + F = Po =—T 
2) = Ss—'e 
oe (2) : (4.37) 


y being a numerical cmstant depending upon the effective dimensions of the diaphragm allowing 
for the increase in inertia due to the layer of water following the motion of the diaphragm 
Whilst py F(Z) is the static pressure required to produce a non—dimensional mean deflection 2, 


It was found from the static pressure-volume calibration curve reproduced in figure 3 
that a good approximation for the function F(2) is given by the simple linear expressions 


F(2) % foro ¢Z¢0.5 


22- 0.5 for 220.5 
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In solving the equation of motion the parameters Po and n of the pressure=time equation 
pi = poe (A, 1) 
as given by Wood's formulae were used viz. 


0.38 
Py = 12,000 W'"_ dbs. /sq.in Win 


(6) 
6300 -1 Din ft. 
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The results of solving the equation of motion for the maximum values of 2 are summarised 
in Table 2 from which it will be seen that the calculated values are from 20% to 40% in excess of 
the observed experimental values, 


(iii) Effect of dynamic loading. 


Undoubtedly, at least part of this discrepancy between calculated and observed volumes of 
dishing is due to the assumption that the energy absorbed in deforming the diaphragm is the same 
as that measured statically under uniform lateral pressure. To take account of dynamic loading 
it is simplest to derive a hypothetical dynamic pressure-volume calibration curve from the static 
calibration curve by increasing the pressure ordinates by a fixed percentage. In Table 3 are 
shown the percentage increases required to bring the catculated valucs of volume of dishing to 
within about 5% of the observed values. From this table it is seen that the percentage increases 
required vary from 40% to 60%, 


That such large percentage increases really obtain in practice seems unlikely so that we 
are next led to suspect that the discrepancy between theoretical and experimental volumes of 
dishing may be at least partly accounted for by errors in the values assigned to the parameters 
of the pressure—-time equation by Wood's formulae. 


(iv) Effect of replacing Wood's formulae by the corresponding American formulae, 


To check whether the discrepancy between calculated and observed volumes of dishing in 
Table 2 is due in part to errors in Wood's formulae for the parameters of the pressure-time 
equation the calculations were repeated replacing Wood's formulae by thoSe published in American 
reports (1). 


0. 38 
viz. Dyas at lbs./sqein. 
Win Ibs. 
p 3 
Impulse =o = J:5W" = Ibs,, secs. /sav ins (8) 
n D 
whence n = Sen sec? J D in ft. 
Ww Dee 
p 0.38 
giving xa) = DatIW 
Py Des 
(9) 
and CN et 
Wis 4 (Dae 


The results of these calculations which were carried out by Admiralty Computing Service (2) 
are summarised in Table 4. On average the values for the calculated volumes of dishing show a 
reduction of about 9% on the values given by using Wood's formulae. Despite this Improvement, 
however, the calculated volumes of dishing are still 10% to 30% in excess of the observed values, 


(Vv) weeee 
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(v) Effect of taking into account the compressibility of water. 


There still remains another likely source of error to account for the poor agreement 
between the theoretical and experimental volumes of dishing. So far we have assumed incompressible 
flow whereas it would be more correct to allow for the compressibility of water. 


As shown in the Appendix the equation of motion taking into account the compressibility 
of water is given by ) 
{ 
1 
2 p as 
4, s SNR (Z) metre Omen Ol me OK ,(x) 2” (T - x) dx (A. 35) 
ye ad Py - 


K being a numerical constant and $3 and 2 rather canplicated functions, 


Integrating this equation by parts three times gives 


= =) 2, mK By F(a) 
6 


ye ozs) are aT 
1 
= ke pill. K oe (x) # (T - x) ax 
Py , 
= ta ett, cf eos OSS oh (A. 33) 
Py 
0 


This equation was numerically integrated by Admiralty Computing Service for two extreme cases, 
viz 650 Ibs. T.N.T. at 167 feet and 5 lbs, at 10 feet correspnding to charge distances of 88 
and 27 charye radii respectively. 


The effect of this more refined treatment by allowing for compressibility is very small, 
the calculated volumes of dishing being thereby reduced by only about 2% as shown in Table 4. 


General discussion and conclusions. 


The original calculated values and the observed values of dishing are compared in Table 2 
and exhibit 2 large discrepancy ranging from 20% — 40% overestimation by the theory. AS possible 
sources of this discrepancy we have considered 


(a) Increased energy absorption under dynamic loading as compared with static 
loading. 


(b) Use of the American formula (8), based on more modern data than Wood's formula 
(6), for the parameters of the pressure pulse. 


(c) Allowance for the compressibility of the water. 


Of these the third possibility (c) introduces only a very small correction of order 3% and 
is only therefore a minor factor in the discrepancy. The second possibility (b) however produces 
an appreciable Improvement in the agreement but still leaves a remaining discrepancy of order 
10% — 30% If this is primarily due to the first possibility (a) we should require an overall 
increase of order 25% — 35% of resistance to dishing under dynamic as opposed to static loading. 
This seems unduly high for the annealed copper used in the diaphragms since, so far as is known, 
there is no evidence to indicate an increase of more than about 15% for copper due to dynamic 
loading. 


There remain, of course, other possible sources of error in the assumptions which we have 
not examined, on account of their implicit complexity. | Thus we have neglected diffraction effects 
round the gauge and bodily motion but it seems unlikely that such are important for the present 
purpose in viewof the observed fact that the two diaphragms on opposite sides of the gauge exhibit 
the same overall variation of dishing with charge weight etc. The assumption that the dish is of 
parabolic shape throughout is, of course, only an approximation and wil) certainly not be valid 
in the early stages of dishing when the deformation will correspond more to a plastic wave 
travelling inwards from the circumference. It seems unlikely, however, that the difference In 
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the mode of dishing leading to the same final shape of dish will make a large difference in the 
final energy absorbed, always provided that the energy is absorbed in the same way by plastic 
stretching and thinning of the diaphragm It is conceivable, though somewhat unlikely, that 
the plastic wave mechanism involves a large absorption of energy in pending Since each element 
is first bent in one direction and then back again as the wave passes, Such a source of energy 
absorption is not allowed for in our theory based primarily on plastic stretching which certainly 
predominates In the case of dishing under static load. Since the energy absorption due to 
stretching depends on the square of the dished volume we Should need a large contribution from 
any such bending mechanisn to account for the discrepancies shown in Table 2. 


Finally we have made throughout the customary assumption that the pressure-pulse varies 
exponentially in time whereas we know that this is not accurately the case in practice, the pulse 
being rather of an initial exponential form followed by a tail decaying more slowly. in 
particular we have, in the absence of direct information, derived the formula for n given in 
equation (8) from the associated maximum pressure and impulse formulae, the latter of which 
depends sancwhat on the tail of the wave. For the initial part of the wave n should be higher 
than assumed and this would tend to improve agreement, more especially for the intermediate 
charge weights where the pulse is neither so Short that impulse is the deciding factor no so long 
that maximum pressure is the main parameter. The fact that the discrepancy in Table 4 is greatest 
for the intermediate charge weight of 100 1b. suggests that part of the error at least is due 
to this lack of accurate representation of the pressure-time for the incident pulse. In view 
of this it seems desirable to carry out controlled experiments in which copper diaphragms and 
piezo-gauges are both used so that the observed pressure time curve can be used direct in the 
present theory, i.2. in place of the assumed exponential term on the right-hand side of equation 
(A.37). Any further refinements of the theory are better deferred pending a better check on 
the present theory obtained from such experiments. 
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APPENDIX 
p= incident pressure. 
Ba maximum presSure of pressure pulse, 
n = decay constant of pressure pulse (a eee) ent 
p’ = relief pressure due to motion of diaphragm. 
a = radius of diaphragm. 
h = thickness of diaphragm 
f, = mass density of water. 
P= mass density of diaphragm. 
c = velocity of sound in water. 
hy = effective thickness of diaphragm duc to layer of water following 
the motion of the diaphragm. 
Pig 256 ap, 
105 710 
7 = mean deflection of diaphragm. 
= hy 2 
t = time. 
Py = arbitrary pressure unit. 
Py F(Z) = static pressure required to produce non-dimensional mean deflection 2. 
fo os 2% 
2a 
N 
uf 
K 
Other symbols are defined in the text. 
Subscripts to 2 and ¢ denote integration:— 
T x 
=a (Tt) = rn (T) dT; $, (ee Gna (x) dx, 
(0) 1 
2s Equation of motion of diaphragm. 
The incident pressure pulse is assumed to be 
Piimee IB eg (1) 
while the pressure at any point of the diaphragm is 
P= pi Pa (2) 
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SRS 
where p' is the relief pressure due to the motion of the diaphragm. 


The diaphragm is assumed to deform plastically into the parabolic form 


woe an [1-5] (3) 


a 


and the energy absorbed in dishing to a mean deflection 7 is assumed to be @ (7m) which is know 
from static tests. 


The kinetic energy of the diaphragm in dishing is 


pn (8)° 2m rar = ave pp (2) (4) 


nN le 


° 


Tne rate of increase of the kinetic energy is given by 


tua xu] 5) 
3 es dt dt ( 


while the rate of absorption of energy plastically is 


4 n 
— ¢(n = ¢() (6) 
dt zn 2 dt 
The rate of work on the diaphragm by the pressure p is 
a cat 
dw = cu) le 
p — 2mrdr = 4m pi|i1- rdr (7) 
at dt ze 
° ° 


so that the equation of motion is given in the form 


a 


Fd m7 a® ph oy + #(n) = an p (-5] rdr (a) 
3 2 


{e) 


\f the pressure in a static test is p, then 


d(m) = | mao. ) om (9) 
fe) 
whence p, ) = =e (10) 


so that the equation of motion may be written using (1) and (2) as 


‘a 
2, 2 
4 d nt 4 r 
= ph=J + p (nm) = p. et - pi ji- rdr (41 
3 dt eat @ ae ae } 
oO 
In this equation p' is a function of r and t and at any point r = ry is given by 
P. 1 [a4 
(p') = ae & ds (12) 
"on a lat? J, 8 


where the integral is taken over the whole diaphragm and R is the distance fran the point P 

(at which p" is being evaluated) to the element dS at the point Q (Figure 4). This expression 
is based on the ~ssumption th.t di ‘fraction effects due to the finite size of gauge can be 
neglected. Unfortunately, except in the very early stages for the front diaphragm of a "face on* 
gauge, the diffractior, phenomena are far too complex to take into accaunt. 


However, it may be noted that the gauge always has a diaphragm at each end and in practice 
it is usually found that the front and back diaphragms show about the same amount of dishing. 
This indicates that the overall effect of diffraction on the dishing is smal) and suggested our 
assumption as a reasonable simplification to make the theory tractable, 
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If Q is at distance r> from the centre then 


2 
dw d WS) } 
<3 = 2 t= — 13 
dt dt a (13) 
R 2 
so that P, a (t-4) > . 
UJ Sar et 1-—- ds 14 
Ve R “ae (14) 


From Figure 4 we have the following relation between R, ry and Tr, 


Oe bs 2 2 
ipy  Inipe wile Sas [re CS (15) 


Before simplifying the integral in (14) and the resulting integral in (11) we shal) 
put the equations in non-dimensional form using the following substitutions:— 


p, KP 
= h,z p'= eee eae 
16 
2 cea 
c r= aX, 
Po = p' F (2) ee 
ro = aX, 
c 
n = = N 
2a Be eipieuak 
kK = pelican 5 2 (16) 
73 Py S= a* ds 
2 
2. OVE 
SiMe ae eer eat 
phy c 
where = 
h 2 a 
epee Po 
h 105 77 fh 
Equxtion (14) then becomes 
2 x 2 
p, KP* hac 2" (iT = >)Ci— xe5) 
2 = 228 2 z ds’ (17) 
16 47a x 
Zs 
whence an) (jj ==) (Khe xe) 
me = : Z ds’ (18) 


in which 2 is regarded as a function of T and the surface integral is taken over a circle of 
unit radius (Figure 5). Also fron (11) and (16) the equation of motion becomes 


2 
Ri GeZ give Gy teonegt ENT uy AK 
rina = e = 19 
Yohs ar Py 877 (19) 
1 
where 2 
| = 27 Pp (x)> tT) (A= x) x, OX, (20) 
O 


and P* is given by equation (18). 
Finally the non-dimensional form of equation (15) is 


2 dines 2eeawe: 
Xy° + X° = 2 Xx, cosa (21) 
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3. Calculation of relief pressure. 


In order to simplify (18) we take polar coordinates X, @ with origin P (Figure 5). 
Then uSing (21) we obtain 


dS' = X.4Xx da (22) 


so that after integration by parts with respect to X and use of geometry of Figure 5 we find 


27 x 
pt = a (1-3) (1- x,2- x2 + 2 xx, cosa) dk da (23) 
fe) fe) 
27 
= um (1- x,7) a (t) - 3272, (1) +8 2 (1-4) cosOda 
oO 
27 (24) 
+ 16 2, (1-4) da 
ce) 


2 2, (7 = +) cosO + 2(T- 2) cos? @ 


= um (1- x42) 2 (1) - 3272, (1) +8 ds 
x" 
(25) 
the integra) being taken round the boundary. 
4 Contribution of relicf pressure to equation of motion. 
From equations (20) and (25) we have 
1 1 
a 2. = Se Oe 2 
1 = am 2'(T) (1 = x7) x, dxy - 6 7? 2, (T) | (1 — x4) xy oxy 
r) ° 
x’ 2 xe 
z (T- S) cos*9+22, (T- +) cosO 
+8 (1 = %,4) 2 es US ds ds! 
x" (26) 
the first two terms giving a contribution 
(ae un (1) - 16 7? a, (1) (27) 


3 


interchanging the line and surface integrals and using symmetry the last term of (26) 
gives a contribution 


x! 2 Ke 
z2 (T- 5) cos° 90+ 224, (T- +) cos@ 
1, = 167 i pe ee = se: (1 = x,%) ds" 


(28) 


where this integral is to be evaluated for any given element dS of the circumference and wil) 
by symmetry be the same for any element on the circumference. 


Taking polar coordinates (X', @) as in Figure 6 then 
#2 2 cos @ 
\ 
x" 2 x? 
BE OE e {2 (t- 4) cos +22, (T-4) cosO} (1 - x,”) dx' d@ 


16 77 
° o (29) 


Using the fact that 


x = xr? 


1 + 1-2 Xx' cosO (30) 


we finally have after some integration by parts and thence using (27) 


1 tees 
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1 
167 a, (Tt) - em] ¢ (x) (T= x) dx 


fo} 


al 
ua (y-am| ¢ (x) 2 (T- x) ax (31) 


(32) 
and ¢ (x) = 16-3 sin 26+3 sinu@ 


5. Final _forms of equation of motion. 


Substituting from (31) in (19) we have for the equation of motion 
2 p 
NEE Ge tease ce als ote 
ny aT Py 6 aT 
1 


+k} ¢ (x) 2 (T= x) dx (33) 


For alternative form we have 


; B(x) F(T =») dx = [4,() 2 (T= x) + 6,00) 2 (T- x) + Hat (T= 0]5 
° 
A 
+ $,(x) Zz" (1 - x) dx 
te) 
= Zax (rt) - $4 a (1) (34) 
6 315 
1 


so that the equation of motion may also be written as 


1 
2 Pp a 
4 So + ety = Bote g(x) 2" (T- x) ax (35) 
y hs Py 
ie} 
since + = 4 = SE (36) 
vay 315 


Form (33) is more suitable in the early stages when T is small while form (35) is more 
suitable wnen Tis large. The initial conditions are 


aot)! = 28 (1) = 0 TS 0 


Since #" (T) is discontinuous 2t T = 0 and 2” (T) is therefore infinite, the form (33) 
should be used for 0 <T< i. 


6. Incompresstble approximation, 


If the compressibility term, i.e. the integral term in form (35) is small then a first 
approximation is given by neglecting it, i.e. 


2 p 
ae cher Ge F(a) = —2 eNT ( 
—_— 37) 
ye a Py 


which gives 


3 p 
AGM 2 = LO yaNT _ ppg) & “, 38 
mo aes (a) ve 


a NOW seeee 
es | 
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Now since p. and Huse: F(2) increases with deflection we have F'(2) > 0 and up to 
time of maximum deft ection $ > 0 and therefore va <0 up to time of maximum deflection. 
dT~ 
1 


The compressibility term is K $3(*) 2!) (it) = x)! dx 


° 
1 
= je (=e) ¢,(*) dx since $,(*) 2 0 
o 
LG) (ip) where 0 < € < 14 (39) 
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Hence, if compressibility is small we can solve on the assumption that it is negligible 
and then estimate the error by expression (39). Since 2” (T) <0 the error will involve a 
relief pressure and therefore the calculated deflection on the Incompressible approximation will 
be an over—estimation. 


7. Properties of the function ¢5(%) 


The following properties of $,(%) defined by 


4, (*) Sepleae yC etl ted oe +ty? eeiye)ie seule ; 


15 105 315 
(40) 
where x = cos @ 
and y = sin@ 
may be noted:— 
(a) fd = ¢ (x) 
= 10-4 sin 20+3 sinu@ (32) 
(b) &() 20, OF xsi (41) 
(c) &(x) > 4 as) x =) 0 (42) 
(d) ; (*) =) 22 as Rm fh w= oO (43) 
1 
(e) $,(x) x = (44) 
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TABLE 1. EXPERIMENTAL DATA FOR THE DISHING OF 6 INCH 
DIAMETER COPPER DIAPHRAGM GAUGES. 1T.N.T. CHARGES. 


VOLUME 
CALCULATED 
fron 
y = 23265 wo-456 
po-791 
(c.ins. 
5 40 27 
5 10 27 
5 410 27 8.93 8.65 
5 10 27 


300 Ve 12 
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TABLE 2. COMPARISON OF EXPERIMENTAL AND THEORETICAL 

VOLUMES OF DISHING DERIVED BY ASSUMING INCOMPRESSIBLE 

FLOW AND WOOD's FORMULAE FOR THE PRESSURE-TIME EQUATION 
PARAMETERS. 


OBSERVED CALCULATED] RATIO 
Weight i Ce 


of Cald.Vol. 
5 Obsd.Vol. 


lbs 


rss as fal 
ee 


11.0 | 1.34 | 
| 
a Seaeca Ceo 
167 e653) | 0.843] 


TABLE 3, SHOWING PERCENTAGE INCREASES IN THE FRESSURE 

ORDINATHS OF THE STATIC PRESSURE-VOLUME CALIBRATION 

CURVE TO TAKE INTO ACCOUNT THE EFFECT OF DYNAMIC LOADING, 

THE PERCENTAGE INCREASES BEING CHOSEN TO BRING THE 

CALCULATED VOLUMES OF DISHING TO WITHIN ABOUT 5% OF THE 
EXPERIMENTAL ViaLUES. 


% INCREASE } CALCULATED RATIO 
IN PRESSURE VOLUME 
ORDINATE Cald. Vol. 


Obsd. Vol. 
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TABLE 4. COMPARISON OF EXPERIMENTAL AND THEORETICAL 
VOLUMES OF DISHING ASSUMING AMERICAN FORMULAE FOR THE 
PRESSURE-TIME EQUATION PARAMETERS. 


CHARGE * CALCULATED] RATIO 
eae nets 


Obsd. Vol. 


27 2.66 | 0.159 
DD 4.21 | 0.144 


— 88 8.65 0.70 | 0.104 . 1,09 
167 88 8.65 0.70 | 0.4104 . 4.06 


f* Values allowing for compressibility of water. 
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FIG. iv 


FIG. vi 


UNIT RADWS 


PN = x' 
PQ= x 
OP= xX, 
O@= Xa 
ON= | 


NP =x! 
OP=xX, 
ON= | 
NM = @cos@ 
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INTRODUCTION. 


THE work described in this Paper was carried out during the war in the 
Civil Engineering Laboratories of the Imperial College of Science and 
Technology for the Director of Scientifie Research, Admiralty, to supple- 
ment research into the behaviour of submarine hulls subjected to under- 
water explosions. The explosive work was carried out elsewhere partly 
on large scale specimens and partly on exactly similar models to those 
described in this Paper. The object of the investigation was to study the 
behaviour of cylindrical shells when loaded beyond the plastic range by 
forces acting on a small area of the surface, and under certain specified 
conditions of support. Those conditions were most satisfactorily repre- 
sented by bedding the cylinders for half their depth in carefully sifted 
sand, and with few exceptions the loads were applied through a ball or 
spherical-ended ram. 

The experiments included static tests in a test frame, dynamic tests 
by means of dropping weights, and a few tests under hydrostatic pressure 
on a variety of specimens. Some of the results recorded were needed for 
a specific purpose, but the whole series is presented here as a general 
account of an experimental investigation which may be of value as a study 
of the plastic behaviour of cylindrical shells. 


* Crown Copyright reserved. 
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ScorgE OF THE EXPERIMENTS. 


The original object of the investigation was to obtain information 
about the behaviour of cylinders stiffened in a particular way which will 
be described later. The manufacture of the test specimens was not easy 
and was delayed by the usual war-time difficulties in obtaining suitable 
material, scarcity of labour, and so on. During the waiting period certain 
makeshifts were adopted which extended the scope of the original tests 
and provided useful data of a more general character than was originally 
contemplated. Steel drums normally used for storing cement in the 
laboratory were found suitable for investigating the efficacy of the test 
rig and the results of those preliminary experiments led to the manufacture 
and test of a copper drum of approximately the same size for the purpose 
of investigating certain peculiarities which the steel drums had revealed. 

It then appeared probable that useful results might be obtained from 
tests on small unstiffened cylinders, an ample supply of which were avail- 
able in the tins used to pack coffee and household milk. The former were 
3} inches in diameter, 4 inches long and made of 0-010-inch sheet metal ; 
the latter were 23 inches in diameter, 4$ inches long and of the same 
thickness. Those tins were sufficiently near to the proportions of the 
standard test specimens in respect of diameter-thickness ratio to justify 
results. Further, while it would have been very difficult, or even impos- 
sible, to make laboratory tests on the standard specimens under impact 
loading or hydraulic pressure, it was a simple matter to make such tests 
on the small specimens. The experimental programme was therefore 
extended to include the following :— 


(1) Preliminary tests on steel and copper drums. 
(2) Tests on small cylinders. 
(3) Tests on large cylinders. 


Tests were made on internally stiffened and unstiffened shells and on 
specimens with end-plates of different degrees of stiffness. Subsidiary 
tests of the material used and tests on single internal stiffening rings are 
also described. 


Taytor’s HypoTHesis oF DISTORTION. 


Sir Geoffrey Taylor propounded the hypothesis that @ thin cylindrical 
shell would distort without any stretching of the cylinder wall provided 
that the end plates had no stiffness out of their own plane and served only 
to maintain the circular form. He observed that when such a shell was 
subjected to a point load a transverse groove was formed and flats de- 
veloped. The cross-section of the deformed cylinder through the groove 
is shown in Fig. 7. 

If it be assumed that the lines running from the ends of the groove are 
straight and tangential to the undistorted part of the cross-section and 
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that no stretching of the shell occurs, it is a matter of simple geometry to 
obtain the relations 


sin 8 — @ cos 6 

2a = s«dl—cos@ * 
The possibility of such an inextensible distortion was demonstrated by 
Taylor by a model made from a single sheet of 
paper which is shown at (a) in Fig. 2. It will be 
shown that that hypothesis was justified by the Veet 


Fig. 1. 


d2SN ay 
XN 


20 
en de 


results of tests, both static and dynamic, made on 
the small cylinders. 


Test APPARATUS. 


The apparatus designed for the main tests is 
shown in Fig. 3. The cylinder to be tested, as pie 
already stated, was bedded in sifted sand to half Seuaeie aad 
its diametral depth, the sand box resting on the T,yzor’s Hyporuesis. 
heavily reinforced concrete base of a compression 
machine which was originally built for testing slabs. Loads were applied 
by an inverted hydraulic jack which was modified to prevent oil leakage 


Fig. 3. 
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ARRANGEMENT OF APPARATUS FOR MaIn TESTS. 
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Fig. 2. 


(a) Taytor’s MopEL. 

(6) Static Test on CoFFEE TIN. 
(c) Dynamic Test on Mixx Trin. 
(d) Statio Test on Mixx Tin. 


Fig. 5. 


CYLINDER WITH END REMOVED. 
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Fig.-15 


(a) First Tin SHow1ne Form or Dent. 

(b) Szeconp Trin SHowrne SP rit. 

(c) BapLy REINroRcED TIN WHICH EVENTUALLY SPLIT. 
(d) Bapty REINFoRcED TIN WHICH DID NoT SPLirT. 


Fig. 19. 


(a) Taytor’s SEconp MopEL. 
(c) Resutt or Hyprostatio Txst. 
(d) Svatio Test Wire Line Loapina. 
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when working in that position, and the loads were assessed by the diametral 
strains of a calibrated ring placed between the jack and the specimen, the 
strains being measured by an Ames dial. The ram which applied the 
load to the specimen was spherically ended, its diameter being 
14 inch. 

Displacements of the ram were observed by a telescope carrying a 
cross-hair focused on a scale attached to the bottom of the calibrated 
ring. Rods attached to the bottom of each end of the cylinder also 
carried scales and the readings of the scales by separate telescopes gave 
the bodily sinking of the cylinder in the sand and so enabled the true 
amount of indenting of the specimen to be determined. 

Two Ames dials supported from the bottom of the sand box at opposite 
ends of a horizontal diameter of the cylinder enabled the diametral spread 
under load to be measured, but those measurements were not found to be 
of particular importance. 

In some tests the longitudinal alterations in length of the cylinders 
were measured ; steel balls were attached near the top of the cylinder at 
each end and provided bearing points for the ends of a micrometer 
measuring bar; a sufficiently accurate overall strain measurement was 
thus obtained. 


STanDaRD TEST CYLINDERS. 


The standard test cylinder is shown in Figs 4 and 5. It consisted of 
a 14-gauge cylindrical shell 2 feet 1} inch in length and 164 inches external 
diameter, internally stiffened by eleven rings made of 33-inch by §g-inch 
by 14-gauge T-section steel. The rings were evenly spaced along the 
length of the cylinder and the legs of the T’s were tack-welded to the shell, 
the welds having a pitch of approximately 2 inches. That was found by 
trial to be more satisfactory than continuous welding which introduced 
a serious danger of damaging the shell by over-heating it. 

The end plates were also of 14-gauge steel and were stiffened by 33-inch 
by 33-inch T-sections and brackets arranged as shown in Figs 4. 

The cylinders were made by Messrs. Benham and Company of Wands- 
worth and in the first place six were completed. An experiment in manu- 
facture, however, provided an additional unfinished specimen which gave 
useful information on test. It had a central stiffening ring continuously 
welded to the shell and a ring spot-welded to the shell at 3 inches from 
either side of the central ring. No end-plates were provided in that 
cylinder. 

At a later date further cylinders were made, three to the original design 
and three as shown in Figs 6. The feature of those was the replacement 
of the normal end-plates by 1-inch disks to give resistance to bending out 
of their planes and the discs were connected by four 1}-inch-diameter steel 
rods. 
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PRELIMINARY TESTS ON STEEL AND CoprpER Drums. 


A steel eement drum 20 inches long, 14 inches diameter and 0-028 inch 
in wall thickness, served for a preliminary check of the test apparatus. 
The drum was unstiffened except for the support of the bottom and the 
cover. The load-displacement curve which was obtained as a result of 
that test indicated that-displacement-cusve-which was-ebtained -a8-e-reselt 
iad that displacements had been measured before the 


Figs 4. 
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SECTION XX SS as 


THE EXPERIMENTAL CYLINDER. 


strains had fully developed. While the modifications to the rig dictated 
by that preliminary test were being made, a second drum was tested, but 
the load was applied by dead weights ; that drum was similar to the first 
but the wall thickness was 0-032 inch. The load displacement curve is 
shown in Fig. 7. 

The area under the curve is a measure of the energy absorbed in 
deforming the cylinder and is 153 inch-lb. In a second test the drum was 
inverted and a 4-inch-diameter iron ball weighing 7-9 lb. was dropped upon 
it from a height calculated to give it that amount of energy on impact after 
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correction for rebound. The amount of restitution was, however, mis- 
judged and the actual energy absorbed in plastic deformation was only 
132 inch-lb. Both the damaged surfaces of the cylinder were contoured 
as explained later and Fig. 8 shows a comparison of the results of static 
and dynamic loading. The general shapes of the contours agree well, but 
the maximum indentation was less in the dynamic than in the static test 
being under-estimated. 


Figs 6. 
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14-pauge shell 
4s" x 4h" x 14-g. tee rings 
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Ends reduced for 1” nuts 


Seale 1 inch=1 foot 


SECTION XK 


CyLInDER witH Heavity REINFORCED Enps. 


Similar experiments were then made on a drum of soft copper, 24 inches 
long, 15 inches in diameter and of thickness 0-048 inch. The ends were 
heavy wooden disks to which the shell was screwed. The static load- 
displacement curve is shown in Fig. 9 and a comparison of the contours 
obtained in the static and dynamic tests in I’ig. 10. The energy absorbed 
in the dynamic test was about 10 per cent. greater than in the static test 
and that is reflected in the contours, which show rather greater indentation. 

The close agreement between the results of static and dynamic tests 
on the copper drum suggests that the rates of loading within those limits 
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were unimportant. There were, however, differences between the corre- 
sponding tests on the steel drum which indicated that the time factor was 
of some importance. 


Fig. 7. 
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Trests ON SMALL CYLINDERS. 


Static tests—A number of coffee and household milk tins, complete 
with covers, were half embedded in sand in the same way as was proposed 
for the tests on the standard cylinders and were then loaded through a 
13inch-diameter steel ball at the mid-section. The loads were applied 
in small increments by dead weights and at different stages in the test the 


Figs 11. 


(a) 


LOAD : LB. 


LOAD :LB. 


0 
0-00 0:02 0:04 0:06 0-08 1-09 7-02 0-09 G-02 0-04 0:06 0-08 1-00 1-02 
RAM DISPLACEMENT ° INCHES RAM DISPLACEMENT : INCHES = 
Statio Test on Corres Trin. Sratio Test on Mixx Tin. 


whole load was removed and re-applied. Typical curves obtained from 
those tests are shown in Figs 11, and it is noticeable that there is practi- 
cally no looping due to the removal and re-application of the load. That 
was characteristic of all the tests made in the course of the investigation, 
irrespective of the size or construction of the cylinders. At (b) and (d) in 
Fig. 2 are shown typical specimens after test; they are arranged with 
Taylor’s model for comparison and the similarity is marked. 


Fig. 12. Fig. 13. 
———— rr Groove Crease 


N 


Heavity REINFORCED Dent In HEAVILY 
Tn REINFORCED TIN. 


The type of failure illustrated in Fig. 2 by Taylor’s model can only 
occur if the ends of the cylinder are free to bend out of their own plane ; 
if the ends resist bending, tensions will be induced in the shell and the 
resulting strained shell cannot be developed into a plane surface. 

To examine the effect of end stiffness a series of tests were made on 
tins in which the normal thin bottom and cover were replaced by steel 
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disks, + r¢-inch thick, connected by a central distance-piece of f-inch diameter 
as shown in Fig. 12. In the first test a point load was applied opposite 


Tin No. t. Test A /\ | 


LOAD t LB. 
LOAD 6B 


UW ii 


0-2 0-. 
RAM DISPLACEMENT : INCHES RAM DISPLACEMENT : INCHES 
Loap-DISPLACEMENT CuRVE FOR Tin’ Loap-DIsPLACEMENT CURVES FOR TINS 
witH Hravity REINFORCED ENDs. witH Hravity REINFORCED ENDs. 
Pornt Loap on SEAM. Potnt LoaD AWAY FROM SEAM. 


to the longitudinal seam in the tin, the specimen being half bedded in 
sand as in other tests. The type of failure is shown in Fig. 13 and the 
resulting load-displacement curve in Fig. 14. For small loads the dent 


TaBLeE I. 


Diameter Weight of | Rebound:| Depth of Length of d h 
of ball : ball : dent, d: groove, h; @ a 
inches. grammes. inches. inches. inches. 

4 8-5 48 0-06 0-8 0-04 0-28 
16-5 15 0-16 1-45 0-11 0-50 

2 28 10 0-24 1:75 0-17 0-61 
t 45 4 0:39 2-25 0:27 0-78 
1 67 2 0-55 2-7 0-38 0-94 
14 95 1 0-63 2-9 0:44 1-01 
14 130 1 0-85 3:3 0-59 1-15 
14 227 0 1:08 3:6 0-75 1-26 


was elliptical, the major axis being a well-defined crease. As the load 
was increased the edge of the dent was defined by two ellipses on the same 
major axis, grooves forming along the minor axis between them. The 
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outer ellipse ultimately developed into a hexagonal figure as shown in 
Fig. 13 and at (a) in Fig. 15 (facing p. 5). 

The same tin was then turned in the sand bed and another test made, 
away from the seam. The test figures are shown in Fvg. 16 (Tin 1, Test B) 
and failure occurred by the development of a circumferential split at the 
centre of the cylinder on the minor axis of the smaller ellipse ; that split 
was significant in the light of results to be described later. After the test 


LOAD LE 


RAM DISPLACEMENT : INCHES 


Loap-DisPLAcEMENT CURVES FOR MILK 
TINs witH IMPERFECTLY REINFORCED ENDs. 


an elliptical dent was found on the previously undamaged under-side of 
the specimen, opposite to the loading point and is shown on the right of 
(a) in Fig. 15; the split was on the far side of the cylinder. A check test 
was made on the second of the stiffened cylinders; the results were 
similar and are shown in 7g. 16 (Tin 2) and at (6) in Fig. 15 (facing p. 5). 

The two remaining reinforced cylinders were deliberately made badly 
to allow some, but not complete, freedom at the ends. 

In one, the specimen eventually split in spite of crumpling along the 
minor axis of the dent as shown at (c) in Fig. 15 ; in the other the flexibility 
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of the ends was sufficient to prevent splitting as shown at (d) in Fig. 15. 
The load displacement curves for those specimens are shown in Fig. 17. 
The results of tests on specially prepared specimens under hydrostatic 
pressure, which will be described later, led to the production of a second 
paper model by Sir Geoffrey Taylor which showed that the type of failure 
obtained could also occur without stretching of the shell. As it seemed 
likely that similar distortions could be produced by static loading dis- 
tributed along a line parallel to the axis of the specimen, several experi- 


Fig. 18. 
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LOAD : LB. 


ments were made with the load applied through bars of different lengths 
and diameters, the covers of the tins being soldered into position. 

The general result was the same ; the best comparison with the model 
was obtained when a rod 13-inch in diameter and 13-inch long was used, 
the ends of the rod being rounded to prevent local damage to the thin 
shell. 

The complete load-displacement curve for that case is shown in Fig. 18 
and the deformed specimen at (d) in Fig. 19 (facing p. 5) which also includes 
Taylor’s second model. 

Dynamic tests—Tins of both types were subjected to dynamic loading. 
They were half bedded in sand as in previous static tests and steel balls of 
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different weights were dropped upon them from a height of 23 feet. Hach 

specimen was subjected to one impact only and the results are given in 
Table I. A typical specimen after test is shown at (c) in Fig. 2. 

In that series of tests the depth of the dent and the length of groove 

h 


were measured jn each case and the corresponding values of 2 and Qa 


(p. 4, ante) are plotted in Figs 20. 


Figs 20. 


(a) Coffee tin (b) Milk tin 
0:8; 
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+ Dynamic test 
——_Taylor’s theoretical curve 
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CompaRIson OF TEST RESULTS WITH TAYLOR’sS CURVE. 


The results from the static tests previously described are shown plotted 
in the same figures and for comparison the theoretical curve connecting 
these parameters is also shown. The closeness of agreement between the 
experimental and theoretical results is remarkable and justifies the 
acceptance of Taylor’s theory of the form of distortion which occurs. 


© Test data 
Taylor's theoretical curve 


CoMPaRISON OF TEST RESULTS WITH TAYLOR’s CURVE. 


Although Taylor’s hypothesis is not strictly applicable to the case 
previously described in which the load was distributed along a line, it is 
interesting to note the close agreement between the test figures and his 
theoretical curve as shown in Fig. 21. 
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Tests under hydrostatic. pressure—Tests were also made on house- 
hold milk tins under hydrostatic pressure. The test specimens were 
filled with molten lead up to a diametral plane to stabilize that portion 
against failure, and the seam and cover were carefully soldered to make the 
whole shell watertight. They were then immersed in water in a pressure 
chamber. In the first test, pressure was raised continuously. Collapse 
occurred suddenly at 50 lb. per square inch, and was, in that respect, so 
unlike the failure observed under steadily increasing static loads that a 
second specimen was subjected to 5 lb. increments of pressure and was 
removed for inspection after each increase. Up to 25 lb. per square inch 
no effect was discernible, but at 27 lb. per square inch a slight flicker of 
the pressure gauge gave warning of a collapse. On removal from the 
chamber an elliptical dent with a double margin was found in the shell 
as shown in Fg. 22. That dent extended the whole length of the specimen. 


Fig. 22. 


Lid 


Dent ForMED DuRING HyprRostTaTIo TEST 
on TIN witH UNREINFOROED EnpDs. 


The test was continued and flickers of the gauge were noted at 21 lb. per 
square inch and 24 lb. per square inch but the specimen was not removed 
until at 30 lb. per square inch it was found impossible to maintain the 
pressure. Complete collapse similar to that in the first test had occurred ; 
this issshown at (c) in Fig. 19 (facing p. 5) which clearly indicates the double 
margin. Agreement with Taylor’s model shown at (a) in Fig. 19 is again 
striking. 

Specimens with stiff ends as previously described (Fig. 11) were next 
half-filled with lead and subjected to hydrostatic pressure. The pressure 
was slowly increased to 38-5 lb. per square inch when a flicker of the 
gauge indicated that collapse had occurred. A small elliptical dent about 
2-8 inches long (the free length between reinforcing disks) and 0-95 inch 
wide had formed. Its position is shown on the developed surface of the 
specimen at (a) in Figs 23. The specimen was replaced and the pressure 
again raised until the gauge indicated further failure ; inspection was then 
made. That process was repeated and the history of the collapse deter- 
mined. At 42 Jb. per square inch a second slightly unsymmetrical ellip- 
tical dent formed adjacent to the first as shown at (b) in Figs 23. That 
was also 2-8 inches long and 1-05 inches wide ; the dimensions of the first 
dent were unchanged. At 46 lb. per square inch a click was heard but 
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there was no flicker of the gauge until 49 lb. per square inch was reached, 
A third dent had then formed at } inch from the second; that was also 
slightly unsymmetrical and, with the second dent, formed a left and right 
hand pair as shown at (c) in Figs 23. The area between those two showed 
a slight bulge. The next collapse occurred at 62 lb. per square inch when 
a fourth and much narrower elliptical dent developed ; that was of the 


Figs 23. 
(a) 


‘> 


ere width 2-6 


(6) 


Pa eA 
DrVELOPMEN? OF FarLuRE puRING Hyprosratic Trst 
on Stirr-EnpED Try, Haur-FIttep with LEAD. 


same length as the earlier ones but was only 0-6 inch wide. In addition 
the second and third dents had become hexagonal in outline as shown 
at (d) Figs 23. Fig. 24 (facing p. 16) shows the final appearance of the 
specimen. 

Those experiments indicated that a cylinder under extreme hydrostatic 
pressure will fail by the formation of a single dent if the ends are flexible 
out of their plane, but if the ends are rigid, failure occurs by multiple 
“Jobing.” If the ends possess a small degree of stiffness it is probable 
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that failure will start by the development of multiple lobing but that the 
bending of the ends subsequently will cause the lobes to merge into a 
single dent showing the boundary between the initial lobes as a ridge. 
That effect is shown at (c) in Fig. 19, and later evidence obtained from 
explosive experiments clearly indicates that it does occur. 


Tests oN LarRGE CYLINDERS. 


As stated in the beginning of this Paper, the original object of the 
investigation was to determine the behaviour of the cylinders shown in 
Figs 4. The work originally contemplated, however, was extended on 
account of the results obtained from the small cylindrical tins which have 
been described in preceding pages. One result of those small-scale tests 
was to emphasize the importance of the stiffness of the ends and a few 
cylinders were therefore made with very stiff end disks connected by steel 


TasLE II.—ScHEDULE OF TESTS ON LARGE CYLINDERS. 


Cylinder No. Test No. Description of cylinder. Test conditions. 
O OA Shell and three rings only | Point load at central ring. 
(see page 5). 
OB Ditto. Ditto. 
1 1A As in Figs 4. Point load at central ring. 
1B As in Figs 4. Point load between rings. 
2 2 As in Figs 4, but with | Point load at central ring. 
no end plates. 
3 3 As in Figs 4. Point load between rings. 
11 11A As in Figs 6. Point load between rings. 
11B As in Figs 6. Point load between rings. 


rods as shown in Figs 6. Some of those, as well as some of the original 
design, were used for tests under explosive loads, but one of them was 
tested statically in the way described earlier. 

Table II is a schedule of the cylinders tested as described in this 
Paper; each one was given a reference number and when it was possible 
to make two tests on one cylinder they are distinguished by letters after 
the number. 

The method of testing has already been described. Before the cylinders 
were embedded in the sand, lines dividing the surface into 1-inch squares 
were carefully scribed upon them. Those lines served as a reference grid 
for plotting contours of the dents obtained. The contours were actually 
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Fig. 24. 


APPEARANCE OF TIN WITH REINFORCED ENDS AFTER Hyprostatio TEsT. 


DEFORMATION OF CYLINDER No. O aFTER TEsT B. 
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(6) 


. ernrte > Pte 


(a) Test 14. LoapEp on Ris. SHELL FRACTURED. 
(6) Test 1p. LoaDED BETWEEN Ris. 


Figs 36. 


(a) CytinpER No. 2. Open Enps. LoaprEp OVER RIB. 
(6), CytiInpER No. 3. LoapED BETWEEN Rips. SHELL FRACTURED. 


Fig. 41. 


Dent mn Cyitinper No. 11, with REINFORCED Enps, SHOWING "RACTURE IN 
SHELL. 
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plotted on the surface of the cylinder by the following method. A brass 
straight-edge was carried for the whole length of the cylinder from the 
end plates, that straight edge coinciding with each of the axial grid lines 
in turn. A depth gauge set to a definite reading was moved along the 
Fig. 25. straight-edge until its point just 
touched the distorted cylinder; the 
point of contact was marked and gave 
one position on that contour. The 
contours were finally drawn in white 
paint and the cylinder was photo- 
graphed. The grid was then used 
to plot the contours on the plane 
development of the surface, and those 
contours are shown in a number of the 
figures to follow. The first tests 
were made on the incomplete specimen 
O, the ends of which were supported 
by wooden disks to which the shell was 
screwed. The load-displacement curve 
if ‘5 obtained in Test OA is shown in Fig. 
RAM DISPLACEMENT : INCHES 5 
fTices A soa tere at! 25. The test data for this curve are 
contained in Table III. These are given 
as an example of the records kept for each test, but the remainder are 
not reproduced. 
Tasie IJJ.—Txst Data For Txst A on CyLinpER No. O LoapEp ove Ris. 


LOAD : LB. 


First loading. Second loading. Third loading. Fourth loading. 
Ram dis- Ram dis- Ram dis- Ram dis- 
Load : | placement : Load :| placement : Load :) placement : Load : placement : 
Ib. inches. Ib. inches. Ib. inches. : inches. 
25 0-0 25 0-06 25 0-22 25 0-52 
350 0-01 920 0-08 730 0-23 6240 0-81 
730 0-01 1870 0-10 1680 0-25 7380 1-07 
1110 0-02 2820 0-11 2630 0-26 25 0-93 
1480 0-03 3770 0-13 3600 0-29 
1870 0-04 4150 0-19 4530 0-31 
2250 0:05 4530 0-30 4720 0-32 
2630 0-06 3580 0-29 4910 0:38 
3010 0-07 2630 0-27 5100 0-44 
3390 0-09 1680 0-27 5290 0-50 
3770 0-13 730 0-24 5480 0-56 
1870 0-10 25 0-22 5670 0-63 
25 0-06 4550 0-60 
3770 0-59 
2630 0-58 
1870 0-56 
760 0-54 
25 0-52 


W.E.P. 1I—2 
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When the load was removed and then replaced as at P, Q, etc., the 
looping was negligible. In the region PQ the load was applied in five 
increments, but the regions QC and CD each represent a single increment. 
The displacement at D was smaller than was expected and suggested some 
unaccountable recovery of the cylinder between C and D. To investigate 
the reason for that, the cylinder was turned over in the sand bed and a 
second test was made on the undamaged surface. The load-displacement 
curve for that test (OB) is shown in Fig. 26, and it consists of a number of 


10,000 


8,000 


LOAD :L8 


2.000 


RAM DISPLACEMENT . INCHES 
Test B on CyLinpeErR O. 


distinct sections. OB was a region of linear load-displacement and the 
strains were practically elastic. At B there was a marked increase in the 
rate of displacement with load, but that was followed by another region of 
linear proportionality, BC. The slope in that region, however, was very 
much flatter thanin OB. At C the slope became steeper again and CD was 
a third region of comparatively linear proportionality. At D the slope 
changed once more and for the short length DE it was very nearly the 
same as for BC. At E, linear proportionality finally broke down. The 
maximum load carried was just under 9,000 lb. and the depth of the 
permanent dent was about 1-75 cm. 

The explanation of the shape of the curve appears to be as follows. In 
the region, OB, the central ring and its attached shell resisted the loads 
without plastic deformation. At B the limit of proportionality of stress 
was exceeded in the material of the ring and an appreciable dent developed 
in the shell in the range represented by BC. Load was then transferred 
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to the two rings adjacent to the central one through the medium of the 
shell, and plastic deformation of the central ring was accompanied by 
elastic deformation of those adjacent to it. At D, all three rings were in 
the range of plastic deformation and 


ultimately complete collapse occurred Fig. 28. 
at the load represented by EH. Agen 
This explanation suggests that soc oe 


in the fully stiffened cylinders the \ developed 
presence of further rings would give 
more sections of the curve similar to 
CD and DE. This was borne out 
by the later test on cylinder No. 2, 
although the efficacy of the remaining 
rings was small compared with that 
of those adjacent to the load point. 

The appearance of cylinder No. O ob oe ds 
after test OB is shown in Fug. 27 RAM DISPLACEMENT ; INCHES 
(facing p. 16). Trst A on CYLINDER No. 1. 

Test No. 1A was the first made on 
a complete cylinder and the results are shown in Fig. 28. The maximum 
load carried was only 5,500 lb. compared with 9,000 lb. by the incomplete 
cylinder No. O, which had only three stiffening rings and very inadequate 
end plates compared with those in the standard cylinder. That result was 
surprising until the load was removed and the surface of the cylinder 
exposed. It was found that a circumferential split had developed in the 
shell against the central ring under the loading ram. The split was a 
characteristic tensile fracture and left no room for doubt that the end 
plates had restrained the free distortion of the shell sufficiently to produce 
large tensile stresses in the shell plate. That was consistent with tests 
already described which were made on small cylinders. 

When cylinder No. 1 was turned over in the sand bed and the un- 
damaged surface loaded (Test No. 1B), no split developed; possibly 
because the split from the previous test gave sufficient flexibility to relieve 
the longitudinal tensile stresses. The load-displacement curve for Test 
No. 1B is shown in Fig. 29 and the two sets of contours of the damaged 
surfaces in Figs 30 and 31. Jigs 32 (facing p. 17) show cylinder No. 1 
after tests, with the contours painted on it. 

During the progress of Test No. 1B, the alteration in overall length of 
the top generator of the cylinder was measured at intervals ; the maximum 
shortening was about 0-20 inch. 

As a result of those tests it was decided that cylinder No. 2 should be 
modified so that the ends were entirely unstiffened and the end disks 
were therefore removed. The load-displacement curve is shown in Fig. 33 
and exhibits no new features. Very large distortions were obtained 
without any sign of cracking in the shell, although one or two of the spot- 
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10,000; 


6,000 


LOAD LB. 


4,000) 


2,009 


10 . 25 
RAM DISPLACFIMENT : INCHES 


Trst B on CyLinpER No. 1. 


Fig. 30. 


Contours oF Dent IN CyLinpER No. | arrur Test A. 
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welds connecting the stiffening rings to it failed. Those failures, however, 
did not appear to affect the load-carrying capacity of the cylinder to any 
significant extent. The overall shortening of the cylinder was greater 
than in the earlier tests and Fig. 34 shows its amount at various stages. 
The maximum shortening was about 0-3 inch instead of 0-2 inch obtained 
in Test No.1B. The contours of the damaged surface are shown in Fig. 35 
and the appearance of the dent at (a) in Figs 36 (facing p. 17). 

The absence of end plates allowed the cylinder to flatten and the end 


Figs 31. 


Raised area 


7 5 
RAM DISPLACEMENT ; INCHES 


Loap- DISPLACEMENT CURVE FOR 
CyLInpDER No. 2. 


Ja Same 
SECTION XX 


ConTouRS AND SECTION oF DENT IN 
CYLINDER No. 1 arrer Test B. 


sections at the conclusion of the test were ovals having major and minor 
axes of 17 inches and 16 inches respectively instead of circles of 164 inches 
diameter. In view of that distortion a second test on the cylinder would 
have been of no value. The distortion affects the absolute accuracy of 
the contours which, as mentioned previously, were based upon the final 
end plates as datum lines. For obtaining the shape of the sections of the 
dent along the axis of the cylinder they are reliable ; in the case of circum- 
ferential sections, however, slight distortion is produced. 

Test No. 3 was made on a complete cylinder under the same conditions 
as Test No. 1B, that is to say, with the load applied mid-way between two 
rings. In that test the load was steadily increased to the maximum value 
that it would sustain, there being no removal and re-application of loads 
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LONGITUDINAL SHORTENING : INCHES 


Lona@ITUDINAL SHORTENING OF CYLINDERS Nos, 2 AND 3. 
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Contours oF DENT IN CYLINDER No. 2 
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as in earlier tests. At 11,750 lb., which appeared to be the maximum 
which could be reached, the load was removed to ensure that the jack was 
working properly. Everything was found to be in order and on re-loading 
the cylinder it was found impossible to increase that load of 11,750 lb. 
Plastic straining, however, continued for some time and ultimately a split 
occurred in the shell; the depth of dent was then 3-6 inches. That split 
is seen at (b) in Figs 36, the contours being at intervals of 0-2 inch. The 
load-deflexion curve, which is shown in Fig. 37, calls for no special com- 
ment, as it is similar in its features to those obtained in earlier tests. The 


ro 20 
RAM DISPLACEMENT : INCHES 


Loap-DIsPLACEMENT CURVE FOR 
CyLinpDER No. 3. 


Contours oF DENT IN CYLINDER NO. 3. 


shortening of the cylinder is shown in Fig. 34, and the plotted contours in 
Fig. 38. 

Two tests were made on the stiff-ended cylinder No. 11 and the load- 
displacement curves for those are given in Fig. 39. In Test No. 11A the 
maximum load carried was practically identical with that in Test No. 3 on 
a cylinder with normal ends, but the depth of dent produced was cnly 1-5 
inch as compared with 3-6 inches. Failure occurred by a tensile fracture 
of the skin as shown on the contour drawing of the final dent in Figs 40 
and 41 (facing p. 17). At a loading of 11,100 lb. the overall shortening of 


LOAD : LB. 
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cylinder No. 11 was only 0-07 inch as compared with 0:30 inch in cylinder 
No. 3 under the same load. 
In Test No. 11B a considerably higher load was reached than in 


ee 
— irs 
we 


Contours oF DENT IN 
CyLInDER No. 1] AFTER 
Test A. 


RAM DISPLACEMENT . INCHES 


Loap-DIspLACEMENT CURVES FOR CYLINDER No. 11. 


the first with a correspondingly deeper dent (2:1 inches), but the main 
characteristics were the same. 


ENERGY ABSORPTION IN PLASTIC DEFORMATION. 


The energy absorbed in making the dent is measured by the area under 
the load-displacement curve and practically the whole of it is used in 
producing plastic deformation. The load-displacement curves for the 
static tests on the small cylinders were integrated to obtain the curves of 
Fig. 42, which show energy plotted against depth of dent ; the smoothness 
of the curves indicates a general consistency in the relationship. 


641 


PLASTIC FAILURE OF CYLINDRICAL SHELLS. 25 


Curves deduced from the dynamic tests on the small cylinders are also 
shown in Fig. 42. Those specimens were deformed by balls of various 
weights dropped from a height of 23 feet. The height of rebound was 
deducted from that and the difference gave the effective height of drop 
which caused denting. These curves are also reasonably smooth, but the 


Fig. 42. 


Coffee tin 
——— Milketin 


ENERGY ABSORBED : INCH-LB, 


ENERGY ABSORBED IN TESTS ON SMALL CYLINDERS. 


energy required to produce a given dent is greater than when the dent is 
produced by static dead loading in spite of the similarity of the deforma- 
tions. This is consistent with the results of the tests on the steel cement 
drum. 

Fig. 43 shows results obtained from static tests on the large cylinders. 
These points also lie very fairly on a smooth curve and explanatory notes 
on the diagram indicate the main features. The higher point for No. 3 
was estimated from the test curve obtained after the load was re-applied 
and plastic strains allowed to develop until a tensile fracture occurred 
(see p. 23). The energy absorbed when the maximum load was reached 
and immediately before it was removed is given by the lower point for 
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No. 3. The curve shows the increase in energy-absorbing capacity of that 
cylinder compared with the substantially end-stiffened cylinder No. 11. 


Tests ON STIFFENING RinGs. 


Tests were made on a single ring used for stiffening the standard 
cylinders and also on such a ring with a 2-inch-wide strip of the shell 


No. 3 
(Standard cylinder loaded between ribs) 


No. 11.B (crack obtained) / | | 
° Ig No. 2 (cylinder without ends but with 


complete set of ribs) 


ENERGY ABSORBED ; INCH-TONS 


(8sNo. OA) No. 11 A (cylinder with. heavily reinforced 
ends loaded between ribs, crack obtained) 


0 = 
DEPTH OF DENT (AFTER REMOVING LOAD) : INCHES 


Enercy ABSORBED IN StaTio TESTS ON LARGE CYLINDERS. 


spot-welded in position. The latter was cut from an undamaged section 
near one end of a cylinder after the main test had been made. 

The conditions of test were as nearly those of the cylinders as was 
practicable. In the case of the single ring, support was given to one-half 
of it by a three-ply cradle and a similar cradle of heavier construction was 
used for the ring with its attached shell. Those cradles represented the 
support given by the sand bed. 
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Point loads were applied to the single ring by dead weights, the speci- 
men being supported in a horizontal position on a lathe bed as shown in 
Figs 44, Plate 1. 

The ring with its 2-inch attached shell was tested vertically in a 10-ton 
Buckton testing machine as shown in Figs 45, Plate 2, lateral instability 
being prevented by light guides which offered no restraint to movements 
in the plane of the ring. 


STRESS ; TONS PER SQUARE INCH 


EXTENSION : PER CENT 
TENSILE TESTS OF THE MATERIALS USED FOR THE CYLINDER SHELLS. 


At successive loads the contours of the deformed rings were traced 
directly on sheets of paper mounted behind the specimens and the results 
are given in Figs 44, Plate 1, and Fig. 45, Plate 2. 

A feature of both of those tests is the evidence of two well-defined points 
in each ring which suffered no radial displacement. These do not coincide 
with the theoretically calculated positions of zero radial displacement for 
elastic strains, the discrepancy apparently being due to a slight spread of 
the horizontal diameter of the test rings which was assumed in the calcu- 
lation to be completely restrained. This feature may be important in 
simplifying an analytical treatment of the plastic distortion of rings. 


ControL Tests ON MATERIAL. 


Test specimens of the material used for the shell were provided by the 
makers of the cylinders. The curves obtained in tensile tests on specimens 
of 8-inch gauge-length are shown in Fig. 46. 
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There was a difference in ultimate strength between the material for 
the two batches of cylinders (Nos. 0 to 6 and Nos. 7 to 11 respectively). 
The first batch gave approximately 23 tons per square inch and the second 
batch approximately 26 tons per square inch. 

All specimens gave a value of Young’s Modulus of 14,000 tons per 
square inch, an ultimate extension of 14 to 15 per cent., and a reduction 
in area at fracture of 40 per cent. 


CoNCLUSIONS. 


As indicated earlier the investigation was made primarily to supple- 
ment research into the behaviour of submarine shells subjected to under- 
water explosions, but the following general conclusions upon the plastic 
failure of cylindrical shells may be drawn from the results of the experi- 
ments. 

1. The effect of removing the load from a cylinder under test and then 
re-loading it was very slight. There was little or no looping of the load- 
displacement diagram either in the small cylinders or the large stiffened 
shells. 

2. The stiffness of the end plates had a marked effect on the type of 
distortion. When those plates had negligible resistance to bending out 
of their plane the tests strongly supported the hypothesis advanced by 
Taylor. The resemblance of his models to the actual deformed shells was 
striking and that visual evidence was confirmed by the quantitative 
agreement of the experimental results with calculations based on his 
hypothesis. The agreement held for cylinders deformed either by static 
or dynamic loading. 

3. The stiffness of the end plates also governed the type of distortion 
resulting from hydrostatic tests on cylinders stabilized against failure over 
one-half of their depth. When the ends were flexible failure occurred by 
the development of a single dent, but when they could resist bending out 
of their original planes, failure was multi-lobed. The lobes developed 
successively—not simultaneously. There is evidence (supported later by 
tests under explosive forces), for assuming that if the ends are not com- 
pletely flexible, but are capable of resisting some degree of bending out 
of their planes, failure begins by multi-lobed deformation, but subsequent 
bending of the ends leads to the incipient lobes merging into a single dent 
showing the boundary between initial lobes as ridges. 

4. In cylinders with flexible ends no actual fractures of the shell 
occurred, but with stiff ends longitudinal stresses were induced sufficient 
to cause such fractures. They were circumferential and were character- 
istically tensile. 

5. The load-displacement curves for the internally stiffened cylinders 
showed evidence of the progressive extension of the region of plastic 
straining from the loaded ring to the adjoining sheet and then to rings 
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further removed from the loaded point. That appears to be the explanation 
for the succession of comparatively straight sections which make up the 
curves. 

6. A discrepancy between the energy required to deform an unstiffened 
steel cement drum in static and dynamic tests was not repeated when a 
copper cylinder was subjected to the same tests. In the latter case the 
energies were nearly the same and the distorted shapes were practically 
identical. That suggests that the time factor was of some importance in 
the case of the steel but not of the copper drum. That view was strength- 
ened by the results of tests on small steel cylinders in which the same 
amount of energy produced smaller dents when applied dynamically than 
when applied statically. 

7. In tests on single rings two points remained undisplaced whatever 
the magnitude of the applied load. That may be of importance in a 
simplified mathematical approach to the treatment of the problem here 
examined experimentally. 


ACKNOWLEDGEMENT. 


The Authors wish to thank the Director of Scientific Research, Ad- 
miralty, for whom the work was done, for permission to publish the results 
in this form. 


The Paper is accompanied by thirty sheets of drawings and thirteen 
photographs, from some of which Plates 1 and 2, the half-tone page plates, 
and the Figures in the text have been prepared. 


i 
; 
. 
* 
| mm 40 
F j hae 
KITT é seve un 
i wt4 
- ? ‘ 
: i 
, ‘ 


HISTORICAL NOTE ON THE COPPER DIAPHRAGM GAUGE 


J. H. Powell 
Naval Construction Research Establishment 
Rosyth, Scotland 


British Contribution 


March 1950 


649 


HISTORICAL NOTE ON THE COPPER DIAPHRAGM GAUGE 


J. H. Powell 


Naval Construction Research Establishment 
+ Rosyth 


March 1950 


* * * * * ¥ * * * * 


Original cesign. 


The 12" Gauge. 


One of the earliest devices for the measurancnt of the explosive efficiency of underwater 
explosions was the Copper Diaphragm Gauge. Its first recorded use was in Mining School, 
Portsmouth (now Admiralty Mining Establishment, Havant) in 1920 where it was originally designed 
to indicate if a series of nominally equal charges did in fact develop the same power as estimated 
by the size of the jndentation at any given distance, Experiment, however, showed that the 
diaphragms were capable of giving approximate absolute measures of certain physical quantities 
connected with the explosion. 


Under static pressure the diaphragm distorts to 2 spherical forn as nearly as can be 
measured, and 2 static c2libration was made so that the work done in distorting the diaphragm could 
be expressed as a function either of the volume change, the surface area change or the central 
depression. Under the influence of explosion pressure the diaphragm distorts to a remarkably 
smooth form which, however, is not a Sphere, but 2 canpromise between 2 cone and 2 paraboloid. 

It was assumed that the work done by the explosion wave in producing a given volumetric distortion 
is the same as that done by a uniform static pressure in producing an equal volumetric distortion, 
though it was admitted that this supposition was not strictly correct, 


The diaphragms originally consistcd of carefully annealed copper plates, 0.04" in 
thickness. They were clamped within flanges at the end of 3 circular stee) cylindrical drum, 
so that the exposed area of each diaphragm was a circular plate 6“ in radius. 


Actual experiment soon demonstrated that the relationship 
W = constant x Ed? 


held approximately for charges between 45 1b. and 300 1b. T.N.T. where W = weight of charge; 

E = energy 2bsorbed by gauge 2nd d = distance of the gauge from the charge. The quantity E 

was determincd by static calibration 2nd it was found that the value based on the volume estimate 
was more consistent than that determined on 2n increase in area basis. The volume estime.” was 
therefore, adopted as the basis of measurement. Since the energy is roughly proportional to 
the square of the depression (A), the approximate relation 


2 
Q&A = constant x Ww /d 
is also applicable, 
The original suggestion for this type of gauge was due mainly to Mr. F.8. Shaw 
(Chief Technical Adviser) and to Mr. F. Pickford of H.M. Mining School, while the elementary 
mathematical analysis was due tc Dr. G.W. Walker (Chief Scientist), from whose reports the 


foregoing paragraphs are largely quoted, 


Standard design. 


The 6" Gaugs. 


’ Following the death of Or. Walker in 1921, no further attempt was made to develop the 
diaphragm gauge AS an absolute meter of any particular paremet2r of the pressure pulse, but it 


- WES soens 
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was extensively used as an empirical gauge for the comparison of the efficiency of charges, tests 
of completeness of detonation and of primer efficiency, etc. and to this end its design was 
considerably modified. 


The original 12" diameter gauges, besides being bulky had the serious objection that they 
could not be used at ranges less than 75 feet from a 300 1b. charge. A standardised design with 
a diaphragm 0.2" thick and 6" effective diameter was accordingly produced which has been in 
continuous use ever since. 


A photograph of the standard gauge is reproduced in Figure 1 and shows the method of 
mounting. The body of the gauge or ‘pot’ consists of a massive cylinder of steel or cast iron 
10" long and with wide flanges 10" diameter. The internal diameter of the cylinder is 6" anda 
circular fillet of hard steel is inserted at each end flush with the surface ef the flange to 
provide a bearing ring round the effective circumference. The edge of this fillet is rounded 
Slightly to prevent shearing of the diaphragm. 


The utmost care was taken to select uniform diaphragms by using only the purest 
electrolytic copper. Even with these precautions, certain differences were sometimes observed 
with different batches of copper and in all later trials the diaphragms were selected by a 
Vickers diamond hardness test. It was found that the diaphragms with very few exceptions lay 
within the Vickers diamond hardness range 45 to 65, and for any particular series of trials, 
diaphragms with the same hardness numbers were chosen as far as possible. 


This gauge could be used at ranges close to 30 feet from a 300 1b. T.N.T. charge without 
bursting the diaphragm, but at this range the measurements were not usually consistent and longer 
ranges were preferred. 


The static energy and pressure calibration curves for the gauges are reproduced in Figure 2 
Similar curves obtained independently after a lapse of 20 years were not appreciably different. 


It was sopn cstablished that the volume of the dishing was proportional approximately to 
wWi/d and as measurements accumulated the relation was shown to be very close toW’ “/d°, 


1t was observed that the depression did not vary with the orientation of the diaphragm, 
that oriented directly away from the charge having as large a depression as that facing. 


In addition to the 6" gauge, smaller gauges of 3" and 1" diameter were also sometimes used. 
None of these gave such consistent reading as the 6" and they were not used extensively. tt was 
noticed, however, that the depression tended to vary nearly with w/3 especially with large 
charges, Sugg2Sting that the small gauge measures a parameter approximating to peak pressure, as 
might be expected from its dimensions relative tc that of the pulse itself, 


Until 1945 the gauge had been used entirely as an empirical ‘damage' meter and no attempt 
was made to determine the parameter of the pressure pulse which was recorded. 


An attempt was then made by Dr. E.N. Fox and Mr. W.T. Rollo to calculate the depression 
which might be expected in a diaphragm gauge from a pressure pulse of given form, The report 
on this calculation was issued in the report "Undex pot gauge analysis". It must be pointed 
out that the larger discrepancy between calculated and experimental measurements of the vdume 
depression, although rendering the gauge of little value as a means of determining absolute 
parameters, does not in any way vitiate the comparison of empirical ‘damage’ for which the gauge 
was originally devised and for which it has proved so valuable over a period of almost thirty 
years. 
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(a) GAUGE ASSEMBLED FOR USE. 
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(c) DIAPHRAGM SECTIONED TO SHOW DISHING. 


FIGURE 1. 
STANDARD 6" COPPER DIAPHRAGM GAUGE. 


N.C.R.E./N 13 
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CALIBRATIONS OF 6” COPPER DIAPHRAGMS [01956' THICK |] 


CURVES OF-DEFLECTION, PRESSURE, AND ENERGY. 
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FIGURE 2. 
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